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The energy-momentum spectrum of the excitations in liquid helium IT has been measured in a neutron 
scattering experiment. At T=1.1°K, data were obtained in the momentum range p/#=0.55 to 2.36 At. 
The results bear a striking resemblance to the spectrum proposed by Landau in 1947. If a phonon spectrum 
of the form E=2p is fitted to the point at p/h=0.55 A™, a value of 239+5 meters/sec is obtained for 9). 
The measured spectrum passes through a maximum of £/k=13.92+0.10°K at p/A=1.11+0.02 A“. 
There is a minimum at ~p/#=1.92+0.01 A, which may be represented by Landau’s roton expression, 
P=A+(p—po)*/2u, with A/k=8.65+0.04°K, po/h=1.924-0.01 A“, u=(0.16+0.01)mye.. Above p/h 
=2.18 A-, the spectrum rises linearly with a slope corresponding to the velocity of first sound. Data 
were obtained in the region of the minimum at 7=1.6°K and at 7 =1.8°K. The spectrum has the same 
general shape observed at T7=1.1°K, shifted downward by 0.22°K at 1.6°K, and by 0.50°K at 1.8°K. 
The temperature variation may be represented by the empirical expression A/k=8.68—0.008477 °K. At 
the higher temperatures, the energy spread of the excitations was larger than the energy resolution of the 
apparatus. The observed full width at half maximum was ~1°K at T=1.6°K, and ~2°K at T=1.8°K. 


I. INTRODUCTION 


ANDAU'! has developed a theory which describes 
liquid helium II at temperatures not too near the 
lambda point. He treats the liquid as a slightly excited 
quantum mechanical system, in which deviations from 
the ground state are described in terms of the normal 
modes, or ‘‘elementary excitations” of the system. Let 
E(p) be the energy of an excitation of momentum #. 
If the energy of the ground state is taken as zero, then 
the energy of the system may be written as E(p) times 
the number of excitations of momentum /, summed 
over all values of p. In this treatment, it is assumed 
that E(p) does not depend on the number of excitations 
present. If the system is in equilibrium at some temper- 
ature 7, the number of excitations is given by the 
appropriate statistical distribution law, and the thermo- 
dynamic properties of the liquid may be calculated 
provided E(p) is known. In 1947, Landau proposed a 
spectrum of the form shown in Fig. 1. The parameters 


were adjusted to fit the available data on the specific 


* Work performed under auspices of the U. S. Atomic Energy 
Commission. 

11, Landau, J. Phys. U.S.S.R. 5, 71 (1941); 8, 1 (1944); 11, 
91 (1947); Phys. Rev. 70, 356 (1941); 75, 884 (1949). 


heat and second sound velocity in helium II. An 
excellent review of the theory is given by Feynman.’ 

Landau’s theory was very successful in explaining 
the observed properties of liquid helium II, and in 
predicting new properties (for example, the increase in 
the velocity of second sound at temperatures below 
1°K).* It remained to be shown that the excitations in 
liquid helium do, in fact, possess the required energy 
spectrum. 

Feynman‘ has succeeded in constructing a wave 
function for the excitations in liquid helium which 
leads to a spectrum of the form required by Landau’s 
theory. Brueckner and Sawada’ have obtained a similar 
spectrum by studying the properties of a dense Einstein- 

2R. P. Feynman, in Progress in Low Temperature Physics, 
edited by C. J. Gorter (North-Holland Publishing Company, 
Amsterdam, 1955), Vol. 1, p. 17; Revs. Modern Phys. 29, 205 
(1957). 

3 Discussion and references are given in H. C. Kramers, in 
Progress in Low Temperature Physics, edited by C. J. Gorter 
(North-Holland Publishing Company, Amsterdam, 1957), Vol. 2, 
p. 59. 

4R. P. Feynman, Phys. Rev. 91, 1291, 1301 (1953); 94, 262 
(1954); Progress in Low Temperature Physics, edited by C. J. 
Gorter (North-Holland Publishing Company, Amsterdam, 1955), 
Vol. 1, p. 17. 

5K. A. Brueckner and K. Sawada, Phys. Rev. 106, 1117, 1128 
(1957). 
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Fic. 1. Excitation spectrum proposed by Landau in 1947, based 
on the then available specific heat and second sound data. The 
spectrum was approximated by the two analytic functions shown 
as solid lines. The linear function represents excitations of long 
wavelength, or phonons. 2; is the velocity of first sound. The 
parabolic function represents excitations of wavelength com- 
parable to the average interatomic spacing, or rotons. A, po and 
uw are adjustable constants, chosen to fit the thermodynamic data. 
k is Boltzmann’s constant, and # is Planck’s constant divided by 
2r. 


Bose gas composed of hard spheres. Similar results 
have been obtained by Lee, Huang, and Yang,* and by 
Tolmachev.’ 

Cohen and Feynman® have pointed out that the 
excitations in liquid helium may be studied by scatter- 
ing long wavelength neutrons (A24 A) from the liquid. 
At temperatures below 2°K, the most important scat- 
tering process is one in which the neutron creates a 
single excitation in the liquid. In this case, conservation 
of energy and momentum requires that the energy and 
momentum of the created excitation be equal to the 
change in the energy and momentum of the neutron 
during the scattering. Measurements of the excitation 
spectrum of liquid helium by neutron scattering have 
been reported by Palevsky, Otnes, Larsson, Pauli, and 
Stedman’ at Stockholm, by Henshaw” at Chalk River, 
and by the present authors" at Los Alamos. Although 
there is not complete agreement on the numerical 
values, the experiments do indicate that the scattering 
process involves the creation of single excitations in the 
liquid, and that the energy-momentum spectrum has 
the form predicted by Landau in 1947. This paper 
contains a complete description of the Los Alamos 
measurements mentioned above. The following paper” 
contains calculations of the thermodynamic properties 
of liquid helium based on the measured excitation 
spectrum. 

6 Lee, Huang, and Yang, Phys. Rev. 106, 1135 (1957). 

oan V. Tolmachev, Repts. Acad. Sci. U.S.S.R. 101, No. 6 
' * M. Cohen and R. P. Feynman, Phys. Rev. 101, 13 (1957). 

® Palevsky, Otnes, Larsson, Pauli, and Stedman, Phys. Rev. 
at tian (1957); Palevsky, Otnes, and Larsson, Phys. Rev. 112, 

0 1). G. Henshaw, Phys. Rev. Letters 1, 127 (1958). 

4 Yarnell, Arnold, Bendt, and Kerr, Phys. Rev. Letters 1, 9 
(1958). 


 Bendt, Cowan, and Yarnell, following paper [Phys. Rev. 
113, 1386 (1959) ]. 
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II, EXPERIMENTAL METHOD 


In the experiment proposed by Cohen and Feynman, 
a well-collimated beam of monoenergetic neutrons of 
wavelength \;24A is allowed to strike a target of 
liquid helium. The wavelength \; of neutrons scattered 
through an angle ¢ is then measured. By conservation 
of energy and momentum, the energy E and the 
momentum of the excitations which are created are 
given by 
E=h?(\;?—);*)/2m, (1) 


P=M(AMP+As7— 27S cose), (2) 


where m is the mass of a neutron, and f/ is Planck’s 
constant. By varying i; or ¢, the entire spectrum E(p) 
may be traced out. 

The only sufficiently intense source of neutrons with 
\>4A is a thermal reactor. The neutron flux from 
such a reactor has a continuous distribution in wave- 
length given by the well-known Maxwell-Boltzmann 
distribution corresponding to the temperature of the 
reactor moderator (usually 300° to 500°K). It is 
possible to select neutrons of a given wavelength from 
the reactor distribution by the use of a suitable mono- 
chromator. However, it is difficult to obtain sufficient 
intensity at the desired resolution with such a device. 

A polycrystalline filter may be used to remove from 
a neutron beam, by Bragg scattering, all neutrons with 
\ <A., where A, is twice the maximum spacing between 
planes in the crystalline lattice. If the neutron absorp- 
tion and incoherent scattering by the filter material 
are small, neutrons with A>A, are transmitted with 
little attenuation. Thus one obtains a sharp discon- 
tinuity in the neutron wavelength distribution at the 
cutoff wavelength \,. If neutrons having such a distri- 
bution are scattered from liquid helium at a fixed angle 
¢, and if the predominant scattering process involves 
the creation of single excitations, then the wavelength 
distribution of the scattered neutrons should also possess 
a sharp cutoff, but at a longer wavelength. If we identify 
\; with the cutoff wavelength in the incident neutron 
distribution, and A; with the cutoff in the scattered 
neutron distribution, we may use Eqs. (1) and (2) to 
calculate E and of the excitations. The filter technique 
provides considerably greater intensity at a given 
resolution than that given by a monochromator. On 
the other hand, details of the line shape tend to be 
obscured by this method. Use of the filter technique 
permitted us to obtain, at practical counting rates, 
sufficient accuracy in the determination of E(p) to 
permit calculation of the entropy of liquid helium with 
an error of the order of +5%. This accuracy is sufficient 
to allow a detailed comparison with values of the 
entropy obtained from specific heat measurements. 


III. EXPERIMENTAL APPARATUS 


A plan view of the apparatus is shown in Fig. 2. The 
Los Alamos Omega West Reactor was used as a source 
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of thermal neutrons. With the reactor operating at a 
power of 800 kw, the thermal neutron flux at the inner 
end of the beam tube was 4X 10" neutrons/cm?-sec. 

Neutron wavelengths were measured by a crystal 
spectrometer. A crystal of natural rock salt (NaCl) 
was used in the (200) position as wavelength analyzer. 
The crystal was aligned with respect to the spectrometer 
arm by taking rocking curves in a double crystal setup. 
At each scattering angle ¢, the spectrometer and its 
collimator were aligned optically by the use of a 
theodolite, and the spectrometer arm zero located by 
neutron counting. The value of the lattice space in rock 
salt is given as d9=5.63874+0.00002 A." In calculating 
neutron wavelength, we use the Bragg relation A 
= 5.639 sind, where @ is the angle between the (200) 
planes of the crystal and the axis of the spectrometer 
collimator. The spectrometer drive was designed to 
keep the angle between the direction of the spectrometer 
arm and the crystal planes also equal to 0. 

The neutron detector used with the spectrometer 
consisted of two 5-cm diameter by 10-cm active length 
brass-walled counters filled to a pressure of 30 cm Hg 
with BF; (90% B"”). Neutrons from the analyzing 
crystal entered the detector through a channel 7.6 cm 
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Fic. 2. Plan view of the apparatus. The beryllium filter was 
cooled by a jacket filled with liquid nitrogen, not shown. The 
beam tube was evacuated up to the inner end of the beam colli- 
mator, to provide insulation for the cold filter. The vacuum seal 
was a thin copper window, 0.03 cm thick. The beam collimator 
aperture was 15.2 cm wide and 7.6 cm high. The Soller slit colli- 
mator consisted of 21 vertical channels each 0.318 cm wide and 
7.6 cm high, separated by 20 phosphor bronze septa each 0.051 
cm thick. Distances between parts of the apparatus in a typical 
setup are indicated on the drawing. Additional shielding, not 
shown, around the target and spectrometer collimator, was used 
when data were being taken. 


13 4 merican Institute of Physics Handbook, edited by D. E. Gray 
(McGraw-Hill Book Company, Inc., New York, 1957), p. 2-53. 
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Fic. 3. Cross section of the liquid helium cryostat. The assembly 
has cylindrical symmetry about the indicated center line. The 
inner vessel containing helium is 25.4 cm in diameter, and 32.3 
cm high. The lower 9 cm of this vessel serves as the target region, 
the remainder being the helium reservoir. Below the helium vessel 
is a copper plate, cooled by a coil of copper tubing through which 
liquid nitrogen flowed by convection. Mercury and oil manometers 
were used to measure the vapor pressure of the helium. The 
pressure above the helium surface was controlled by a mechanical 
forepump having a displacement of 103 liters per second, working 
through a diaphragm-type pressure regulator. The cryostat was 
mounted on a stand provided with leveling screws and casters, 
to allow easy removal from the target position. 


square. The neutron channel and detector system were 
surrounded by shielding of cadmium, paraffin, and 
lithium fluoride. 

A thin-walled fission counter, 2 cm in diameter and 
2.5 cm long, containing 12 ug U**, was placed in the 
beam collimator to monitor the incident neutron flux. 

Four electronic counting channels, each consisting of 
a preamplifier, linear amplifier, and scaler, were pro- 
vided. During normal operation, two channels were 
connected to the monitor counter, and two to the 
spectrometer detector. The use of dual channels for 
each counting system provided a convenient check of 
the electronic equipment. One of the channels connected 
to the monitor was arranged to turn off all scalers when 
a preset number of monitor counts had been accumu- 
lated. 

Details of the liquid helium target are given in Fig. 3. 
The outside of the helium container, and the inside of 
the radiation shield, were covered with aluminum foil, 
to reduce the emissivity of these surfaces. When the 
cryostat was in good condition, the heat leak into the 
helium region was 0.07 watt, and the minimum temper- 
ature obtainable was 1.08°K. During part of the 
experiment, the heat leak increased to ~0.15 watt, 
probably due to a small piece of aluminum foil becoming 
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detached and forming a conduction path from the 
helium region to the radiation shield. When this 
condition prevailed, the minimum temperature was in 
the neighborhood of 1.15°K. The size of the target was 
chosen to be sufficiently large that the incident neutron 
beam did not strike any portion of the target structure 
which was “seen” by the spectrometer collimator. This 
resulted in a negligible counting rate when the empty 
cryostat was placed in the target position. 


IV. MEASUREMENTS 


When the spectrometer is set at a particular Bragg 
angle 6, a finite range of Bragg angles, centered at 86, 
is accepted. We may express the relative efficiency of 
detecting neutrons of wavelength corresponding to a 
Bragg angle 6’, when the spectrometer is set at angle 
6, by a normal distribution function: 


f(0—0’) =[o(2r)' } exp (6—6’)?/ 207 }. (3) 


Here o corresponds to the standard deviation. The full 
width at half maximum is given by 2.35480. Let the 
neutron distribution entering the spectrometer be g(9), 
where @ is the Bragg angle corresponding to the wave- 
length A. Then the spectrometer counting rate as a 
function of angular setting is given by 


T(6) -f g(0") {(0—8') de’. (4) 


If the incident neutron distribution has a cutoff at the 
Bragg angle 6., we may write in the neighborhood of 6, 
0 <86., 
A> 6., 


g(6)=0; 
g(0)=10; 


(5) 


and the relative counting rate in the neighborhood of 
6, is then given by 


To ‘ 
~— f exp[_(0—6’)?/20? |dé’. 
)iJo, 


o(2r 


1(6)= (6) 


If o is not too large, the range of integration may be 
extended to infinity without changing the result. 

Neutron distributions measured with the spectrom- 
eter were analyzed by fitting Eq. (6) to the data, after 
first subtracting the background. The information 
obtained for each neutron distribution was the Bragg 
angle of the cutoff, 6., and the full width at half maxi- 
mum, 60. 

The spectrometer was set up in the target position, 
and the neutron distribution in the incident beam was 
measured. The results are shown in Fig. 4. Data were 
taken on both sides of the arm zero position, to eliminate 
possible errors due to an inaccurate zero determination. 
Analysis of the cutoff by means of Eq. (6) gave a 
cutoff angle 6,=44.49°, corresponding to A,=3.958 
+0.001 A. A value of 0.6° was obtained for 60. The 
spread in the cutoff, 66, was taken as a measurement of 


BENDT, AND KERR 
the spectrometer resolution width, which we define as 
Aé@. Other measurements taken at higher resolution 
gave the same wavelength for the cutoff. When the 
filter was cooled to the temperature of liquid nitrogen, 
the cutoff wavelength shifted to 3.952+0.001 A, and 
the counting rate increased by a factor of ~7. 
Kaufmann, Gordon, and Lillie’! give as the best 
values of the lattice constants of beryllium at 25°C: 


ay = 2.2854 A, Co= 3.5829 A. 


In a close-packed hexagonal crystal such as beryllium, 
the cutoff wavelength is given by apV3=3.9584 A. 
The maximum range of values of ao for different 
samples of beryllium, having different methods of 
preparation and degrees of purity, was +0.0003 A. 
Using this figure as a measure of the maximum uncer- 
tainty in our knowledge of the lattice constants of 
beryllium, we have \,=3.9584+0.0005 A. This is in 
good agreement with our value of 3.958+0.001 A for 
the cutoff wavelength in beryllium at room temperature. 
No data have been reported for the lattice constants of 
beryllium at the temperature of liquid nitrogen. Our 
value of 3.952+0.001 A for the cutoff wavelength at 
this temperature corresponds to a lattice space dao 

2.282+0.0006 A. 

Measurements were also made of the angular diver- 
gence of the incident neutron beam. The full width at 
half maximum was 2.0°. This angular divergence, 
together with the spread of 0.6° in the spectrometer 
resolution function, resulted in the acceptance, at a 
given scattering angle ¢, of a range of scattering angles 
of full width at half maximum of 2.1°. 

The coherent scattering cross section of vanadium is 
very much smaller than its incoherent scattering cross 
section.'® The result is that a vanadium target will 
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Fic. 4. The neutron wavelength distribution in the incident 
beam, with the beryllium filter at room temperature. The cutoff 
wavelength (half height of the initial steep rise) is 3.958+-0.001 A. 
The steepness of the cutoff corresponds to a full width at half 
maximum Aé@ of 0.6° for the spectrometer resolution function. 
No evidence for partial transmission below the cutoff, character- 
istic of a filter of insufficient thickness, was seen. The small jump 
in the distribution at 4.05 A is due to the filtering action of the 
aluminum in the inner end of the beam tube. 

‘4 Kaufmann, Gordon, and Lillie, Trans. Am. Soc. Metals 42, 
785 (1950). 

‘8D. J. Hughes and J. A. Harvey, Neutron Cross Sections, 
Brookhaven National Laboratory Report BNL-325 (Superin- 
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scatter neutrons isotropically and without change in 
energy. This property of vanadium was used to obtain 
an independent calibration of the spectrometer at most 
scattering angles. A sample consisting of 500 grams of 
granular vanadium in a flat, thin-walled aluminum box 
was placed in the target position, and the cutoff in the 
distribution of scattered neutrons was determined with 
the spectrometer. The observed value of the cutoff 
wavelength should coincide with the cutoff in the 
incident neutron distribution. The average of fourteen 
such measurements made at different scattering angles 
and with independent determinations of the arm zero 
setting was 3.952 A, which is the same as the value 
obtained for the cutoff in the incident beam. The rms 
deviation of the 14 measurements from the mean was 
+0.002 A, the greatest individual deviation being 
0.004 A. This is equivalent to a rms deviation of +0.03° 
in the arm zero settings, assuming no error in the 
determination of the cutoff wavelengths. We consider 
the calibration using the vanadium scatterer to be 
slightly more accurate than that made by locating the 
arm zero, and, when possible, have adjusted the angular 
scale to place the measured cutoff at precisely 3.952 A 
(@=44.49°). This method has the advantage that the 
calibration and actual measurements are made in the 
same way, so that possible systematic errors which 
might be introduced by our method of locating the 
cutoffs tend to be eliminated. 

The helium temperature was determined by vapor 
pressure measurements made every half hour during a 
run. Vapor pressures were converted to temperatures 
by means of the T55E scale. The spectrometer was set 
at a fixed angle 6, and counts were taken until a preset 
number, usually 90000, of monitor counts had been 
accumulated. The spectrometer was then moved to 
another angle, and the process repeated. The neutron 
distribution was first surveyed to find the approximate 
location of the cutoff, and then additional data were 
taken to allow precise determination of its location. 
From 4 to 7 individual runs of 90 000 monitor counts 
were taken at each spectrometer setting in the neighbor- 
‘ hood of the cutoff. 

A typical run of 90 000 monitor counts lasted about 
8 minutes. During this time, approximately 50 back- 
ground counts would be recorded, at any angular 
setting. The counting rate below the cutoff was essenti- 
ally equal to the background as determined by turning 
the analyzing crystal 3° away from the Bragg angle. 
The number of counts at the top of the cutoff varied 
with the scattering angle, ¢, due to a change in the 
helium cross section with angle, and because the 
distance between the target and the spectrometer was 
not the same at all angles, being smallest at ¢=90°. 
The observed number of true counts at the top of the 
cutoff during a run of 90000 monitor counts was 100 
for ¢= 20°, rose to 300 at ¢=90°, and fell to 200 at 
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Fic. 5. Wavelength distribution of neutrons scattered from 
liquid helium at 80° and 100°. Background has been subtracted, 
and the distributions have been normalized to have the same 
height at the top of the cutoff. The incident neutron distribution 
is shown for comparison. The solid curves represent the theoretical 
cutoff shape given by Eq. (6), fitted to the experimental points. 
The calculated energy and momentum of the excitations which 
were created are also indicated. The distribution at ¢=80° is 
typical of those obtained at all angles <90°. Above 90°, the 
form of the distribution changed gradually to the form indicated 
for ¢=100°. Above 105°, the linear rise in the distribution 
obscured the cutoff, preventing extension of the measurements to 
higher angles. 


@= 105°. Counting was continued until from 1000 to 
3000 true counts at the top of the cutoff had been 
recorded. Determination of the cutoff at each angle 
and helium temperature required from 6 to 12 hours of 
counting time. 

Typical scattered neutron distributions are shown in 
Fig. 5. At scattering angles greater than 90°, the shape 
of the scattered neutron distribution changed. A linear 
rise in the distribution was noted, which became 
progressively more prominent as the scattering angle 
increased. The ¢= 100° distribution in Fig. 5 is typical 
of this effect, and illustrates the manner in which the 
data were analyzed in these cases. The largest angle at 
which a reliable measurement of the cutoff could be 
made was 105°. At larger angles, the linear rise in the 
distribution above the cutoff made location of the peak 
height very difficult. A survey of the neutrons scattered 
at 125° by liquid helium showed a distribution which 
rose above background at about 4.55 A, and continued 
to rise with approximately constant slope at least as 
far as 5.3 A, which was the largest wavelength which 
could be reached by the spectrometer at that angular 
setting. No indication of a sharp cutoff was seen. 

Figure 6 shows the distributions observed at a 
scattering angle of 72.5° for three different helium 
temperatures. The spectrometer was left in a fixed 
position during these measurements. It may be seen 
that, as the helium temperature is increased, the cutoff 
becomes wider, and shifts to shorter wavelengths. The 
width observed at T=1.1°K is that which is expected 
from the spectrometer resolution width A@=0.6°. The 
additional width at the higher temperatures is attributed 
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Fic. 6. Neutron distributions for 72.5° scattering as a function 
of helium temperature. The solid curves are calculated according 
to Eq. (6), using the indicated widths 66 and positions 6,. The 
calculated values of excitation energy E and momentum ? are 
shown at each temperature, together with the energy spread 
5(E/k) inferred from the width of the cutoff. The spectrometer 
was left in a fixed position for these three runs, to improve the 
relative accuracy of the data. 


to a natural energy spread of the excitations, which is 
given by the square root of the difference in the squares 
of the observed width 66 and the resolution width Aé. 
A summary of the data is given in Table I. The 
scattering angle ¢ is considered to be known to +0.10°. 
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Fic. 7. Energy spread of the excitation spectrum of liquid 
helium at various momenta and temperatures, as inferred from 
the observed width of the cutoff in the scattered neutron distri- 
bution. Points plotted at zero energy spread represent measure 
ments in which only an upper limit for the width, indicated by 
the height of the vertical bar, was obtained. The solid lines are 
included to indicate the trend of the data, and have no theoretical 
significance. 


BENDT, AND KERR 
The spread in scattering angles accepted at a given 
setting was 2.1° full width at half maximum. 

Due to the finite spread of scattering angles, each 
measurement represents the average energy for exci- 
tations having a certain range of momenta. The uncer- 
tainty stated for each value of the momentum indicates 
this range. The uncertainty in the position of the 
midpoint of the range is smaller by an order of magni- 
tude. The stated error in the temperature measurements 
for each run indicates the range of the fluctuations in 
temperature during that run. The measured resolution 
of the spectrometer corresponds to a spread in wave- 
length of 0.04 A at 4A, and 0.03 A at 4.5 A. We estimate 
that the error in locating the center of a cutoff is less 
than 7 of the cutoff width. The stated errors for the 
cutoff wavelength represent the uncertainty in the 
difference between the indicated value and the cutoff 
for the incident neutron distribution, which is taken 
to be precisely 3.952 A. Since the cutoffs were measured 
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Fic. 8. The energy spectrum of the excitations in liquid helium 
at 1.1°K. The dashed line joining the origin and the first measured 
point has a slope corresponding to a first sound velocity of 239+5 
meters/sec. The maximum occurs at p/#=1.11+0.04 A, E/k 
= 13.92+0.10°K. The region of the minimum is shown in greater 
detail in Fig. 9. 


relative to the cutoff in the incident neutron distribution 
in most cases, the particular value assigned for the 
latter quantity has a relatively small effect on the 
calculated excitation energy. 

Determination of line shapes by the cutoff technique 
is at best difficult; we indicate the energy spread 
estimated from the width of the cutoff, but are forced 
to assign rather large uncertainties. No asymmetry in 
the shape of the cutoff was noted, indicating that the 
line shape was still approximately symmetrical at 
temperature up to 7=1.8°K. The only direct measure- 
ments of line shape have been made by Henshaw,” 
who finds a rather symmetric line at T=1.57°K, and 
considerable asymmetry at T=2.08°K. No data were 
obtained for intermediate temperatures, so our finding 
of symmetry up to T=1.8°K cannot be directly con- 
firmed. However, there is no apparent conflict between 
the two sets of measurements. The observed energy 
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NEUTRON SCATTERING 


TABLE I. Summary of experimental results. Energy spread is the full width at half-maximum inferred from the 
observed broadening of the cutoff in the scattered neutron distribution. 


Scattering 
angle @ 


20.0° 
25.0° 
30.0° 
40.0° 
50.0°* 
50.0° 
60.0° 
65.0° 
65.0° 
65.0° 
70.0°* 
rp Ay 
ia 
cf a 
jou 
io" 
I45° 
115° 
80.0° 
82.5° 
82.5° 
82.5° 
85.0°° 
90.0° 
95.0°8 








Helium temperature 
, ee 


1.14+0.03 
1.14+0.03 
1.17+0.05 
1.13+0.01 
1.15+0.03 
1.60+0.01 
1.14+0.01 
1.08+0.01 
1.60+0.01 
1.80+0.01 
1.14+0.02 
1.10+0.02 
1.60+0.01 
1.80+0.01 
1.13+0.01 
1.08+0.01 
1.60+0.01 
1.81+-0.01 
1.13+0.01 
1.08+0.01 
1.60+0.01 
1.80+0.01 
1.08+0.01 
1.08+0.01 
1.20+0.03 


Cutoff wavelength 


¢ in 


4.3244-0.008 


4.397+0.006 
4.447 +0.006 
4.493+0.006 
4.487+0.006 
4.463+0.008 
4.406+0.006 
4.362+0.004 
4.345+0.006 
4.340+0.008 
4.305+0.004 
4.285+0.004 
4.277+0.004 
4.263+0.004 
4.273+0.004 
4.266+0.004 
4.256+0.004 
4.250+0.004 
4.270+0.004 
4.280+0.004 
4.273+0.004 
4.261+0.004 
4.301+0.004 
4.35620.004 
4.413+0.006 
4.472+0.006 


Momentum 
p/hin Am 
0.55+0.03 
0.67+0.02 
0.80+0.02 
1.04+0.02 
1.28+0.02 
1.28+0.02 
1.52+0.02 
1.64+0.02 
1.64+0.02 
1.64+0.02 
1.76+0.02 
1.81+0.02 
1.81+0.02 
1.81+0.02 
1.87+0.02 
1.92+0.02 
1.92+0.02 
1.92+0.02 
1.97+0.02 
2.02+0.02 
2.02+0.02 
2.02+0.02 
2.06+-0.02 
2.15+0.02 
2.22+0.02 
2.30+0.02 


Energy 
E/k in °K 


10.00-++0.20 
11.68+0.15 
12.78+0.15 
13.75+0.15 
13.64+0.15 
13.14+0.20 
11,880.15 
10.89-0.10 
10.52+0.15 
10.380.20 
9.56+0.10 
9.08+0.10 
8.930.10 
8.56+0.10 
8.80+0.10 
8.64+0.10 
8.40+0.10 
8.23+0.10 
8.73+0.10 
8.97+0.10 
8.79+0.10 
8.50+0.10 
9.46+0.10 
10.76+0.10 
12.03+0.15 
13.3340.15 


Energy spread 
6(E/k) in °K 


0.86+0.25 


0.79+0.25 
0.51+0.25 
0.72+0.25 
0.49+0.25 
1.47+0.25 

<0.5 
0.820.25 
1.28+0.25 
2.25+0.25 
0.59+0.25 

<0.4 
1.13+0.25 
2.02+0.25 

<0.4 

<0.4 
0.92+0.25 
1.84-+0.25 

<0.4 

<0.4 
1.37+0.25 
2.23+0.25 

<0.4 

<0.4 
0.530.25 
0.50+0.25 


1.22+0.01 
1.16+0.01 


100.0°s 


105.0° 4.529+0.008 


2.36+0.02 14.52+0.20 0.88+0.25 








® Spectrometer calibration by arm zero method. In the other cases, the cutoff in the distribution of neutrons scattered from vanadium was used as the 


basic calibration. 


spreads at various momenta and temperatures are 
shown in Fig. 7. 
V. DISCUSSION 

The measured excitation spectrum at 7=1.1°K is 
shown in Fig. 8. The resemblance to Landau’s proposed 
spectrum (Fig. 1) is striking. If we assume that the 
experimental point at 0.55 A~ lies in the phonon region 
where E=1;/, then this point corresponds to a velocity 
of first sound v;=239+5 meters/sec. Van Itterbeek, 
Forrez, and Teirlinck'® give for the velocity of first 
sound at 7=1.1°K the value 237.5+0.6 meters/sec. 

In the neighborhood of the maximum, the experi- 
mental spectrum may be represented by the expression 
E/k=13.92—11.5(p/h—1.11)? °K, where p/h is in A“. 

In the region of the minimum, the experimental 
points may be represented by Landau’s roton expres- 
sion, E=A+(p—po)?/2u. A fit to the seven points 
nearest the minimum by the method of least squares 
gave the following values for the parameters : 


A/k=8.65+0.04°K, 
po/h = 1 .92+-0.01 A- L 
u= (0.16+0.01) mae. 


The rms deviation of the seven experimental points 
from the fitted curve is +0.04°K. A plot of the region 
of the minimum, showing the experimental points and 
the fitted curve, is given in Fig. 9. 

16 Van Itterbeek, Forrez, and Teirlinck, Physica 23, 63, 905 
(1957); A. Van Itterbeek and G. Forrez, Physica 20, 133 (1954). 
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Fic. 9. Expanded plot of the region of the minimum, showing 
the temperature variation of the excitation spectrum. Errors are 
shown only on the 1.1° points, to avoid confusion. Relative errors 
between points at the same momentum are estimated to be 
approximately one half of the indicated absolute error. The solid 
curves were fitted to the data by the method of least squares, as 
described in Sec. V. 
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The slope of the Landau expression reaches the 
velocity of first sound at momentum p*, where p*/h 

=2.16A~. For p>p*, the excitation spectrum con- 

tinues to rise with slope equal to the sound velocity, 
rather than rising quadratically. This behavior might 
be expected, since for momenta greater than p*, an 
excitation of momentum #* plus a phonon of momentum 
p—p* have a smaller total energy than an excitation 
of momentum p whose energy is given by a continuation 
of the roton curve. The change in the appearance of 
the wavelength distribution of the scattered neutrons, 
mentioned in Sec. IV and shown in Fig. 5, occurs for 
momenta greater than p*. We feel that for an unam- 
biguous analysis of the processes taking place at higher 
momenta, an experiment using monoenergetic incident 
neutrons should be performed. 

At higher temperatures, the excitation energy for a 
given momentum decreased, and a noticeable energy 
spread was observed. This indicates that the density of 
excitations is great enough at these temperatures that 
the effect of interactions between the excitations can no 
longer be neglected. In the roton region, the data may 
be represented by the Landau expression fitted at 
T=1.1°K, shifted downward by 0.22°K at T=1.60°K, 


ARNOLD, 


BENDT, AND KERR 
The variation of the fitted values of A with T 
given approximately by the empirical relation 


A/k=8.68—0.008477 °K, (7) 
where 7 is in °K. This formula is suggested as a guide 
for interpolation between the measured values of the 
excitation energy at different temperatures; no par- 
ticular theoretical significance is implied. 

In the following paper,” a comparison is made be- 
tween experimental determinations of the specific heat, 
entropy, second sound velocity, and normal fluid 
density of liquid helium, and values of these quantities 
calculated from the measured excitation spectrum. 
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Excitations in Liquid Helium : Thermodynamic Calculations* 


P. J. Benpt, R. D. Cowan, ANpD J. L. YARNELL 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received October 16, 1958) 


The entropy, specific heat, normal fluid density, and velocity of second sound in liquid helium II have 
been calculated by applying statistical mechanics to the thermal excitations. The calculations were based 
on the energy-momentum relation obtained by neutron scattering measurements described by Yarnell, 
Arnold, Bendt, and Kerr, and were made on an IBM-704 electronic digital computer by numerical integra- 
tions over the observed excitation curve. A better approximation than Landau’s has been obtained by ex- 
tending Landau’s theory to take account of the temperature dependence of the excitation curve. An 
expression of the form E(p,7)=c—d(p,/p) was used to interpolate the excitation energy between tempera- 
tures at which it was measured. Results between 0.2 and 1.8°K are not sensitive to the exact form of the 
interpolation expression. Agreement of the calculations with experimental measurements is as follows: en- 
tropy, +3% in the temperature range 0.2 to 1.8°K; specific heat, +4% between 0.2 and 1.7°K; second 
sound velocity, +4% between 0.8 and 1.8°K, and +2% between 1.0 and 1.7°K. The calculated normal 
fluid density p, agrees with experimental values derived from second sound velocity and specific heat 
measurements within +8% between 0.7 and 2.0°K, and within +5% from 1.1 to 1.9°K. These values are, 
however, higher than those obtained from torsion pendulum measurements, which are 27% below the 
calculated value at 1.2°K. Also calculated as functions of temperature are the average effective mass (as 
defined by Landau) of excitations in four momentum intervals, and values of —«/B, the thermal con- 
ductivity « divided by the average over momentum of the Khalatnikov nonequilibrium kinetic coefficient 
—B, and /C, the viscosity » divided by the average value of the Khalatnikov coefficient C. 

I. INTRODUCTION tions, which may be treated as a gas. In Landau’s 
treatment, interactions between the excitations are 
neglected. Experimentally, the effect of interactions is 
shown by a dependence of the excitation energy on the 
temperature. It is possible to extend Landau’s theory 
to take account of the temperature dependence of the 
excitations, and this is done in Sec. II below. The 


ANDAU' proposed that the thermodynamic prop- 
—4 erties of liquid helium II could be calculated by 
applying statistical mechanics to the ensemble of excita- 


* Work performed under the auspices of the U. S. Atomic 


Energy Commission. 
1L. Landau, J. Phys. (U.S.S.R.) 5, 71 (1941); 11, 91 (1947). 
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accuracy of calculations can be improved by numeri- 
cally integrating the expressions for entropy and normal 
fluid density, rather than using analytic expressions in 
which the excitation curve has been approximated by a 
linear and a parabolic function. Since the whole excita- 
tion curve contributes to the integrals, the sharp dis- 
tinction between phonons and rotons is lost. However, 
the linear portion of the curve at small momentum, and 
the minimum of the curve, make the largest contribu- 
tions to the integrals, and we refer to these as the 
phonon and roton contributions respectively. 

Our thermodynamic calculations have made no pro- 
vision for the line width of the excitation curve, which 
was appreciable in the measurements made at 1.6 and 
1.8°K. We have used the midpoint of the line as the 
energy level, and have made the calculations as if the 
line had zero width. We believe the width of the line is 
due to the uncertainty principle, applied to the short 
lifetime between collisions of the excitations. 

It is well known that Bose statistics apply to phonons, 
which are quantized sound waves. The statistics obeyed 
by excitations having larger momenta has not been 
settled experimentally. Theoretical work by Feynman 
and Cohen? and by Brueckner and Sawada’ shows that 
the wave function which describes the excitations varies 
continuously with increasing momentum, implying that 
the statistics are the same for all excitations. Since the 
energy of the minimum of the excitation curve is at 
least three times as large as kT for temperatures < 2°K, 
the statistics obeyed by rotons has little effect on the 
numerical results. We have, however, chosen to assume 
in the derivations that all excitations obey Bose 
statistics. 

The vapor pressure, compressibility, and thermal 
coefficient of expansion also depend on integration of 
the excitation curve and its derivatives. However, to 
calculated these functions requires knowledge of the 
derivative 0E/ 0p of the excitation energy E with change 
of liquid helium density p. Neutron scattering measure- 
ments from liquid helium under pressure, which will 
provide this information, are being made by Henshaw.‘ 
Results available at present are not complete, and func- 
tions which depend on 0£/ dp have not been calculated. 


II. THEORY OF ENTROPY AND SPECIFIC HEAT 


In general, the thermodynamic properties of a simple 
system are functions of two independent variables, such 
as temperature T and volume JV. In the case of liquid 
helium II, however, the excitation curve is known only 
for the liquid in equilibrium with the vapor pressure. 
Consequently, the theoretical treatment which follows 
will be limited to thermodynamic states along the 
saturated vapor-pressure curve, and the thermodynamic 


2R. P. Feynman, Phys. Rev. 91, 1291, 1301 (1953); 94, 262 
(1954); R. P. Feynman and M. Cohen, Phys. Rev. 102, 1189 
(1956). 

3K. A. Brueckner and K. Sawada, Phys. Rev. 106, 1128 (1957). 

4D. G. Henshaw, Phys. Rev. Letters 1, 127 (1958), 
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properties will be considered functions of the single 
variable T. However, the density of liquid helium varies 
so little below 2.1°K that the calculated properties 
are practically identical with the constant-volume 
properties. 

We shall extend Landau’s theory! to the situation 
where the excitation energy E is a function of tempera- 
ture as well as of momentum. The energy required to 
add to the system at temperature T one excitation of 
momentum #; has been determined by the neutron 
scattering experiment, and will be denoted by £;(7). 
The total energy required to add a small number dn; 
of excitations at each momentum 9; is thus 


dU=>jE;(T)dn,. (1) 


We assume that the energy required to produce an ex- 
citation thermally is identical with that required by 
neutron scattering. Then Eq. (1) is just the increase in 
internal energy U of the system associated with an 
increase in temperature from T to T+dT, provided 
each dn; is the correct increase in the number of excita- 
tions for the system to remain in thermal equilibrium.® 
Because of the dependence of Z; on temperature, Eq. (1) 
cannot be integrated to the familiar expression U 
=> ;Ejn;. We must instead write 


si dn; 
u-rf E,(T)—4aT, 
2 0 aT 
dn; 
C,=dU/dT=>, E,(T)—, 
i dT 


1 i T E,(T) dn; 
S -f —ar=¥ f . aT. (4) 
T iQ PF 


C, is the specific heat along the saturated vapor-pressure 
curve, and S§ is the entropy. 

In order to calculate values of the thermodynamic 
properties from these expressions, 7; must be known as 
a function of p; and 7. This can be found by a method 
similar to the usual microcanonical-ensemble treatment 
of a system of noninteracting particles.* If we neglect 
the effect of interactions between excitations on the 
total wave function of the system (but not on the 
energy of the system), then the quantum state is speci- 
fied by giving the number of excitations of each mo- 
mentum ;. Assuming Bose statistics to be applicable 
to excitations of all momenta, the total number of 
quantum states of the system corresponding to a dis- 


5 Strictly speaking, Eq. (1) represents the heat flow dQ into the 
system, rather than the change in internal energy. However, in 
the first law of thermodynamics, dU =dQ— pdV, the pdV term for 
liquid helium II is less than 0.01% of dQ along the saturated 
vapor-pressure curve. Thus dQ is essentially equal to dU, and we 
have used the latter notation to facilitate comparison of Eqs. (2) 
and (7) below with the well-known corresponding expressions for 
the case E; independent of T. 

®R.C. Tolman, The Principles of Statistical Mechanics (Oxford 
University Press, London, 1938), Chap. X. 
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tribution in which there are ; excitations with mo- 
mentum between p; and ~;+d; is given by the usual 
expression 


(cj+n;) 


nj;'c;! 


(cjtmj— 1)! 


Q= 





i mj\(¢;—-1)! i 


where c; is the number of individual excitation states 
with momentum between p; and ~;+dp;. The entropy 
S of the system is then 


S=k InQ 

=k > if (c;+-n;) In(cj;+-n;) —n; Inn;—c; Inc}, 
where k is Boltzmann’s constant, provided the values 
of the n; are those for which Eq. (5) is a maximum 
subject to the restriction that the internal energy 
U (n,,n2,-*+) be constant. This leads in the usual way 
to the conditions 


(6) 


dink aU 
- =() for all 7. 
On; On; 


(7) 


8=1/kT is a Lagrangian multiplier. Because there is 
no requirement that the total number of excitations be 
constant, the other Lagrangian multiplier usually pres- 
ent is missing. From Eq. (1), dU /dn;=£;(T), so that 
Eq. (7) leads to 


(8) 


n= c;(eFi(T)/ET— 4)-1, 


which is the required functional expression for ;.’ 
Using Eqs. (6) and (8), one obtains 


S=k DAE(T)nj/kT +c; n(i+n;/c)}. (9) 


This expression for the entropy, with n,; given by Eq. 
(8), is entirely equivalent to Eq. (4). However, for 
computational purposes Eq. (9) ios the advantage that 
it requires knowledge only of E;(7), whereas direct use 
of Eq. (4) requires also knowledge of dE;(T)/dT. 

The sum in Eq. (9) can be changed to an integral. 
Letting c; equal an element of volume in phase space, 


cj=4aV pedp/ht, (10) 


the entropy per unit mass is given by 


Ark E(p,T)/kT | 
=f | a —In(1—e E(p,T)/kT) p'dp. 
i ek (p T)/kT_4 
(11) 


The usual Bose-Einstein condensation occurs only when 


, The form of this expression is of course familiar. However, its 
interpretation is somewhat different from the usual case in that 
U in Eq. (7) is given by Eq. (2) rather than by U=2;Ejnj;. E,(T) 
is analogous to a chemical potential; it is the “free energy” 
quired to add one additional excitation to the system at Sead 
ture 7, rather than some sort of average energy per excitation, or 
the energy of an excitation at zero temperature. The derivation 
of Eq. (8) was included to emphasize this distinction, since it 
may_not be generally appreciated; see G. S. Rushbrooke, Trans. 
Faraday Soc. 36, 1055 {1940), 
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the number of particles is fixed. The linear dependence 
of energy on momentum in the phonon region assures 
that the integrand is well behaved where the momentum 
is small, and at large momenta exp[E(p,7)/kT] is 
always >1. 

The modification that we have made to Landau’s 
treatment of liquid helium retains the assumption that 
the excitations are normal modes which can be identified 
and counted. The addition of a temperature-dependent 
excitation energy assumes a weak interaction between 
a particular excitation and all the others, which does 
not destroy the identity of the individual excitation. It 
is to be expected that as the temperature approaches the 
lambda point, the interactions become so strong that 
the description of the liquid in terms of elementary 
excitations (normal modes) breaks down. The line 
width is probably a useful indication of how valid the 
concept of individual excitations is at any given tem- 
perature. The equations derived above are expected to 
hold at temperatures at which the line width is small 
compared to the total energy of an excitation. Experi- 
mentally, for temperatures up to 1.8°K, the observed 
line width is less than one fourth of the total energy 
of an excitation, in the roton region. 


III. EXPRESSIONS FOR NORMAL FLUID DENSITY, 
EFFECTIVE MASS, AND SECOND 
SOUND VELOCITY 


Derivations of expressions for normal fluid density 
and second sound velocity are given by Landau,! and 
in a review article by Dingle.* To derive the normal 
fluid density, it is assumed the excitations have a drift 
velocity v relative to the superfluid, and that the equi- 
librium distribution Eq. (8) applies in a coordinate 
system moving with the excitations. The distribution 
function in a coordinate system in which the superfluid 
is at rest differs from Eq. (8) in that £;(7) is replaced 
with E;(7)—p;-v, where p; is the vector momentum of 
an excitation. The definition of p, is obtained by setting 
the resultant momentum of all the excitations equal to 
p»V. For small v, that is, neglecting terms of order v? 
and higher, the integration over the angle between p 
and v can be performed, to give 


4dr ea ek (Pp, se. 


3k, 


: iz 
(eB .7) P)/kT_ 4)? eid 


The experimental excitation curve E(p,7) was used in 
the numerical integration of Eq. (12) to calculate p, at 
each temperature. 

Landau! has shown that p, can be written as the 
product of the number of excitations V and the average 
effective mass m* of each excitation. It was in this way 
that Landau showed, in his 1941 paper, that the mass of 
a roton is given by uw, when the energy-momentum rela- 
tion is given by E= A+ p’/2uy. In his 1947 paper, Landau 


®R. B. Dingle, Suppl. Phil. Mag. 1, 111 (1952). 
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pointed out that for arbitrary dependence of the excita- 
tion energy on momentum, one can write pra=N(p?)a// 
3kT, where Boltzmann statistics were used. In an 
analogous manner, we can divide the integrand of Eq. 
(12) into the product of the number of excitations n(p) 
and an “effective mass” m*(p). For m*(p) we obtain, 
using Bose statistics, 


9 


m*(p)=——(1—e- Bw. TAT) 1, (13) 
3kT 


It should perhaps be emphasized that m* is the effective 
mass involved in bulk momentum transfer processes, 
and not a quantity which describes the momentum car- 
ried by a single excitation. It is associated with the drift 
velocity v rather than with the total velocity of a single 
excitation. 

The derivation of second sound velocity begins with 
an expression for conservation of energy in liquid helium 
II, valid for reversible processes, 


as 
p—t+S 
al 


Op 
an +V- (pSv,)=0, (14) 
At 


0 


where S is the entropy per unit mass, / is time, and v, 
is the velocity of the normal fluid component. First 
sound is a wave propagation in which 05/01 is zero, and 
second sound is a wave propagation in which 0p/d¢ is 
zero. If the amplitude of the second sound wave is very 
small, so that S is nearly constant, and if the thermal 
coefficient of expansion is small enough that the coup- 
ling between first and second sound can be neglected, 
then the energy of a second sound wave can be derived, 
and is given by 


TS? : Dy 
ate (V-x,)?+ eal 


- (15) 
) OM 2(p— pn) 


V,"=constant, 


where x, is the local displacement of normal fluid from 
equilibrium. The first term is‘potential energy and the 
second term is kinetic energy. The velocity of propaga- 
tion is then given by 


(16) 


A slightly different equation for the velocity of second 
sound, 
p TS? 


pa C, 


(17) 


has been given by Kramers, and by Ward and Wilks.° 
To calculate second sound velocities, we have made the 
approximation that C,=C,, and put our calculated 
values of pn», S, and C, into both equations. 


9H. A. Kramers, Physica 18, 653 (1952); J. C. Ward and J. 
Wilks, Phil. Mag. 42, 314 (1951); 43, 48 (1952). 
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Fic. 1. The excitation curve at 1.1 and 1.8°K, and 
the momentum intervals. 


IV. NUMERICAL METHODS 


Equations (11) and (12) were integrated numerically 
with the aid of an IBM type 704 digital computer, at 
temperature intervals of 0.1°K between 0.2 and 2.1°K. 
The integrals were cut off at p/h equal to 3.08 A“, the 
contribution from higher values of p/h being negligible. 
The momentum range was divided into four intervals, 
shown in Fig. 1, and the excitation energy curve was 
represented in each interval as follows: 

Interval 1—(Phonon region, covering values of p/h 
from zero to the boundary of interval 2, designated 
p/h. This boundary varied from 0.43 to 0.60 A", de- 
pending on temperature.) The energy in the phonon 
region was assumed to be given by E=2,, where 2, is 
the velocity of first sound. The measurements by Van 
Itterbeek, Forrez, and Teirlinck,” extrapolated to 238 
m/sec at zero temperature, were used for the sound 
velocity. The value of v; used at each temperature, and 
also p,/h, is given in Table I. 

Interval 2,—(Region of the maximum in the excita- 
tion curve. Interval 2 extends from p,/h to 1.58 A“) 
Experimental data for the excitation energy were fitted 
with the inverted parabola E/k=a—11.5(p/h—1.113)*, 
where & is Boltzmann’s constant. A complete curve for 
this interval was measured only at 1.1°K, for which 
temperature the value of a is 13.92°K. The values of a 
used at other temperatures are given in Table I. The 
value of p/h at each temperature is the point of inter- 
section of the linear relation used in interval 1 and the 
quadratic relation used in interval 2. 

Interval 3.—(Region of the minimum in the excita- 
tion curve. Interval 3 extends from 1.58 to 2.18 A.) 
Smooth curves (not parabolas) were drawn by sight 
through the experimental measurements of excitation 
energy at two temperatures, 1.1 and 1.8°K, and the 
excitation energy was read from the curves at mo- 


10 A. Van Itterbeek and G. Forrez, Physica 20, 133 (1954); 
Van Itterbeek, Forrez, and Teirlinck, Physica 23, 63, 905 (1957) 
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TABLE I. Various parameters used in the calculations. 


Velocity of Liquid helium 
Temper- first sound,* density," 
ature % p pis/h 
. m/sec g/cc A” 


Interval 2, Interval 4, 
parameter @ parameter b 
°K °K 


28.38 
28.38 
28.38 
28.38 
28.38 
28.37 
28.35 
28.34 
28.31 
28.28 
28.24 
28.18 
28.11 
28.01 
27.90 
27.75 
27.56 
27.31 
27.00 
26.60 


13.94 
13.94 
13.94 
13.94 
13.94 
13.94 
13.94 
13.94 
13.93 
13.92 
13.90 
13.87 
13.81 
13.75 
13.67 
13.56 
13.42 
13.24 
13.01 
12.69 


0.14550 
0.14550 
0.14550 
0.14550 
0.14550 
0.14549 
0.14549 
0.14548 
0.14547 
0.14547 
0.14547 
0.14548 
0.14550 
0.14553 
0.14557 
0.14563 
0.14572 
0.14584 
0.14599 
0.14620 


0.60 
0.60 
0.60 
0.60 
0.60 
0.60 
0.60 
0.60 
0.60 
0.60 
0.60 
0.60 
0.60 
0.59 
0.58 
0.57 
0.56 
0.54 
0.51 
0.43 


0.2 238.0 
238.0 
238.0 
238.0 
238.0 
237.9 
237.8 
237.7 
237.6 
237.3 
237.0 
236.6 
236.0 
235.2 
234.3 
233.0 
231.5 
229.5 
226.9 
222.2 
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® From reference 10. 
» From reference 20. 


mentum intervals of 0.02 A~'. These energies are given 
in Table II, and were stored in the memory of the com- 
puter. The computer calculated the energy at each 
momentum for temperature intervals of 0.1°K accord- 
ing to an interpolation formula described below. 

Interval 4.—(Extends from 2.18 to 3.08 A~'.) The ex- 
perimental excitation curve, within the accuracy of the 
neutron scattering measurements, is consistent with a 
linear relation having slope equal to 2;. The excitation 
energy was fitted with the relation E=2,p—6, where 
values of 2; and 6 are given in Table I. 

A matter of some concern was the method to use in 
momentum intervals 2 and 3 for interpolation and ex- 
trapolation of the temperature dependence of the ex- 
citation energy, which was measured only in the region 
of the minimum, and only at three temperatures, 1.1, 
1.6, and 1.8°K. In momentum intervals 1 and 4 the 
temperature dependence of the energy was taken to be 
the same as that of first sound velocity. 

Experimental measurements of the energy of the 
minimum were fitted in the preceding paper" by the 
expression A(T)/k=8.68—0.008477 °K, which passes 
through the best values measured at the three tempera- 
tures. It was realized that this relation is entirely em- 
pirical, and not necessarily exact, due to experimental 
uncertainties. After preliminary machine calculations 
were made, it was possible to evaluate various interpola- 
tion formulas, on the basis of agreement of the calculated 
entropy with values obtained from specific heat meas- 
urements, over the temperature range 0.2 to 2.1°K. 
The following interpolation formulas for the energy at 


“ Yarnell, Arnold, Bendt, and Kerr, preceding paper [Phys. 
Rev. 113, 1379 (1959) ]. 
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the minimum were tried: 
A(T)/k=8.68—0.008477 °K, 
A(T) /k=8.69—0.0155T* °K, 
A(T)/k=8.70—0.0289T* °K, 
A(T)/k=8.67—1.564(p,,/p) °K, 
A(T)/k=8.68—5.35X10-"2N °K, 
A(T)/k=8.66—5.93X10-"N heavy °K, 


where .V is the total number of excitations per unit 
volume at temperature 7, and Vheayy is the number of 
excitations in momentum intervals 2, 3, and 4 per unit 
volume. All the above equations agree with the neutron 
measurements at 1.1 and 1.8°K, but Eq. (c) gives an 
energy at 1.6°K which is low, outside the experimental 
error. 

It was found that all the interpolation formulas gave 
agreement, within +5%, with experimental values of 
entropy between 0.2 and 1.8°K. The principal differ- 
ence between the formulas was in extrapolating to 
higher temperatures, where none of the formulas gave 
good agreement. Equations (c) and (d) gave better 
agreement with entropy measurements than the other 
formulas. The excitation energy computed using Eq. (d) 
is in good agreement with neutron scattering measure- 
ments at 1.6°K. There are insufficient neutron scatter- 
ing data to justify using an interpolation formula con- 
taining more than two terms, though obviously a better 
fit to entropy measurements above 1.8°K could be 
obtained. 

For the results reported here, the computer calculated 
the excitation energy throughout interval 3, using an 
interpolation formula of the form E(p,T)=c—d(pn/p), 
and using the values given in Table II to compute the 
parameters c and d at each momentum. Parameters a 
and 6 in the energy expressions for intervals 2 and 4 
were chosen to give the same values of the energy at 


TABLE II. Values of E(p,7) at 1.1 and 1.8°K for 
Interval 3 (roton minimum). 


E/k at E/k at Evk at 
Momentum _1.1°K 1.8°K Momentum  1.1°K 
p/h, A> °K — « p/h, Am kK 


8.20 
8.18 
8.19 
8.23 
8.31 
8.42 
8.56 
8.74 
8.98 
9.28 
9.00 
9.94 
10.29 
10.64 
10.99 


1.58 
1.60 
1.62 


11.41 
11.21 
11.01 
1.64 10.80 
1.66 10.59 
68 10.38 
70 10.17 
B i 9.96 
74 9.75 
.76 9.55 
18 9.36 
1.80 9.18 
1.82 9.03 
1.84 8.92 
1.86 8.82 
1.88 8.74 


10.91 
10.71 
10.51 
10.30 
10.09 
9.88 
9.67 
9.46 
9.25 


1.90 
1.92 
1.94 
1.96 
1.98 
2.00 
2.02 
2.04 
2.06 
2.08 
2.10 
2.12 
2.14 
2.16 
2.18 


8.68 
8.65 
8.65 
8.70 
8.77 
8.88 
9.03 
9.23 
9.46 
9.72 
10.00 
10.29 
10.60 
10.92 
11.24 





EXCITATIONS - IN 


LIQUID He: 


CALCULATIONS 


TABLE III. Calculated values for thermodynamic properties of liquid helium IT. 


Specific heat 
Temp. Entropy S ir 
°K joules/mole-deg joules /mole-deg 
0.2 2.22 10-4 
0.3 7.49X 10-4 
0.4 1.78 107-3 
0.5 3.47X 107% 
0.6 6.121073 
0.7 0.0105 
0.8 0.0187 
0.9 0.0349 
0.0654 
0.119 
0.205 
0.336 
0.526 
0.785 
1.13 
1.59 
2.18 
2.95 
3.93 
5.26 


6.65 X 1074 
2.25 10-3 
5.33X 10% 
0.0105 
0.0199 
0.0407 
0.0906 
0.199 
0.404 
0.749 
1.28 
2.05 
3.11 
4.52 
6.42 
8.82 

12.1 

16.3 

22.4 
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@ Values of liquid helium density p are given in Table I. 


1.58 and 2.18 A~! as were computed by interpolation. 
Values of p,/p obtained from specific heat!* and second 
sound velocity’ measurements were used. We claim 
no theoretical justification for the use of p,/p in the 
interpolations. It should be noted, however, that the 
agreement of the calculated values of p, using Eq. (12) 
with measured values would be approximately as good 
using any of the interpolation formulas given above. 
An integration mesh was formed by dividing the four 
intervals respectively into 100, 50, 30, and 90 sub- 
intervals, except that 500 sub-intervals were used in 
interval 1 for temperatures <0.7°K. The integrals were 
evaluated using the five-interval quadrature formula," 


i 1288 i 


(18) 


where the y; are equally spaced values of the integrand 
at the limits of sub-intervals of width g, and the weight- 
ing factors c; have the values 19, 75, 50, 50, 75, and 19, 
respectively. The first summation is over / sets of five 
sub-intervals each, and the second summation is over 
the six values of y; accompanying each set of sub- 
intervals. Errors in the numerical integration are of the 
order of 0.01% or less. 

The specific heat was calculated by five-point nu- 
merical differentiation with respect to T of the results 
for entropy, using C,= 7(dS/dT),.'!° The formula used 
2 Kramers, Wasscher, and Gorter, Physica 18, 329 (1952); 
Wiebes, Niels-Hakkenberg, and Kramers, Physica 23, 625 (1957). 

13R, D. Mauer and M. A. Herlin, Phys. Rev. 76, 948 (1949); 
81, 444 (1951); de Klerk, Hudson, and Pellam, Phys. Rev. 93, 28 
(1954). 

4 J. B. Scarborough, Numerical Mathematical Analysis (The 
John Hopkins Press, Baltimore, 1955), third edition, p. 131. 

18 For T <0.6°K, C, was calculated using Eqs. (3) and (8) with 
dE;(T)/dT set equal to zero. 


Normal fluid 
density pn 
g/cm? 


2.85 10 
1.44 10 
4.59X 10 
1.33 10 
5.96 10 
3.1110 
1.27X10 
3.91 10-4 
9.74X 10 
2.07 X10 
3.91X 10 
6.72XK10 
0.0108 
0.0165 
0.0241 
0.0342 
0.0473 
0.0647 
0.0874 
0.120 


Second sound 
velocity v2 
using Eq. (17) 
m/sec 


Second sound 

velocity v2 
using Eq. (16) 
Pn/p* m/sec 
137.4 
137.4 
136.9 
125.0 
83.2 
47.2 
29.9 
22.6 
19.9 
19.1 
19.2 
19.7 
20.4 
oka 
22.0 
22.8 
23.4 
23.9 
24.0 


1.96 10 
9.90 10 
3.15X10 
9.16X10 
4.10 10-5 
2.1410 
8.70 10 
2.69X 107 
6.70X 107% 
0.0142 
0.0268 
0.0462 
0.0745 
0.113 
0.166 
0.235 
0.325 
0.443 
0.599 
0.818 


137.4 
137.4 
136.9 
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{—S(T+0.2)+85(T+0.1) 
: 
—8S(T—0.1)+S(T—0.2)}, 


C,(T)=- 


1.2 


(19) 


where 7 is in °K. The error in differentiation was less 
than 0.1% for temperatures <1.8°K, and less than 1% 
at higher temperatures. 


V. COMPARISON WITH CRYOGENIC 
MEASUREMENTS 


The contributions of each of the four momentum 
intervals to the calculated entropy are shown as func- 
tions of temperature in Fig. 2. This figure shows that 
the division of the excitations into phonons (interval 1) 
and rotons (interval 3) is natural, as these two intervals 
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Fic. 2. Contributions of each of the four momentum intervals 
to the total entropy of liquid helium II, as functions of 
temperature. 
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Fic. 3. Comparison of calculated and experimental values of 
entropy and specific heat of liquid helium IT. The dashed line was 
calculated disregarding the temperature dependence of the ex- 
citation curve. 


make the major contributions. This figure also shows 
that at temperatures above 0.6°K, the specific heat 
should no longer follow the 7* law, which holds when 
only phonons are excited. 

The results of calculations of entropy S and specific 
heat C, are tabulated in Table ITI, and are also shown 
as solid lines in Fig. 3. Calorimetric measurements of 
these quantities are also shown in Fig. 3. Hill and 
Lounasmaa'® have stated that the measurements of 
Hercus and Wilks,!’ which are about 10% higher than 
those of Kramers, Wasscher, and Gorter,” are probably 
in error. 

Calculations of the entropy were also made in which 
the temperature dependence of the excitation curve was 
neglected. The excitation curve for 1.1°K was used for 
all temperatures, and dE(p,T)/dT was set equal to 
zero. The values for entropy obtained in this way are 
shown as a dashed line in Fig. 3. 

Figure 4 shows the deviation in percent of the calcu- 
lated entropy from the calorimetric measurements of 
Wiebes, Niels-Hakkenberg, and Kramers,” at tempera- 
tures below 0.7°K, and from measurements of Kramers, 
Wasscher, and Gorter” at temperatures from 0.7 to 
2.1°K. The calculated values agree with the measured 
values to within +3% at all temperatures between 0.2 
and 1.85°K.'* The deviation of the specific heat C, 


16 R. W. Hill and O. V. Lounasmaa, Phil. Mag. 2, 143 (1957). 

17 G. R. Hercus and J. Wilks, Phil. Mag. 45, 1163 (1954). 

18 The straight-line portion below 0.6°K of the curve in Fig. 4 
results from the 7* dependence of the specific heat reported by 
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from measurements, not shown in Fig. 4, is +4% be- 
tween 0.2 and 1.7°K. If the numerical fit to the excita- 
tion curve used in the calculations was shifted to the 
limit of the experimental error quoted for the neutron 
scattering measurements in the preceding paper’! 
(+0.1°K energy equivalent in the minimum), the 
change in the calculated values of S and C, would be 
about 5%. The deviation of the entropy curve calcu- 
lated by neglecting the temperature dependence of the 
excitation curve is also shown in Fig. 4, and displays 
strikingly poorer agreement with calorimetric measure- 
ments above 1.3°K. 

The entropy was also calculated using the excitation 
curve of Palevsky, Otnes, Larsson, Pauli, and Stedman” 
in the region of the minimum (roton region). They 
state the temperature of the helium target for their 
measurements was 1.4 to 1.5°K. In order to obtain a 
complete excitation curve over the momentum range 
used in the calculations, we have used the velocity of 
first sound at 1.4°K for the slope in momentum intervals 
1 and 4, and have matched the linear relation in in- 
terval 4, and our inverted parabola in interval 2, to 
join the Stockholm data smoothly. For the energy 
minimum between 1.72 <p/h<2.15 A“, we have used 
the parabola for which parameters are given by the 
authors. These parameters are A/k=8.1°K, po/h=1.90 
A, and »=0.16m(He), [m(He) is the mass of a helium 
atom ]. The calculated entropy obtained in this way is 
shown in Fig. 4, and lies 22% above the calorimetric 
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Fic. 4. Deviation of calculated entropies from measurements 
by Wiebes, Niels-Hakkenberg, and Kramers (<0.7°K), and from 
Kramers, Wasscher, and Gorter (>0.7°K). “Stockholm roton 
curve” is based on measurements by Palevsky, Otnes, Larsson, 
Pauli, and Stedman. (Sphon+Srot) was calculated using Landau’s 
equations based on an approximation of the excitation curve by 
two functions, one linear and one parabolic. 
Wiebes, Niels-Hakkenberg, and Kramers, and from the fact that 
only the phonon region makes a contribution to the calculated 
entropy. Since the slope of the energy-momentum relation in 
interval 1 was determined from the sound velocity measurements, 
the 2% deviation below 0.6°K implies nothing about the accuracy 
of the neutron scattering measurements, but does indicate con- 
sistency between specific heat and sound velocity measurements, 
as pointed out by Wiebes, Niels-Hakkenberg, and Kramers. 

19 Palevsky, Otnes, Larsson, Pauli, and Stedman, Phys. Rev. 
a 1346 (1957); Palevsky, Otnes, and Larsson, Phys. Rev. 112, 
11 (1958). 
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measurement. The reason the Stockholm data gives a 
higher value of entropy than the measurements re- 
ported in the preceding paper" is that their value of 
A/k for the roton minimum is 0.45°K lower than the 
value obtained by interpolation to 1.4°K of the Los 
Alamos measurements. The Stockholm data gives a 
value for the entropy in agreement with Kramers, 
Wasscher, and Gorter if calculations are made for 1.8°K. 

Parabolic fits to the minimum in the excitation curve 
are reported in the preceding paper for each of the three 
temperatures at which the curve was measured. The 
parameters of the parabolas are: A/k equals 8.65°K 
(for T=1.1), 8.43°K (for T=1.6), and 8.15°K (for 
T=1.8°K); o/h equals 1.92 A~ for all temperatures 
and 4=0.16m(He) for all temperatures. We have used 
Landau’s! formulas and calculated the contribution to 
S of phonons and rotons for the three temperatures. 
The values of (Sphont+Srot) are plotted in Fig. 4, and 
lie below the calorimetric measurements, by 5 to 10%. 
This is expected, since the excitation curve in Landau’s 
phonon and roton analysis lies above the observed 
curve in the region of the maximum, and also to the 
right of the minimum. 

Values of the normal fluid density p, calculated using 
Eq. (12) are given in Table III. These have been divided 
by experimental values” of p, given in Table I, and are 
plotted as a solid line in Fig. 5. Also included in Fig. 5 
are values of p,/p obtained from torsion pendulum 
measurements,” and values calculated from Eq. (16) 
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Fic. 5. Comparison of calculated and experimental values of p»/p. 
Values of p are from reference 20. 


” E. C. Kerr, J. Chem. Phys. 26, 511 (1957); K. R. Atkins and 
M. H. Edwards, Phys. Rev. 97, 1429 (1955). 

41K. L. Andronikasvili, J. Exptl. Theoret. Phys. U.S.S.R. 18, 
424 (1948); J. G. Dash and R. D. Taylor, Phys. Rev. 105, 7 (1957). 
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Fic. 6. Comparison of calculated and experimental values of 
second sound velocity. Curves A, B, C, D show dispersion of heat 
pulses at low temperatures. 


using specific heat and entropy data from Kramers, 
Wasscher, and Gorter, and from Wiebes, Niels- 
Hakkenberg, and Kramers, and second sound ve- 
locity data from Mauer and Herlin, and from de Klerk, 
Hudson, and Pellam.’’ The agreement between the 
calculations and the values of p,,/p obtained from second 
sound measurements is within +8% over the tempera- 
ture range 0.7 to 2.0°K, and is within +5% between 
1.1 and 1.9°K. The torsion pendulum measurements of 
p/p are systematically lower than the values obtained 
from second sound velocity measurements, the differ- 
ence increasing toward the low-temperature limit of the 
torsion pendulum measurements. At 1.2°K the dis- 
crepancy is 27%.” 

The velocity of second sound was computed by sub- 
stituting calculated values of S, C,, and p, into Eq. 
(16). The results are tabulated in Table III, and are 
plotted as a solid line in Fig. 6. The calculations agree 
with measurements of de Klerk, Hudson, and Pellam, 
and of Mauer and Herlin™ to within +4% over the 
temperature range from 0.8 to 1.8°K, and within +2% 
between 1.0 and 1.7°K. Below 0.7°K, the mean free 
path of excitations is comparable to the dimensions of 
the apparatus which was used to measure second sound 
velocity. At these low temperatures, the second sound 
heat pulses undergo dispersion in transmission, and 
curve A in Fig. 6 represents the velocity of the leading 
edge of the pulse, as reported by de Klerk, Hudson, and 

2 The quantity p,/p was used to interpolate the excitation curve 
between temperatures at which the excitation energy was meas 
ured, but since measurements were made at 1.1°K, any reasonable 
interpolation to 1.2°K would still yield calculated values of p,/p 
in disagreement with torsion pendulum measurements. 
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Fic. 7. Average values, for each momentum interval, of the 
effective mass of the excitations, as defined by Landau. The quan- 
tity m(He) is the mass of a He‘ atom. The average value for all the 
excitations is also shown. 


Pellam. Curve B is the velocity of the point of steepest 
rise on the leading side of the pulse, curve C is the 
velocity of the highest point of the pulse, and curve D 
is the velocity of the point of steepest descent on the 
back side of the pulse. Curve A approaches the velocity 
of first sound at zero temperature, and is apparently 
due to phonons which make very few collisions between 
the radiator and the detector. The calculated curve, 
which agrees pretty well with curve B, approaches 
Landau’s value of v2=2,/V3 at zero temperature. 

Calculations were also made using Eq. (17), and the 
results are tabulated in Table III, and plotted as a 
dashed line in Fig. 6. The calculated values are higher 
than experimental measurements above 1.3°K. 


VI. EFFECTIVE MASS OF THE EXCITATIONS 
AND KHALATNIKOV COEFFICIENTS 
The effective mass m* of the excitations as defined by 
Landau is discussed in Sec. III. We have calculated 


weighted averages, 


r= f nip)mrip rap / f ni prap 


for each momentum interval, and the results are shown 
in Fig. 7. The curves for intervals 1 and 3 have been 
labeled “phonons” and “rotons” respectively. The de- 
crease in m* for phonons above 1.8°K does not have 


(20) 


any fundamental significance; it is due to the peculiarity 
of the calculation, in which p,/h, the boundary between 
intervals 1 and 2, shifts from 0.56 A at 1.8°K, to 
0.43 A at 2.1°K. Figure 7 shows that all of the excita- 
tions, other than phonons, may be considered “‘heavy,” 
and that the average effective mass of rotons varies 
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from about 40 to 500 times the average effective mass 
of phonons. 

When the distribution (p,r) of excitations in liquid 
helium deviates from the equilibrium distribution, here 
designated no(p), then n(p,r) can be obtained by solving 
an equation of continuity in position and momentum 
space.¥ Khalatnikov has studied the case where the 
spacial derivatives of quantities defining the state of 
the system are small. He obtains an expression™ for 
the deviation from equilibrium n(p,r)—m0(p) which 
contains three coefficients, 4, B, and C, whose values 
are determined by the nature of the interactions be- 
tween excitations. In general, 4, B, and C are functions 
both of momentum and temperature. The nonequi- 
librium properties of the excitation gas, such as the 
viscosity 9 of the normal fluid, the thermal conductivity 
x, and four coefficients of second viscosity, depend on 
A, B, and C. Theoretical expressions for the coefficients 
of second viscosity, as well as for Khalatnikov’s co- 
efficient A, all depend on knowledge of 0E(p,T)/ dp, for 
which there are insufficient experimental data to make 
calculations. 

Khalatnikov 


viscosity : 


gives the following expression for 


i 


fF cp.ine(potno(p) +10 pidp, (21) 
0 Op 


dir 
15kTh 
where E is the excitation energy; and for thermal 


TABLE IV. Calculated values of Khalatnikov coefficients. 9 is 
viscosity and « is thermal conductivity of liquid helium II.* 


—K B 
n/( joules ( 
deg-cm-sec? 


n/(n/C) —B=«x/(—«/B) 
poise / sec seconds seconds 
3.23 
1.63 10 
5.16 10 
1.29X 10? 
3.18X 10° 
9.60X 10? 
3.19 108 : 2.5 
9.60X 10° Ae f 2 4.3 
2.48 X 104 1.1 
5.53 X 10# 
1.10X 105 


9X 10 
4.07X 10 
1.64X 10 
7.46X 10 
3.93X 10 
2.31X 10 
1.46X 10 
9.76X 10°? 
7.06X 10-2 
5.27X 10 
4.19X 10°" 
3.40X 10 


6.43 X 108 
9.20X 108 
1.28X 10" 
1.72 10" 
2.27X 10" 
2.94X 10" 
3.76X 10" 
4.83 104 


ee ee ee ee ee 
—SSCmHWNA Ub wnrnres 


® Values of » and « are from smooth curves drawn through measurements 
by Zino'eva and by Heikkila and Hollis-Hallet (reference 25). 


*3 7. M. Khalatnikov, Uspekhi Fiz. Nauk 59, 673 (1956) (trans- 
lation by M. G. Priestley), Eq. (12.1). 
* J, M. Khalatnikov, reference 23, Eq. (13.9). 
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The thermal conductivity « is that which exists when 
there is no temperature-induced flow of normal fluid or 
superfluid. « is obtained from measurements of the 
attenuation of second sound. The amount of heat trans- 
ported by thermal conductivity (for a given tempera- 
ture gradient) is only 10~® or 1077 as large as by con- 
vection of the normal fluid component. 

We have calculated the integrals Eqs. (21) and (22), 
without the factors C(p,7) and B(p,7), and the results 
are given in Table IV. By comparing calculations with 
smooth curves drawn through measurements of n and x 
by Zinov’eva and by Heikkila and Hollis-Hallet,?> we 
obtain average values C and B (a negative number) for 
the Khalatnikov_coefficients, averaged over all mo- 
menta. —B and € are given in Table IV and plotted in 
Fig. 8. According to Khalatnikov, these coefficients, 
which have units of seconds, are proportional to the 
average time between collisions of “heavy” excitations.”® 
If the velocity and the cross sections of the excitations 
are not strongly temperature dependent, then we would 


pdp. (22) 


expect the curves for — B and C to be similar to a plot 
of 1/.Vheavy, the reciprocal of the number of ‘‘heavy”’ 
excitations. The quantity 1/-Vheayy, and also 1/.V, the 
reciprocal of the total number of excitations, are plotted 
in Fig. 8 for comparison. The order of magnitude of the 
calculated coefficients seems to be correct to represent 


collision times. 


22K. N. Zinov’eva, J. Exptl. Theoret. Phys. 31, 31 (1956) 
[translation: Soviet Phys. JETP 4, 36 (1957); W. J. Heikkila and 
A. C. Hollis-Hallet, Can. J. Phys. 33, 420 (1955). 

267. M. Khalatnikov, reference 23, see discussion of Eqs. (14.2) 
to (14.6). 


LIQUID 


He: CALCULATIONS 1395 





_~B (FROM«) 


r=) 





SECONDS (SOLID CURVES ) 
CM°/EXCITATION ( DASHED CURVES) 


T (FROM) ~ 








10? 


t 
1 


eS ee | 1 a ee ee ee | 
08 Lo 12 14 1.6 18 
TEMPERATURE °K 


Fic. 8. Average values of the Khalatnikov nonequilibrium 
kinetic coefficients —B and C, as well as the reciprocal 1/Nheavy 
of the number of “heavy” excitations, and the reciprocal 1/N of 
the total number of excitations 


The average Khalatnikov coefficients are included in 
this paper because they can be calculated from the 
measured excitation curve, and because it is hoped that 
they may prove useful in evaluating the validity of 
Khalatnikov’s theory. 
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The spiralling of charged particles in an intense magnetic field is taken into account in the description of 
their collisions involving small fractional momentum transfer. The transition probability to the continuum 
of possible states is given. In addition, the transition probability is given for a particle’s orbit center to be 
displaced from one magnetic line of force to another, with accompanying momentum change, as a result of 
scattering by a fixed charge. The equivalent results are derived for the scattering of two identical particles 


in their relative coordinate system. 


As the result of scattering, the momentum change along the magnetic field in a uniform, collimated beam 
of spiralling particles is found to be very much smaller than the sum of the magnitudes of the individual 
momentum changes in that direction. In contrast to ordinary Coulomb scattering, one finds that there is a 
lower limit to the momentum transfer to individual particles and that there is an adiabatic cutoff distance 
associated with the interaction which, in some plasma situations, can be shorter than the value of the Debye 


distance. 


The WKB approximation for generalized Laguerre polynomials is appended. 


I. INTRODUCTION 


HE scattering problems that will be described in 
this work can be outlined, as it is commonly done, 
by ordering their collisions according to the fractional 
momentum and energy transfer. For large fractional 
transfer, in probably all so far realizable situations, an 
imposed magnetic field can only play an unimportant 
role in Coulomb scattering of charged particles—even 
for (transient) fields of around 10® gauss that are now 
coming into use. However, for small fractional mo- 
mentum transfers, the role of the magnetic field becomes 
increasingly significant with increasing distances of 
closest approach. 

The spiralling of charged particles, being a form of 
binding, causes their energy values to be quantized. It 
should therefore be investigated what conditions must 
exist for the consequences of this effect to become 
observable. A quantum-mechanical treatment of the 
scattering is therefore desirable. 

Although it is not the aim of this paper to emphasize 
applications, it should be noted that knowledge of the 
transition probabilities for encounters involving small 
fractional momentum and energy transfer is essential, 
for example, to the computation of transport properties 
of a highly ionized plasma; there such encounters pre- 
dominate over the more violet ones because the long 
range of the Coulomb force makes the former much 
more probable.! 

Wherever the presently available literature of the 
Boltzmann and Fokker-Planck equations deals with 
the transport properties of plasmas in very strong 
magnetic fields, no account is taken of the spiralling 
of the charged particles in computing the relevant 
transition probabilities; the Rutherford formula is 
always used, even though in many interesting situations 
the reliability of this procedure is problematical. But 
even if it does turn out, contrary to doubts expressed 


1 See L. Landau, Physik. Z. Sowjetunion 10, 154 (1936). 


in what follows, that the spiralling does not have effects 
worth exploring further, then one may still find the set 
of transition probabilities presented in this paper to be 
more natural to the description of the problem than the 
one resulting from the Rutherford cross section. 

Apart from its applicability to plasma physics, a 
large part of the calculation is an instructive example 
of a situation where it is undoubtedly advantageous” 
(and in general necessary*) to find physical observables 
(certain transition probabilities, orbit centers, etc.) 
independent of h, via the Schrédinger equation. There 
are two reasons for this; the basis of both are in distinct 
contrast to what is the case in ordinary Coulomb 
scattering. The first reason is the difficulty of integrating 
the classical equations of motion even after making 
small momentum transfer approximations. The second 
one is the much greater ease with which the expression 
for the transition probability can be evaluated using 
quantum mechanics instead of classical mechanics. 

This problem, moreover, has the characteristic 
feature that (orbit centers of) particles approach and 
recede from the scattering center along magnetic lines 
of force. Therefore, the next section contains infor- 
mation about the properties of a free particle in a 
magnetic field which are needed to calculate the 
scattering phenomenon by means of the first Born 
approximation. 

In Sec. III, various transition probabilities will be 
given that are applicable either to the scattering of one 
spiralling particle by a arbitrary fixed charge, or to the 
scattering of two identical particles as described in their 
relative coordinate system. 

Possible implications of the results of Sec. III are 
discussed in Sec. IV. A by-product of Sec. II is the 


* Before this work was begun, William M. MacDonald con- 
jectured that this would turn out to be true. 

5 Analogous to e?/hv<1 case in ordinary Coulomb scattering 
where quantum effects cannot be disregarded. 
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WKB approximation for generalized Laguerre poly- 
nomials which is given in an Appendix. 


II. UNPERTURBED PROBLEM 


The Hamiltonian of a free particle of mass m and 
charge e in a uniform magnetic field B parallel to the z 
direction can be taken to have the form 


10 


hk? / 3? 


2m \ dp? 


Sl —Lyt p* 


1 3 ~) eB eB? 
8mc? 


pop pag? dz 2mc 
in cylindrical coordinates {p,y¢,z}. The vector potential 
associated with this 3p is 


A,=0, A,=3Bp, A.=0. 

L, is the z component of the angular momentum 
operator, which (unlike Z?) commutes with 5p; another 
constant of the motion is the momentum ,. 

The Hamiltonian 3C) for the unperturbed system 
of two identical particles (mass m, charge e) in a mag- 
netic field is expressible in terms of 5p in the following 
way: 


Ho (41,22) = Hoh (x, + X2), 2m, 2B) 
+Ho(x2—21, 3m, 7B). 


Without loss of generality, all analysis in this section 
can, therefore, be limited to 5Co. It may be noted here 
that the introduction of relative coordinates is in general 
not a useful step in achieving the solution to two-particle 
problems involving a magnetic field. 

Taking the eigenvalues of L, and p, to be ah and p’h, 
respectively, one is led to the equation‘ 


> 


av a’—} dv 
—-+- 0-— pt )o=—+8(p2)0=0, (1) 
dp’ ? 


p dp 
for p! times the radial wave function if the unit of length 
is chosen to be 


po= (2hc/eB)'=3.6X10-*B-4. 


It will be convenient, moreover, to introduce a dimen- 
sionless quantum number for #,, related to it by 
p:= ph/po. The necessary and sufficient condition for 
Eq. (1) to have a polynomial (factor) solution and thus 
keep v(@) finite is 

ph? 


E-— 
2m 


=4n+2a+2, 


+400 ) 


with n=0, 1---. Therefore, 


E=E£,+,, 


4 Leigh Page, Phys. Rev. 36, 444 (1930). 


with 
Ei = ph?/2m= iPAQ, 
and Q= |e| B/me. 
Equation (1) has the solution 


Vna=Crap**t exp(—p?) Ln (9), 


hie = on") 


o-0 \n—o a! 


where 


are the generalized Laguerre polynomials, and 
Cna?=2[n!/(n+a) !]. 


It is evident from Eq. (2) that m determines the particle 
energy perpendicular to the magnetic field. In most 
problems of interest »>>1 ; for example, a 10-kev electron 
(with p=0) in a field of 10° gauss has n~ 10°. The 
physical meaning of a is that it determines the radial 
position of the orbit (center), for fixed E,. This can be 
expressed by 


(ne p?| na) = 2n+a+1, (4) 
or classically by 


p= (4E,+22L,)/mO2=po(2ntat+1),  (4’) 


where f is the square root of the time average of the 
square of the particle radius. For a, much smaller values 
than m are usually the more significant (see Sec. ITI). 

It will be sufficient to describe the charge density of 
a particular | pna) eigenstate as being confined within a 
cylindrical shell that is the locus of all cyclotron orbits 
having the orbit center coordinate, #. In this quantum- 
mechanical treatment one is therefore left with an 
averaging over the phase angle by which a classical 
calculation identifies the initial position of the spiralling 
particle in some reference plane; it is felt that this is a 
very significant feature of the quantum-mechanical 
approach. 

The (two) classical turning points of the motion are 
where 

#(p”) = 4n+2a+2—(a?—})/p?—p*=0. (5) 

The classical values of p? possessed by the points on the 
cyclotron orbit furtherest from and nearest to the p 
origin are taken to be, respectively, p4? and p_*. The 
distance of closest approach is, therefore, at p=p_, z=0. 
If a#0, ® may be written as 


xb (x) = (x,—x)(x—x_), (6) 

with 
X= py?&4n+2a+2+:-:, 
x= p2&(a?—4)/4n+--:-, 


if n>1 and n> a] ; similarly, if a>>n>>1, then 
x3Sat 2n+1+2[n(a+n) }}+ g006, 


(7) 


(7’) 
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From (3) it follows that a> —n;a=—nis the angular 
momentum of a positive particle centered at the origin; 
for a=0 the particles will spend more time near the 
origin than for any other angular momentum. For 
negatively charged particles a€n. All formulas inde- 
pendent of the sense of rotation remain unchanged in 
value if e and a are simultaneously replaced by (—e) 
and (—a). 

Before going on to the scattering problem, it appears 
necessary to simplify the solution of the 3» problem 
somewhat further so that the perturbation calculation 
becomes tractable. One of the apparently few ways to 
find a simpler expression for the solution of Eq. (1) is 
to note that Laguerre polynomials have the asymptotic 
expansion® 6 


LS (x) =a inte tye helz cos[ 2(nx)!—42(at+3) ], (8) 


in the limit »— [therefore |a|<n in (8) ]. From the 
behavior of tna [Eq. (3)] it is clear that relation (8) 
must not be trusted to represent the wave function 
outside its classical region, viz., pn! and p2p, if 
a=0, and pSp_ and p2p, otherwise. Moreover, if 
a™—n, relation (8) is again not applicable. 

For a#0 (a+n>>1) the solution of Eq. (1) by means 
of the WKB method is presumably more accurate than 
the one obtained from (8) because it takes a more 
detailed account of the variation of ®; numerical work 
supporting this statement is given in an Appendix. In 
the classical region of ®, i.e. 6>0, the WKB approxi- 
mation for » is 


= (2/m')b,a* cos[ Sna— 


e 
Sum f !(p?)dp. 


p 


it |, (9) 


” 
na 


with 


(10) 


It turns out that in the evaluation of the relevant matrix 
elements for our problem, only differences Syia—Sna 
will be needed with |n’—n|<n. Therefore, it is suffi- 
cient to give the value of 


Os p’—p\} 

2 arc tan( . ) ; 

on p+°— p” 
Nevertheless, S is calculated in the Appendix because 
with it one can immediately obtain, over a wide range 
of x, what seems to be a better approximation to 
L,‘® (x) (for a0) than expression (8). For use in Sec. 
III, other expressions for L,‘® (x) cited in the mathe- 
matical literature®.* do not appear as tractable as the 
WKB result. 


III. SCATTERING PROBLEM 


(11) 


This section gives the first Born approximation of 
various transition probabilities. The scattering of one 

5G. Szego, Orthogonal Polynomials (Am. Math Soc. Coll. Pub. 
Vol. XXIII, 1939). 


® A. Erdelyi et al., Higher Transcendental Functions (McGraw 
Hill Book Company, New York, 1953), Vol. 2 
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particle (charge e and mass m) by a fixed charge Ze (at 
the origin), and the scattering of two identical particles 
will be described. 

In analogy with situations without magnetic fields, 
one may expect the reliability of the Born approxi- 
mation to improve with increasing values of m and p. 
The range over which the Born approximation is 
expected to be useful appears to become larger with 
increasing strength of the external magnetic field. This 
idea suggests itself because the motion at large distances 
from the scattering center then becomes less and less 
determined by the perturbing Coulomb field. 

A restriction to what follows is met in the limit of 
adiabatic behavior; this fact has as a consequence that 
there will exist an upper limit to a, beyond which the 
expression for the transition probability should not be 
assumed to be valid. Moreover, as is almost implied by 
the previous paragraph, taking the limit B— 0 is to 
be eschewed. The necessity for this exists already in the 
corresponding classical treatment. 

The matrix element of interest is 


M=Ze(n+An, p+Af, a| (p?+27)-}| npa). 


The final state has been characterized by n’=n+An, 
pt+Ap, and a; the initial state by n, p, anda. M reduces 
to 


(12) 


2Ze? 
M=— f dpinralp)Ko(|Ap!p)tnalp),  (12") 
L vo 
after integration over z and ¢y. The former integration 
contributes 2K because? 


['(n+3) cos(xs) 
K .(2)= —(; -)' [- _o: 
(s? 24.1) 


K,,(x) is a Bessel function of purely imaginary argument 
related to the Hankel function H,," (ix).7 L, in (12’), 
is the length of the cylindrical quantization volume, V, 
of radius R whose axis is along the direction of the 
magnetic field. 

Two important general features of the scattering can 
be inferred already from the form (12’) for M. Firstly, 
the oscillatory nature of the eigenfunctions (3) in M 
cause it to be relatively small unless | An|<n. Secondly, 
M will become extremely small if there is little overlap 
between the region where both v,¢ are essentially local- 
ized (p_<p<p,), and the interval where Ko(|Ap|p) is 
large (|Ap|p<1). The interaction will therefore cease 
rapidly beyond where 


(13) 


Ap|p_~1, 


p_~ (n}/| An|)(2y,/F,)!. 
The last relation delineates the onset of adiabatic 
conditions. In our units, it is the same, well-known 


7G. N. Watson, Theory of Bessel Functions (Cambridge Uni 
versity Press, Cambridge, 1952). 
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relation that one finds by saying that if the closest 
distance of approach between an oscillator, having a 
natural frequency 2, and a particle moving with velocity 
v (parallel to B) is greater than bmax=v/|An|Q, then 
the interaction will cease to induce transitions between 
levels AnQ apart. 

For electrons (mass m,) moving with a velocity »v 
corresponding to E ev in a field of B gauss, one finds 


Dinax3.4(E)! An Bb, 


and the corresponding expressions for heavier particles 


of mass my is 
3.4 muy i 
—K}. 
An|BX\m, 


One can easily show from the general expression for 
p—(a,n)/n' that if one deals with m, An>>1, then the 
onset of the adiabatic phenomenon already occurs at 
a|<n unless (An)?#,;S Ej. Therefore, in a plasma at 
high temperatures the collisions involving |a|<«n will 
be by far the most significant ; this is the first and main 
reason why the a>>n case will be treated in less detail. 

Combining (8), (3), and (12’) gives 


Onex= 


M = }n(Ze?/L)(nn’)*[ (Ap)?+4(n%—n')? }3, (14) 
to a first approximation, provided, as is very often the 
case,® |Ap|p,>1 and |Ap|p_<1. It is necessary that 
pi>>p_ and An(E,/EF,,)!>>1 for these inequalities to be 
satisfied. M may be simplified to 


Bn 3 
(1+ “) ’ 
- FE, 


An+ }pAp=0. 


Ze A 
M=}r 


L n'\Ap 


(14’) 


because 


(15) 


The expressions (14) and (14’) are of special value for 
a=0 because for only this eigenvalue is Pb++p~ as 
p— 0, which implies in turn, that no WKB treatment 
exists for Eq. (1). For 0<|a|<«n (14’) will serve as a 
comparison to the corresponding results found by means 
of the WKB method that are given next. 

One finds for | An|<n that 


be P+ 
= J dp(P raP n'a) ‘ 
us 


p 


X Ko(|Ap |p) cos(Sya— fm) COS(Sna— jm) 


4 fr? os 
~N f dp Pra 1K y( Ap p) cos( -an), 
Tv > on 


(16) 


by substituting (9) into (12), and then retaining only 


8 For p, and p_ one takes, in principle, min{p,(n’),p,(m)} and 
max{p_(n’),p_(n)}, respectively. For the case of small An/n 
treated in this paper, the {p,(n’),p,(n)} difference is usually not 
important. 
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the largest contribution to the integrand. Finally one 
gets 

M,=414n(|An|72)Kan(|An| 71), (17) 
after putting (11) and (5) into (16). In (17), Zan(x) is 
the Bessel function of purely imaginary argument and 


Tt 72= | Ap/An| ps (a,n)=2p4/p. 


Relation (17) follows from (16) in a straightforward 
manner after one changes variables from p to 


p—p2\! 
B=2arc tan{ - : 


2 2 
P+" —~p 
This substitution allows one to write 


4 2 

M,= J dB cos(AnB)K (| An! (72+ 72? 
To 

—2ri72 cosB)!). (16’) 

Replacement of Ko in (16’) by an equivalent expression 

obtained from the addition theorem of Bessel functions,’ 


11Z., 


Ko p+ p2"— 2pip2 cosp 1) 


= b 1,(p2)Ks(pr)e'*®, (p1> pz) 


then yields (17). 

Most of the information in this paper comes from 
use of (14) or (17) in special cases, but additional 
knowledge will be obtained by giving a discussion of 
the behavior of M,, as it depends on 7;(a,2) and 72(a,n). 

A general decrease in M, can be demonstrated by 
proving* that, for all 7, 


M,=41 4,(| An| (r—67))Kan(| An| 7) 


decreases monotonically with increasing 6r(>0), which 
is related to p_ by 
br= | Ap/An| p_. 


The power series representation’ of /,, makes the 
proof of its monotonic behavior self-evident. Part of 
this fall-off is of classical origin, but for sufficiently 
large p_ values, it is always a quantum-mechanical 
phenomenon. 

It will be shown next that there can be a range of p 
(and a) values, where M decreases relatively slowly at 
first with increasing p_. One may, therefore, refer to M 
as staying rather close to a certain “plateau” value. 
Outside of this region, one expects and finds that the 
scattering decreases rapidly as the minimum distance 
of closest approach, p_, increases beyond the outer edge 
of the “plateau.” This, it will be seen, can occur at 
distances much less than p_~ | Ap)". 


* Note added in proof.—The proof given is only appropriate if 
a<0. However, the proof for a>0 is nearly the same. One must 
then merely consider variations r+6r7 in K instead of variations 
7—6r in I. 
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“On the plateau,” 67 is such that* 
| An|6rIan/(An r)Kan(|An|r). 


If | An| r<1, the foregoing inequality becomes approxi- 
mately 
T\anj—1( | An| 7) ' 

——_—-= | An|ir/r<1, 


5 | An\dr 
Tan(|An|r) 


or 2|An|p<p,; ie, |a|«2n/|An| for Ey>E,. 


Similarly if 7>>1, one finds 
Anir<1; 


again it follows that p<p,; i.e., |a|<“«n for E>E)). 

On the other hand, if a>>n, the situation is the fol- 
lowing. According to (6) and (7’), one can express M, 
roughly as 


M ~4l 4,(| An| 2n'/p)K,(2| An| (a+2n)'/p), 


if m>| An}. 
First of all, it is interesting to point out again the 
asymptotic behavior of M, as a function of @ for 


t1= (2/p)(a+2n)'>1. 


Under these conditions M; is proportional to 
(Anr;)~! exp(—Anz,) because of the asymptotic be- 
havior of Kan(An x).? 

At p_ distances much less than dn. (which corre- 
sponds to p_~|Ap|~') but still such that a>>n, one 
finds M, is smaller, approximately by a factor 


T2 [An| n {|An|/2 
e{ — <e{ —— , 
7} a+2n 


than M, given by (17”) if |An|>>1. The factor demon- 
strates just how rapidly M; falls with increasing dis- 
tance of closest approach p_(a,m) beyond “‘the plateau.” 

Therefore, except for a relatively brief reference to 
M for a>>n in Sec. III B, we shall confine ourselves to 
the |a|<n interval; for these values of a, the cyclotron 
radius is much greater than the distance of closest 
approach. 

One may also, of course, consider An and Ap as 
variable and keep a fixed. Then one can use the above 
inequalities as a means of sorting out the set of im- 
portant final states |n+An, p+Ap, a). No unique final 
state can be expected because we are dealing with an 
ensemble of classical particles with the same p, but 
different trajectories. The loss of information about 
individual trajectories thus suffered is of no consequence 
in applications to kinetic theory. 

The scattering that arises from an incident beam of 
spiralling particles, and from an incident beam propa- 
gating in the direction of the magnetic field, will be 
described in the remainder of this section. The former 
is more interesting from the point of view of the kinetic 
theory of plasmas. The latter, however, is probably the 
only situation where a strict comparision with the B=0 
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case is possible because then the initial conditions can 
be made identical for the particles*—in particular, the 
preferred directions with and without B field become 
identical; the direction of the magnetic field is then 
that of the incident beam. 


A. Spiralling Incident Beam of Particles 


The density of final states for a given angular mo- 
mentum, pr, and the density of initial angular mo- 
mentum states for a monoenergetic, collimated (so as 
to obtain particles of only one pitch angle) beam of 
particles, P;(a), are all that remain to be added before 
listing various transition probabilities.” 


d 
pr=— ]} dndNi, 
dE E 


where 27N,,=p’L. With a change of variable from n 
and p to 
«= E/hQ= n+ip*, 


and 


y=arc tan(2(n)4/p), 


pr becomes easily convertible into the expression 


L ¢mE x} 
= (- ) sinydy 
Q D) 


In a uniform beam, the distribution function of the 
square of the orbit center, Q(6*), is a constant, Qo. 
Therefore, if the beam is also monoenergetic, it follows 
from (4’) that P;(q) is constant. 


P1(a)=po?/R’. (19) 


Some special cases will now be dealt with—partly in 
order to compare the WKB result, (17), with (14’). 
We note for example that for | Ap|p,>>1 and | Ap|p_<1, 


(17) becomes 


M,=2/|Ap|n) if E>En, (17’) 


and 
a7"") 


M,= 2, ‘An if E\,>E,. 


Results equivalent to (17’) and (17’’) found by using 
the trial wave functions based on approximation (8) 
differ, therefore, principally, in that they yield matrix 
elements roughly smaller in the ratio 34:2. Such a 
difference should not be surprising; as already men- 
tioned, (9) takes a more detailed account of the spatial 
variation of tna for a~0; for these values of a, the 
WKB approximation appears more reliable. (See 
Appendix.) 

W npa sinydy, the transition probability per unit time 


® Observation of S. Gartenhaus. 
! Tn cgs units. 
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for going from a single state characterized by (n,p,a) to 
a set of states consistent with energy conservation, 
having y in the interval between y and y+dy, and 


(Ap)n>>1, is 
mw Ze (-") 
" 4(Ap,)%@LN EJ’ 


if a=0, while if a0 (|a|<«n) one gets 
4Z%e!(2mE)} 


W ap (20’) 


= ; (21’) 
(Ap.)*Expo'L 


npa 


For a collimated, uniform beam of particles, one com- 

putes the transition probability from |npa), now con- 

sidered part of a continuum of initial states, to be 
4nZ2e4(2mE)! 

W apa’ = W apa?’ (a) =— —fi(a), 
(Ap.)*E,V 

with /1(0)= (m?/16)(£,/E), and fi(a)=1 if a21. The 

expected absence of separate factors of # (nor n or a) 

from (22’) should be noted. For £,,>>E, the formulas 

corresponding to the last three are respectively 


mle 7 2E\! 
2L(AE,)?p0? m 


(22') 


m°L*e4 2 

ia 
&Z7e4 2E\} 
mee 


— SrZtet 7 2E\) 
W apa’ @ Waza’ (a) =—— ( ) He), 
(AE,,)°V 


m 


aus 


(22”) 


with fo(0)=2°/16, and fo(a)=1 if a21. 

Various kinds of transition probabilities may be 
derived from (20’)-(22’). For example, a transition 
probability Wd(é?) can be defined which gives the 
probability for the square of the final orbit center 
coordinate to lie between f* and p*?+df*; it can be 
obtained from the set W by the relation 


dp” —] 
W -sinr(—) WW 
dy/. 


P?= pe’ (a+2e sin*y+1). 
In harmony with expectations, the dependence of W° 
on the magnetic field is inversely proportional to the 
square of the magnetic field and |Af?|. This result is 
seen at once, following replacement of AF; or AF, in 
W, and thus ‘W, with the difference 
Ap’= 4AE,/mO= = 4AF, 1/ m2, 


obtainable from (4) or (4’). W may be said to be the 
transition probability for an orbit-center shift from 
one magnetic field line to another because each field 


mY 
’=—____W, 
8(E,,E,)} 


because 
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line may be labeled with orbit-center coordinates of 
the initial or final state. 

The interesting absence of |a|(>0), to first order, 
from the transition probabilities, is undoubtedly related 
to the fact that a quantum state with a fixed a corre- 
sponds classically to a set of particle orbits with different 
distances of closest approach but the same # and p,. 
This helps explain why the dependence of Wapa on 
the minimum distance of closest approach, p_, and 
thus a, is expected to be not very strong for the angular 
momenta considered above, i.e., those on ‘“‘the plateau.” 

Just as the Born approximation to the Rutherford 
cross section does not determine the sign of the mo- 
mentum change, so do our formulas for W leave the 
sign of Ap’, Ap, An, and other interrelated quantities 
undetermined ; this is so in spite of the fact that these 
differences have a unique sign, except in the a=0 case, 
depending on that of the charges and their relative 
angular momenta. If one deals, for example, with two 
identical charged particles, then (in their relative 
coordinate system) Ap?2>0 if a>0; Ap’<O0 if a<0; 
and if a=0, Ap’>0 or Ap’?<0. For a fixed positive 
charge and spiralling electron the signs of Af? (An, etc.) 
are the opposite of those just listed. 

An interesting feature can be inferred from those of 
the last paragraph by considering a uniform, collimated, 
monoenergetic beam of particles carrying one sign of 
the charge. Particles in such a beam may be paired off 
so that they have the same p_, which for the range of a 
values of greatest interest (|a|<m) essentially amounts 
to pairing particles having opposite signs of a and the 
same n and p. According to the W formulas, the proba- 
bilities for the two components of beam with +a to 
have the opposite momentum change is therefore the 
same. Moreover, since the density of states for a>0 
and a<0 is the same, we conclude that the net mo- 
mentum change of a beam of particles along the mag- 
netic field is very much smaller than the sum of the 
magnitudes of the individual momentum changes in 
that direction. It is not apparent that there should be a 
meaningful analogy to this feature in scattering without 
a magnetic field, though one may remember in this 
connection that in ordinary Coulomb scattering the 
total momentum change in a beam perpendicular to 
the initial direction of motion is zero. 


B. Incident Beam Parallel to Magnetic Field 


The eigenfunctions of particles which move in the 
direction of the magnetic field are those having n=0. 
Therefore, for a transition from an initial state having 
quantum numbers n=0, p, a to a state with quantum 
numbers n, p+Ap~p—2An/p, a the relevant matrix 
element is 


n! i p* 
m=a( | ) : exp(—p*)p***1Ln\® (p?) 
(n+a) !a! 0 ; 
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because Lo*(x)=1. With the use of® 


) L 
f exp(—s*)s*"tetl J, (2sp)ds, 


n.~o 


exp(—p*)p*L,‘@ (p*) = 


and? 
- ; sta! 
f dp p*'Ko( | Ap p)Jo(2sp)= ; 
9 4[s?+- (Ap/2)? Jo! 
one can convert M, to 


a! 2 ” Sain 
w= (- 3 Jaf ¢ Ant —___dy, 
n'(a+n)! ( (1+2)e7 


where A,=(Ap/2)*~(n/p)*; from this form for M,, 
one can readily show that for A,<1, M, decreases as 
n increases, and it does this more sharply, the greater 
a becomes. This behavior is easily understood in terms 
of cancellations in the integrand of M,, introduced by 
the sign changes (in number=) of the final state wave 


function. 

Later on, we shall be primarily interested in esti- 
mating the forward momentum change in situations 
where na and therefore we shall work only with 


£ l atl 
M,=(a+1) if e au( ) dt 
0 1+ 


Vm expt i) 


[Ai(a+1) }!+A,/2 

x {1+erf([Ai(a+1) }!)}, 

and the cross section associated with it, which is 
o(B)=2(e/E)(e/hQ)| M,)\?. 

Here one obviously deals with a quantum phenomenon. 


An important manifestation of this is that M, decreases 
exponentially with (a+1)! if 
[Ai(a+1) }!= (a+1)!/p21. 

The onset of adiabatic condition is therefore again 
apparent. It should be realized here that in a large 
portion of the interval, the a dependence of M,, 
although explicit, is weak. The cross section therefore 
shows “plateau behavior” for the corresponding large 
interval of impact parameters (just as in Sec. IT A). 

Now one can compare the forward momentum 
transfer, AP., with and without a magnetic field. The 
latter is 


2 [Ai(a+1) }* 


(22°"") 


} 


AP, 2 f bdb Ap.(b) 


b 


ea 
—2n f p:(1—cosx)a(x) sinxdx 
x 


sin(X, 
—4drp.r? In 


sin (X 


Y.NENWALD 


with b, p., X4, o(X), and ro being respectively the impact 
parameter, the initial momentum, the maximum and 
minimum scattering angles, the Rutherford cross 
section, and me?/p,. Since we shall only be concerned 
with small-angle scattering (in large-angle scattering 
the magnetic field is a perturbation), we may approxi- 
mate AP, as 


AP.=AP,(B=0)=4rp.¢ |In(X_/2), 


by a suitable choice for X,. X_ is taken to be the scat- 
tering angle associated with the Debye length," h, for 
applications to plasmas—in that case therefore 


X_/2—r75/h. 


Because of the aforementioned plateau behavior, the 
magnitude of the equivalent result valid in very strong 
magnetic fields is roughly the product of the magnitude 
of the cross section o(B), the momentum change 
mhQ/p., and the width of the a interval; thus 


AP.(B) = 2np.e*/EhQ. 


The ratio of the two AP,’s is therefore 


AP,(B) ( E ) 1 
R= —> ‘ 
APO) 2NAQT | In(X_/2) 


It decreases, as it must, with increasing B. The ex- 
pression for ® however, should not be assumed to have 
validity except as an asymptotic formula in B. 

As was already pointed out before, the main value 
in having ® is to enable one to make a meaningful 
comparison with the B=O situation. In addition, 
manifestations of quantum phenomenon at very high 
field strengths is again shown. 

It should be clear that relations (20’)-(22’”’) have 
application in those situations where electrons have 
such high velocities in comparison to those of the ions 
that it is reasonable to consider the ions at rest. 

This completes the description of the scattering by 
the field of a fixed point charge. The next section will 
discuss the identical-particle problem. 


C. Identical Particles 


With simple modifications the previously obtained 
transition probabilities may therefore be used to solve 
the classical problem of the scattering of two identical 
particles in the relative coordinate system; the 
quantum-mechanical interference terms will, therefore, 
be ignored. Symbols of physical quantities referring to 
the laboratory system will now be taken to represent 
the equivalent quantities in the relative coordinate 
system. The mass m therefore becomes the reduced 
mass, and # shall represent the relative momentum. 
Therefore 2p=p2—pi, where the momenta /; and py» 


NL. Spitzer, Physics of Fully Ionized Gases (Interscience 
Publishers, Inc., New York, 1956). 





COULOMB 


are those of the individual particles. The transition 
probabilities for identical particles are expressible in 
terms of the ones given above by means of the relations 


W age” ss W,, pa(P— p')+Wapal(ptp’), (23) 


where p and p’ respectively represent the relative 
momenta along the field, before and after collision, 
For small momentum changes (which are the ones of 
interest), one has 


W npa®=W npalp— p’). (24) 


The calculation of transition probabilities 
Wr pvavevPva:’ between states stipulated by (and not 
just expressed in terms of) individual-particle quantum 
numbers will be considered next. The most important 
reason for doing this is that, in kinetic theory, changes 
in the distribution function are most easily computed 
from the type of transition probabilities just mentioned. 

Without a magnetic field, in scattering problems 
where the wave function obeys the plane-wave 
boundary condition at z= —~, a distinction between 
transition probabilities involving eigenstates of relative 
and center-of-mass momenta, (p and P, respectively) 
and those concerning eigenstates of the individual- 
particle momenta (:p2) is indeed simple because the 
bracket, 


(pipe| pP)=5(pitp— ZP)i(po—p—3P), (25) 


relating the corresponding matrix elements reduces the 
sum, 


(pipe VD. pr’ pr’) 
= Li (pips| pPXp|U| popr(p'P"| pi’ pe’), 
pp’ PP’ 
to a single term, (p2— pi | U| po’— py’). 

In a magnetic field, however, the unperturbed 
eigenstates in relative and center-of-mass coordinates 
have their ( || ) matrix elements related to the 
corresponding ones of the individual particles by the 
sum 

(T|O|I’)=DastP|AXA|V| AAI"), (26) 
where I’ symbolizes all the individual-particle quantum 
numbers {11,P1,a1; %2,p2,a2}, and A represents the 
quantum numbers {npa; VPA} for the center-of-mass 
and relative coordinate system. 

Instead of approaching the calculation — of 
Waren from (26); may, perhaps, ac- 
complish more by working directly with the wave 
functions of the two individual particles; however, 
this appears to have no obvious advantages because 
one must then deal with sizable difficulties in reliably 
evaluating certain types of iterated double integrals 
that are needed to find the Born approximation. 

Despite the aforementioned difficulties, the work 
presented here still leads one to expect that the quan- 
tum-mechanical description of two-particle scattering 
in a magnetic field is more tractable than its classical 


one 
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counterpart. In the case of a slow ion and fast electron, 
this has been demonstrated. 


IV. DISCUSSION 


The interest in the material presented in the preceding 
sections will inevitably be related to how nearly correct 
the already published work on plasma properties is in 
taking into account the influence of very intense 
magnetic fields. Therefore, some comparisons will be 
made of quantities which enter into the calculation of 
plasma properties insofar as they do or do not ignore 
spiralling and (thus) the cutoff in momentum transfer, 
etc. At least two basic attributes of plasma must be 
kept in mind for this. One already mentioned is that 
the so-called long range of the Coulomb interaction 
makes the multitude of distant collisions involving 
small momentum transfer more influential than close, 
more violent ones. The second, very characteristic 
property of a plasma is the existence of a cutoff length 
beyond which the field of a particular (positive) ion is 
screened out by the plasma electrons; it is customarily 
(even in magnetic fields) taken to be the Debye length 


h=(kT/4nNe)!=6.9(T/N)}, 


where the symbols k, T, and N are, respectively, the 
Boltzman constant=1.38X10~'® erg/°K, the plasma 
temperature measured in °K, and the number of 
electrons per cc. 

It follows at once, therefore, that Bi... can be made 
smaller than / in situations which are within the 
capabilities of the present day laboratory, e.g., T2107 
°K, NS10"/cc, ES10® ev and B210® gauss. From 
this alone one may conclude that the concept of 
screening distance in a magnetic field deserves careful 
investigation. 

Furthermore, if one assumes for a moment that the 
cutoff phenomenon is the most important consequence 
of the external field, which somehow crops up only 
as it does in the B field-free case—in a logarithmic 
factor, then one may conjecture that there exist at 
least logarithmic uncertainties in transport coefficients” 
over a range of wide interest. 

Three reasons readily suggest themselves why there 
are likely to be additional uncertainties in the transport 
coefficient. First of all, one does not know whether the 
functional dependence on cutoff distance will reside in 
a logarithmic factor; because of the innate anisotropy 
that stems from the magnetic field, this functional 
dependence of at least some tensor components of the 
transport coefficients could be stronger than loga- 
rithmic. Secondly, the work in Sec. III shows that in 
many situations the transition probability already 
takes a substantial drop at p values smaller than 0/AnQ, 
which implies that the cutoff distance of the plasma in 
a magnetic field may be considerably shorter than 
previously estimated. Lastly, there ought to be ob- 


2C, L. Longmire and M. N. Rosenbluth, Phys. Rev. 103, 507 
(1956). 
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servable consequences of the feature that a scattered 
beam of particles suffers little net momentum change 
in the direction of the magnetic field. Because of the 
neglect of ion motion in ion-electron collisions, this 
phenomenon may, however, turn out to be relatively 
somewhat less consequential (by some power of the 
mass ratio) in affecting those transport properties of 
plasmas which are governed by ion-electron collisions. 

The effects of quantum phenomenon on individual 
scattering events for small values (initial motion 


eee EXACT 
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very nearly parallel to B), is, on the other hand, of no 
consequence in thermal plasmas because states with 
very small values of m contain such a small fraction of 
the total number of particles. 


APPENDIX. THE WKB APPROXIMATION TO 
LAGUERRE POLYNOMIALS 
In addition to being the solution to Eq. (1), Eq. (3) 
yields the WKB approximation to generalized Laguerre 
polynomials. 


——==—=—- ASYMPTOTIC EXPRESSION 














Fic. 1. Comparison of Laguerre polynomial Lo to its approximations. 





COULOMB SCATTERING 


One obtains 


| (n+a)! 


n! 


4 
La‘ (x) 


8\} 
= (-) Pra te!*x—§*-! cos(Sna— fm), (27) 


Tv 


S(x)= i (x. — 2) x)! 


Le Xa~— 2S 
—}(x,+2_) arc sin( +49 (x43—x_})? 


Ly —%. 


(x4.-+x_)x— 2x44 
— (x,x_)! arc sin( omen =) (28) 


x(%4.—x_) 


and a@= (x,—.x)(*—a_), by combining (3) and (9). 

It is useful now to compare the accuracy of the 
approximations (8) and (27). The following conclusions 
were based on considerable computational work. For 
a>1 the WKB approximation for ZL,” or tna [see 
Eq. (3) _] becomes greatly superior to the usual asymp- 
totic expression before the second node of L,‘”. More- 
over, even for a=1 there is a strong trend for the WKB 
approximation to have more over-all accuracy than 
(8); the further away L,‘” is computed from the 
classical turning point, the more accurate its WKB 
approximation becomes relative to (8). 
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L, was computed for n=15, 20, 30, and 50 up to 
values of x where the nesting scheme used by the 
UNIVAC to generate the “exact” Laguerre poly- 
nomials was suspected of becoming subject to round-off 
error. For higher values of n, the first few oscillations 
of Lyo0, Looe, and Loo were computed by hand. 

The plots of Zoo shown in Fig. 1 demonstrate the 
typical behavior of the two approximations being 
compared for a=1—the value of a apparently least 
favorable to the WKB method. To be more quanti- 
tative, we have computed 

xi =c,d 
or= > [exactL, (x;)—-WKBL, (x,) }, 
x,=d 
and 
xi =c,d 
o2= D> [exactL,  (x;)—asymptoticL, (x,) }, 
x,=d 


where c;=1, 2, 3--- and d=0.02, for n= 20, 30, etc. 

For n= 20, for example, it turns out that individual 
cumulative (error) contributions to o;° are less than 
those to o” except for x; less than the position of the 
second node of Loo"; for x; shortly thereafter o;?<o? 
remains true. 

For a>1 (and strictly, only for x<1) the values of 
L from the WKB approximation were found to be so 
much better than those from the asymptotic expansion 
(8) that further comparison can add little useful 
information. 
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The calculation of a previous paper is extended to cover nonequilibrium properties. The phenomena of 
superfluidity, critical velocity, and “infinite heat conductivity” are given natural explanations. By using 
classical kinetic theory on the wave packets, hydrodynamical equations for reversible flow are derived and 
the dependence of the two “sound velocities’ on the temperature studied. The relationship between macro 
scopic sound vibrations and microscopic excitations is analyzed. The work is confined to the model of a 


dilute hard-sphere Bose system. 


1, INTRODUCTION 

N the present paper we continue the study of a 

dilute hard-sphere Bose system by the pseudo- 
potential method. The energy level calculation of the 
previous paper’ is first extended to those levels for 
which there is macroscopic but incomplete occupation 
of a free-particle state with nonvanishing momentum. 
Such an extension leads to the concept of quasi-equi- 
librium states, the thermodynamical behavior of which 
is discussed. The separation into two components, the 
superfluid component and the normal fluid component, 
in this discussion is a natural and explicit mathematical 
notion, and not based on physical or heuristic argu- 
ments. Superfluidity and the existence of heat transfer 
in the absence of a temperature gradient are also 
natural consequences. 

To discuss the hyerodynamics of the system, classical 
kinetic theory concepts are borrowed for the wave 
packets formed out of the quantum mechanical energy 
levels. Reversible flow is discussed in such a picture 
and hydrodynamical equations of motion obtained. 
The dependence of the “sound velocities”’ on tempera- 
ture is then analyzed. The question of whether the 
superfluid flow is irrotational is not resolved in this 
paper. Also, it is to be emphasized that the general 
problem of transport phenomena in quantum mechanics 
is not discussed in this paper. 

2. GALILEAN TRANSFORMATION AND 
QUASI-EQUILIBRIUM STATES 

In paper I,' the energy spectrum of a dilute Bose 

system of hard spheres is found to be 


E(&,my) = 4rapN[1+ (1—£)*] 
+ ¥ mk(k?+16raégp)!, 


k~0 
where 
N73 m= (1-—8)+0(N-). (2) 
k+0 
* Work supported in part by the U. S. Atomic Energy Com 
mission. 
1T. D. Lee and C. N. Yang, Phys. Rev. 112, 1419 (1958); 
referred to as I in this paper. 


In each of these eigenstates only the occupation number 
for the unperturbed individual (free) particle state 
with k=0 is of the order of .V. 

By applying a Galilean transformation to the whole 
system, we can easily obtain a new eigenstate in which 
there is a macroscopic occupation of a free-particle 
state with k#0. Such an eigenstate can also be explicitly 
generated by using a unitary transformation with the 
unitary operator 


\ 
epi kn | 
7=1 


on an eigenstate of paper I. In the new eigenstate the 
occupation number for the free-particle state k=k, is 
éN [neglecting terms proportional to (pa*)!]. The 
corresponding energy and momentum for the new 
eigenstate are 


E(é,my,k,) = Nk 2+ S mg(wgt+2q-k,) 


qo 


+4rapN[1+(1—£)?], (3) 
P= .\k,+ > mq, (4) 


qv 


where q is the momentum of the phonons relative to k,, 


q=k—k,, (5) 
and 
wa=9(q?+16rakp)'. 


The m,’s are positive integers that satisfy 


N° m= (1-—£)+0(N-), (7) 


q=0 


and & is a parameter between 0 and 1. 

The parameters £, mq, and k, are, in essence, quantum 
numbers describing the various energy states of the 
whole macroscopic system. (The states discussed in 
paper I correspond to those with k,=0.) It is important 
to recognize, however, that they are not absolute 
quantum numbers. For example, as discussed in paper 
I, each phonon can decay into two phonons of longer 
wavelengths with a mean life + and two phonons can 
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scatter each other, changing into other phonons of 
different wavelengths. It is only when these effects can 
be treated as small perturbations that & m,, and k, 
become quantum numbers. In such an approximation 
one can calculate the thermodynamical equilibrium of 
the system at a given density p, a given temperature 7, 
and a given total momentum P, and obtain the equi- 
librium values of £, mg, and k,. The calculation of the 
equilibrium properties made in paper I was exactly 
such a calculation for the special case of P=0. (One 
can prove that for P=0, the equilibrium value of k, 
vanishes. Now by the method of steepest descent, one 
can neglect the nonequilibrium values of such param- 
eters as k, in a calculation of the equilibrium properties. 
Therefore it was legitimate to neglect altogether states 
with k,#0 in paper I.) For the case P40 the equilibrium 
values of the parameters £, m,, and k, can be directly 
obtained from (3) and (4) or can be obtained by a 
Galilean transformation applied to the case P=0 dis- 
cussed in paper I. The most probable value of k, is 
thus seen to be 


k,™-P-= N-'P. (8) 


In this paper we turn our attention to states which 
are not in equilibrium. Because of the existence of a 
mean life 7 for the phonons, it is clear that any deviation 
of & and m, from their equilibrium values would 
disappear over a relaxation time which is of the order 
of r or maybe smaller. On the other hand, by its very 
nature the quantity k, is a long-range-order parameter. 
It is much more difficult to have transitions between 
states with different values of k,. In order to have such 
transitions it is necessary to have a coherent change 
involving simultaneously ~éN particles. We may, 
therefore, expect states with k, different from its most 
probable value to exist as quasi-equilibrium systems, 
and we shall discuss their thermodynamical behavior 
in the next section. 

It may be emphasized that the application of thermo- 
dynamics to a macroscopic system in quasi-equilibrium 
is a familiar subject in physics. The entire subject of 
static problems in elasticity deals with systems in 
quasi-equilibrium. To see this, we notice that for an 
infinite solid in absolute thermodynamical equilibrium 
the statistical average value of any shearing strain must 
be zero, independently of the amount of stress applied 
on the surface. (We do not consider here the stress 
produced by an external gravitational field.) This state 
of absolute equilibrium can usually be achieved by 
developing slips or cracks in the solid to relieve the 
system of the applied stress. However, because of the 
long time-interval required to attain such absolute 
thermodynamical equilibrium, it is usual practice to 
extend the application of thermodynamics to the 
quasi-equilibrium system of an elastic solid under strain. 

Similarly, for a system of Bose particles with the 
total momentum P, we shall consider quasi-equilibrium 
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states with a value of k, not necessarily equal to the 


k,™:- of ( ). 


3. THERMODYNAMICAL FUNCTIONS FOR THE 
QUASI-EQUILIBRIUM STATES 


In this section we shall derive the thermodynamical 
functions for these quasi-equilibrium states. Through- 
out the present paper we shall be concerned only with 
the degenerate phase, i.e., 7<T.. 

The partition function Q(k,,P) for the quasi-equi- 
librium system with k, and total momentum P can be 
defined as 


1 
O(k,,P)= }| dé > expl—BE(é,m,,k,) |, (9) 
0 mq 


where the sum extends over all m, that satisfy (4) and 
(7). Using the method of steepest descent, it is straight- 
forward to find the most probable values of & and mg. 
These values are given by 


(10) 


(1— &)p= (82°) f naa 


¢ explL—8(wy—q-u) | 


, (q¥0) (11) 


Ma= 


1—¢ expL —B(w,—q-u) | 


where the parameters ¢ and u are determined by 


xT In¢=—ar? faa m[1—q(q?+16mrakp)], (12) 


Q-'P = pk,+ (87°) ‘fea MQ. (13) 


With the aid of these parameters it is convenient to 
describe the present system as composed of two separate 
components, the “superfluid” and the “normal” fluid 
[similar to the two-fluid model first proposed by 
Tisza?’ |. We introduce, as purely formal terminologies, 
the following definitions for the normal fluid density pp, 
superfluid density p,, the normal fluid velocity v,, and 
the superfluid velocity v,: 


pr=(1—£)p, (14) 


ps= tp, (15) 


V,=V,+U, (16) 


v,=2k,. (17) 
The factor 2 in (17) occurs because we had chosen units 
such that 2m=1. 

By using (10) and (11), we find that p, and v, are 


2L. Tisza, J. phys. radium 1, 164 (1940). 
3 See F. London, Superfluids (John Wiley and Sons, Inc., New 
York, 1954). 
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related to mM, by 
Pn= (82*) ‘fea Ma, 
(18) 
Vn= Vet (82'p,) ‘fea MeV q&a; 
where ¥,, is the partial differential operator with respect 


to q. To derive the second equation of (18) use has been 
made of the fact that 


frtve- u |d*q=0. 


Thus, p, is the average number of phonons per unit 
volume and v, the average group velocity of these 
phonons. Similarly, we define the superfluid momentum 
per particle as k, and the normal fluid momentum per 
particle as k, where 

k= ket (Seen) f mada (19) 


so that 


QP = p,k,t+prkn. 
The Helmholtz free energy for this quasi-equilibrium 
system is related to Q(k,,P) by 


‘= —xT InQ(k,,P). (20) 


In terms of the above-defined parameters, F can be 
written as 


QF = p,k?+p,[k2+ (k,.—k,) j Vn ]t+xTpn Inf 
+4P (Gx) f dq n(1—$ expl—6(o,—a-0)} 
+41a(p?+p,”). (21) 
The other thermodynamical functions for this quasi- 


equilibrium system can be defined in terms of F by the 
familiar relations 


OF OF 
s--(=), aerers, (2) 
OT / 2,k,,P OQ / T.k,,P 


These functions can be explicitly written as 


Q-7E= pk,?+ (81°) tf melorta-va 


+4a(p*+pr7), (22) 


QS =—xp, Ing + (87) f m4(oy~a-u)dPq—u( 8) -_ 
x f ints expl-B(o,-a-9 ora (23) 


p= —«r(sx)* f Inf{i—¢ exp[—8(w,—q-u) }}d*q 


+r ‘aps | meogat 4rao'+p2) (24) 


AMD €¢. Hh. 
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It is of interest to notice that both QF and Q-'E 
are functions depending on the four independent 
variables 7, 2, k,, and P. However, because of Galilean 
invariance it is possible to construct other functions 
which depend only on three independent variables. If, 
for example, we define the Gibbs free-energy function 
per particle, u, by 


pu=21F + p— (k,—k,)pn° V,—pk,’, (25) 
then 


du= —sdT+p—dp— (kn—k,) -du, (26) 


where s is the average entropy per particle, 


s=NS. (27) 


For our present system the explicit form of u is 


u=xT Inf+8ra(p+pn). (28) 


4. SUPERFLUIDITY AND CRITICAL VELOCITY 


The existence of quasi-equilibrium states is directly 
related to the phenomena of superfluidity. We shall 
discuss some general aspects of these relationships: 

(i) In these quasi-equilibrium systems, k, is not de- 
termined by the total momentum of the system. This 
additional freedom allows for, for example, heat flow 
(i.e., entropy transfer) in the absence of a temperature 
gradient. (The detail of these transport problems will 
be treated in the next section.) 

(ii) From (11), we see that there must be an upper 
limit to the relative velocity u between the superfluid 
component and the normal fluid component. Since mi, 
must be positive, we determine this upper limit to be 

|u| =|va—v.| < (16ragp)!. (29) 

(iii) The existence of a superfluid flow and its lack of 
viscosity can be understood from a mechanical point of 
view by examining the energy spectrum of the system. 
The following simple argument, due to Landau,‘ is 
particularly instructive in this connection. 

For simplicity, let us suppose the superfluid velocity 
to vanish (k,=}v,=0). Consider now an external 
object with velocity v. moving through this system. 
We shall show that due to the nature of the energy 
spectrum (3) and (4), this external object cannot 
transfer momentum and energy to the system through 
pure excitation of any finite number of phonons, 
provided 


| ve] <(16ma€gp)!. (30) 


To see this, let us assume the external object can 
excite a certain number of phonons, say, my (m,20); 
the amount of energy exchange and momentum ex- 
change must then be given by 


b5E=>P mex, SP=>D mk. 


‘L. D. Landau, J. Phys. U.S.S.R. 5, 71 (1940) 
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From (6), and the fact that m,20, we have the in- 
equality 


dE= (16ma£p)!| 6P}. (31) 


On the other hand, we have the relation 
bE=v.- dP. 


Consequently, for | v.| smaller than the critical velocity 
(16maép)!, the only way to have energy and momentum 
transfer is through scatterings between the external 
object and the existing phonons. The amount of 
viscosity experienced by the external object thus 
depends on the number of phonons present which 
vanishes at zero temperature. 

It may be emphasized that the present system be- 
haves very differently from a free Bose system. In 
particular, from (29) and (30) it is clear that the 
phenomena of superfluidity depends critically on the 
fact that there are interactions (a~0) between these 
Bose particles. 


5. APPLICATION OF KINETIC THEORY TO THE 
QUASI-EQUILIBRIUM SYSTEMS 


In a quasi-equilibrium state for which v,—v,#0, 
there exists a steady flow of mass, entropy, and energy 
relative to each other. To calculate quantitatively the 
amount of these fluxes, pure thermodynamical con- 
siderations become inadequate. In the following we 
shall extend the concepts used in ordinary kinetic 
theory to the present problem. 

(i) We first visualize each phonon of momentum k 
(k=q+k,) as a wave packet which moves with a group 
velocity 

Vit V quq- 


Through any small plane surface A in the system, there 
is, then, a steady flow of these phonons at the rate of 


bmMg=Q Mg (Vet+V qq) A (32) 


per unit time. Similarly, there is also a steady flow of 
superfluid particles at the rate of 


5ps=psVe'A (33) 


per unit time passing through A. Using (18) we find 
that J,, defined as the average flux of particles per unit 
area, is given by 


J,=pnVntpeVs- (34) 


(ii) Next, let us define 7,; to be the 7th component 
of the average flux of the ith component of momentum 
per unit area. We should expect 7;; to be composed of 
two parts: one that is due to the average motion of the 
two fluids 


Ps(Re)i( Vs) j+7pn(Rn)i(Vn) j, (35) 


and the other due to the mutual interactions between 
particles and the relative motions of the phonons 
which, according to kinetic theory, is simply 


5:5, (36) 
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where # is the gas pressure given by (24) and 6,; is the 
Kronecker 6-symbol. Combining these two effects, we 
find 


T j= 5ijPptps(Rs)i( Vs) A pn (Rn) s(n); (37) 


(iii) To calculate the entropy flux J,, we recall that 
according to (23) the entropy function S can be written 


as 


Q-1S = (82) f nesta (38) 


where 


Sg= —«k Inf+T(@,—q-u) 

—«(mq) Inf{i—¢ expl—8(w,—q-u) J}. 
Again from kinetic considerations we expect that 
accompanying any change 6m, there is also a change 6S 
in entropy, with 


0-185 = (8x8)-! f 57g qq. 


(39) 


Combining with (32), we obtain the expression for J, as 


J,= (8m) f MaSq( Vet V quad’. (40) 


Using (40) and (11), J, can be written in a very simple 
form, 


J.=p5Vn, (41) 


where s is defined in (27). This equation shows that in 
the absence of a temperature gradient and a mass flux 
(i.e., T=constant, J,=0), there could be maintained a 
steady quasi-stationary entropy flux. 

(iv) In a similar way we can also try to obtain the 
expression for the energy flux Jz. Consider a virtual 
variation of 5m, and dp, in the expression of energy 
density given by (22). We find 


Q 5B cdprt (Se) f einai (42) 
where 


(43) 


€, = 8rapt+k,?+ar fates ‘m_d*q, 


€q= Wg tq: Vs tk,?+8ra(p+prn). (44) 


Substituting (32) and (33) into (42), we find the energy 
flux Je to be 


n= presvit (8M) f maee(vit Veena, (45) 


which, with the aid of (43), (44), and (11), can also be 
written as 


Jz=vn(pet+p)—u(putpuk,’), (46) 


where yu is given by (25) and 


pe=FE. (47) 
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6. TRANSPORT EQUATIONS 


In preceding sections we considered various quantities 
such as the thermodynamic functions and mass flux, 
momentum flux, etc., for a quasi-equilibrium system in 
which p,, pn, k,, and k,, are constant parameters char- 
acterizing the system. We shall now extend our con- 
siderations to a system in which these parameters may 
be slowly varying functions in space. 

We shall assume that there exists a length, say /, 
which is much longer than the mean free path of the 
phonon. Yet, over this length / any variation of p,, pn, 
k,, and k, can be neglected. The entire volume 2 can 
then be subdivided into smaller volumes of linear size 
~l. We may apply our previous considerations to each 
of these small volumes and treat these small systems 
as in quasi-equilibrium. In the language of ordinary 
kinetic theory, the neglect of any spatial variation 
over a length long compare to the mean free path 
means that only reversible processes are being con- 
sidered. 

The transport equations for this problem are, then, 
simply the equations for conservation of mass, momen- 
tum, entropy, and energy. These equations can be 
written as 


(48) 


0 
(pork, +p,k,) = 
at 


0 
—(ps)=—¥-J,, 
al 


(50) 


—(pe)=—V-Ir. 
al 


(51) 


In (49) we adopt the convention of summing over the 
repeated index 7 (j=2, 9, 2). 
Using the explicit forms of J,, J,, Jz, and 7,;, these 

transport equations can be reduced to 

te) 

(pnt+ps) = —V° (pnVntpeVs), 

al 
0 0 
ss (pak, +p,k,)+ [onkn(Vn)itpsk. (Vs): ]= ew, 
al Ox; 


0 
(ps) = — ¥V- (pSv,), 
al 


dk, 
+bo,f 7 + ( Vn’ vk. | 
ot 


ok, 
u: | +(v,-¥)k, 
l 


te) 


= —p,U- Vu, 
where 0 is defined by 


(1—b)(v,—v,)=2(k,—k,) 
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and serves as a measure of the difference of inertia 
between a phonon and a free hard sphere. 

It should be remarked that unlike the thermo- 
dynamical discussions of the quasi-equilibrium states, 
the validity of these transport equations rests heavily 
on a rather heuristic extension of kinetic considerations 
to the present system. 

If one puts 6=0 in (52)—-(55), the resultant equations 
are consistent® with the usual two-fluid hydrodynamical 
equations.® 


7. SOUND VELOCITIES 


Let us consider a simple one-dimensional motion in 
which v,, Vv, are all parallel to the z axis and all the 
dynamical variables pn», ps, Yn, Vs are functions of z 
and ¢ only. Furthermore, we shall consider only small 
deviations from the state v,=0, v,=0. Equations 
(52)—(55), then, become the following linear differential 
equations: 

OVn Ov; 
Sa aaa —Ps- a 
Oz 


° 
~ pat 


OV» 
ps+ps 


[1+(pn/p.) Jk.e= (59) 


Prkn +p,k,=— dp/dz, (60) 
where the dot means partial derivative with respect to ¢. 
Except for the term dp,,/p, in (59), these equations are 
the same as the usual equations*® for small oscillations 
in the two-fluid model. In the present case, however, 
the thermodynamical functions are explicitly known, 
as displayed in Sec. 3. 

For small oscillations we keep only terms linear in 
the disturbances. Now the scalar quantities p, T, pn, ps, 
and s depend on the vectors v, and v, at least quadrati- 
cally. In the approximation here, therefore, they must 
be regarded as independent of v, and v,. Using (17) 
and (56) and using the linear approximation, one 
reduces (57)-(60) to a set of four homogeneous linear 
equations in dp, 67, v,, and v, with coefficients which 
are given by the thermodynamical functions (and the 
function 6) for the case v,=v,.=0, i.e., for absolute 
equilibrium, a case discussed in paper I. 

The eigensolutions of these equations have a periodic 
space-time dependence of the form 


expLix (z—C1?) ], (61) 


5 The usual equations, however, are more strict than (52)—(55) 
in the approximation )=0 in two ways. First, while (55) asserts 
that u is perpendicular to A=p,[dk,/dt+ (v.-V)ks]+e.Vu, the 
usual equation asserts that A=0. Second, the usual equations® 
include YXv,=0, which is not one of the equa.ions (52)—(55) 
expressing the conservation of mass, momentum, entropy, and 
energy. 


gO RE RRR et i aeRO 





DILUTE, BOSE 


where the sound velocities C are determined by the 
algebraic equations 


[(1 —b)C?—A 1 ]?,= A 12%, 
A 210n= {{1 +b(pn/ps) JC?— é 22} Vs. 


The elements A ;; are given by 
pn fOp pe f9T Ds Op sT 
v2) (2). 
p\dOp/,  ppn\ &% pl NdT/ ,\ c% 
ps fOp arys/sT 
12) (YC) 
p\dOp/. p Cy 
Ps\ (OP sT 
CV)" 
p” Ort, Ws 
ps {Op pS L 
An=2"(—) -*(- ) 
p\0p’. — ppnX Cy 
EG) 
i p” Pn Cp oT ‘ 
" fa) 4 YT 
wt (2)-A°)(2) 
p Op 8 p Cy 


(62) 


Pr—Ps\ (ST \ (OP 
APOE; 
p” Ge Ors, 


where ¢, is the specific heat per particle. 
Equation (62) yields two sound velocities C: 


Cr= (2K)“[L+ (?—4KM)!], 


Ci?= (2K)"[L—(L?—4KM)!*], (65) 


where 


K=(1—))[1+0(p,/p.) |, (66) 


L=A,[1+0)(p, ‘ps) |+Aox(1—5), (67) 


p, ST 0p 
M = AA o2.— Ay2.A 21 =4— —( ) 5 
Pn Cp Op T 


Following the usual definitions, we call the normal mode 
which has the larger velocity, C1, the first sound, and 
the mode which has the smaller velocity, Cr, the second 
sound. 

In the following we shall give the explicit values of 
C; and Cy for this dilute system at moderate tempera- 
ture ap\*<1 [case (i) ], at fairly low temperature 
ap\*~1 [case (ii) ], and at very low temperature 
apX*>>1 [case (iii) ]. The thermodynamical functions 
for these cases have been given explicitly in reference 1. 

(1) At any moderate temperature, i.e., ap\*<1, the 
coefficients A,;; and the parameter 6 are found to be 


(68) 
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[neglecting terms of higher orders in (apd?) | 


p (9p 
An=2°(—) = 1.713«T, 
Pn Op . 


Aj.=32rap, 

Aoy=32rapn, 

Ao = 16rap,, 
b=O[ (aph?)*]. 


The two sound velocities Cy and Cy are, then, given by 


CP= (1.713)kT, Cr’?=16rap,. (70) 


(2) At much lower temperature, ap\?~1, the coefhi- 


cients A,; and 6 are found to be [neglecting terms of 
higher orders in (pa*)! ] 


pe ST dS\? ov 
Pwr ides = 16nap( 5 =) 1g ) 
PPn Cr dt dt? 
dG i _ dg 
n= 16rap| 1+ (¢-—) —3CG+3i— 
dt 


A»,=OL[ap(pa*)? | 
Ao.= 16rap,, 
(1—b) =[3¢(2)/S (8) J, 
where 


t=2apd°’, 


2 f® x f(x?+1)!-17 
F(t) = f - — Jas, 
Jado = IL t+ 


2 £” (x?+1)!—1}3 
G()=- f x In(l—e |: Jas, 
/t 0 x?+1 


x 


2 dx [(x*+1)!-1 
H(t) = -[ - oat ; 
o € * 


ptz J 


s-+4-1 
—3(1+2x7)1+2°(1+47)-4], 


\/T 


Using (62), we find that the two sound velocities 
become degenerate, 


Cf=Cr1'= 16rap,, 
at a temperature 

T=T\=21./(ap/«). 
For temperature T> 7 , we have 


CP=An(1—b)", Cn’=16rap,. 
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TasLe I. Sound velocities in a region ap\*~1 where the two 
velocities are nearly degenerate. 


Ci*/(16wap.) 


t =2apr? 


i) 
1.20 : 0 
1.16 . 1 
1 
1 
1 


Cu?/ (16 ap.) 
4 
.978 
1.10 J 


1.00 
0.80 


.00 
00 
.00 
.00 


For the temperature range 7<7}, we find 


C’=16rap,, Cr?=An(1—5)—". (74) 


The numerical values of C;? and Cy? at different 
temperatures (ap\?~1) are tabulated in Table I. 


(3) At extremely low temperature, ap\*>>1, the A ;;’s 
and b become 


Ay, = (16/135)*(1.202d2)—, 

A}2= 16rap, 

Ao =16rapn, 

Ao2= 16rap, 
b=1—(1/45)*(1.202apd?)—". 


Thus, the two sound velocities are given [neglecting 
O()] by 
C= 16rap, 


Cr?= 1c’. (76) 


Figure 1 illustrates the variations of these two sound 
velocities in different temperature ranges. 


8. COMPARISONS BETWEEN VELOCITIES OF 
SOUND VIBRATIONS AND PHONONS 


In the previous paper it is shown [Eq. (85) of 
reference 1] that at any temperature T below the 
transition point the velocities of long-wavelength 
phonons have a statistical value 

Dphonon= (16map,)'. (77) 
While the phonons represent microscopic excitations, 
it is nevertheless expected that by superimposing 
together a large number of phonons of the same wave 
number we should obtain a corresponding macroscopic 
vibration. Thus, dpnonon Must also be the same as one 
of the macroscopic sound velocities. A direct com- 
parison of (77) with (70), (73), (74), and (76) shows 
indeed that 
at T>T,, 
T<T,, 


Ophonon =( ll, 


and at Dphonon= C1, (78) 


where 7; is given by (72). 

This result throws new light on the relations between 
microscopic and macroscopic excitations. In the present 
case, (78) can be understood physically by examining 
the different characteristics of these two macroscopic 
sound vibrations. 

Let us consider first the extremely-low-temperature 
region: ap\*>>1. Using (62) and (75), we find the 


Ames to 
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eigensolutions v, and », for the first sound vibration to 
satisfy 


(vp/¥s)1= (135/24) (1.202apd2), (79) 


and for the second sound to satisfy 
(0n/0.)11 ae 30/pn- 


Correspondingly, if we denote by dp, and dp, the 
fluctuations of p, and p,, then for the first sound 
vibrations we have 


(5pn/Spe)1 = 0.565 (a/d) (apd*) 4, 
while for the second sound vibration we have 
(6pn/8ps)11 _ $. 


Equations (80) and (81) show that at very low tempera- 
tures the first sound represents a density fluctuation of 
the superfluid alone while the second sound represents 
an oscillation together with the normal fluid (or 
phonons). Thus, we expect the phonon velocity to be 
the same as the first sound velocity which is, in turn, 
identical with 


[2(dp/dp) jr-o'= (16rap)!, 


since the density p consists of essentially only p, at very 
low temperature. Furthermore, if we regard these 
phonons as “molecules” then, as was pointed out® by 
Landau and others, the macroscopic oscillations of the 
thermal excitations of these phonons should travel 
with a velocity equal to (1/v3) times the first sound 
velocity. All these expectations are confirmed by (78) 
and (76). 

On the other hand, at moderate temperatures 
(ap\*1), the physical characteristics of these two 
sound vibrations seem to be reversed. Using (62) and 
(69), we find for the first sound 


(6pn/5ps)1=0.214(ap,A7) 1 >>1, 


(80) 


(81) 


(82) 


po: 
(16 wap)? 








T 


Fic. 1. Sound velocities as functions of 7. 
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while for the second sound 


— (5pn/6p.)11= 12.2(a/A)KA. (83) 


Thus at moderate temperatures the second sound represents 
the oscillation of the superfluid; instead, the first sound 
is essentially the oscillations of the normal fluid (or 
phonons). Consequently, one expects the velocity of 
phonons, dpnonon, to be the same as Cy, and not Cy. 

It may be emphasized that the customary definition 
of first and second sound is quite arbitrary. The above 
apparent change of the physical characteristics of these 
two sound vibrations at very low temperatures and at 
moderate temperatures is essentially due to this choice 
of definition. For the present dilute system, at any 
temperature below the transition point there are two 
sound vibrations: one represents the oscillations of the 
density fluctuation of the superfluid alone and is directly 
related to the microscopic phonon excitations, while 
the other is connected with the macroscopic oscillations 
of the density fluctuations of the phonons. The velocity 
of the former type of oscillation (or long-wavelength 
phonon velocity) is 


(16rap,)!, 


and the oscillation is called first sound for 7<7, and 
second sound for T>7}. 


9. REMARKS 


A dilute system of hard spheres is, of course, quite 
different from a real system such as liquid He. They 
differ in two main aspects: that liquid He has a positive 
binding energy per particle and that liquid He is not a 
dilute system. Qualitatively, however, there are many 
similarities between these two systems. In particular, 
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the explicit solution of the dilute system of hard spheres 
clarifies some of the physical concepts underlying the 
low-temperature behavior of liquid He and enables 
one to gain new understandings concerning the phe- 
nomena of superfluidity. 

For example, both the binary collision method and 
the pseudopotential method can be applied to study 
the low-temperature behavior of a dilute system of 
hard spheres obeying Fermi statistics. These results 
show that such a system does not undergo any phase 
transition and it exhibits no superfluidity. Thus, these 
results confirm London’s proposal that superfluidity is 
a result of Bose-Einstein statistics. 

As remarked before, the explicit solution of the 
present dilute system of Bose hard spheres shows some 
interesting and somewhat unexpected relations between 
the velocity of phonons and the macroscopic sound 
velocities. While a direct extrapolation of these details 
to a dense and strongly interacting system such as 
liquid He II is not permissible, these results, even in 
their general outlines, do stimulate new thoughts as to 
the corresponding relations in He. 

The dispersion relation of phonons in He has been 
measured by scattering experiments using slow neu- 
trons. It would be of particular interest to know 
whether the phonon velocity in He II varies with 
temperature and to study the relationship between the 
phonon velocity and the sound velocities. 
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The equations of relativistic hydrodynamics are derived from an alternative variational method and 


a generalized vorticity equation is obtained. 


HE equations of relativistic hydrodynamics can 
be derived by the application of a variational 
principle.' In this note it will be shown that an alterna- 
tive variational method, which closely resembles that 
of field dynamics, can describe the behavior of an ideal 
compressible fluid. 
Let us consider relativistic hydrodynamics in the 
Minkowski space with coordinates x, and metric g,,. 
The variational principle can be expressed 


6 f tats =(), (1) 


where we define Z as follows with a slight modification 
of the nonrelativistic Lagrangian density.’ 


Ow 0g e€ 
L -o| ue —(—+a—)+p- |, (2) 


OX, DXe m 


where p, u,, m, and e are the density and four-velocity 
of the fluid, and the mass and charge of a particle, 
respectively. g is a scalar potential, p is the compres- 
sional energy per unit mass, and J is the heat content 
per unit mass (rest). 

First, variation of a and 8 give, respectively, 


d 
(8) =0, 
drt 


d 
~(a)=0, 
dr 


where 
d/dr=u,0/OX, (5) 


denotes the substantial derivative. Equations (3) and 
(4) indicate the persistence of vorticity and imply that 
a=const, 8=const, represent a generalized vortex line. 
Varying ¥, we have the equation of continuity 
0 
—(pu,) =0. (6) 
OX, 
Next we obtain, varying u,, the Clebsch transforma- 
tion® 
‘J. M. Halatnikov, Zhur. Eksptl.’ i Teoret. Fiz. 27, 529 (1954). 
2.N. Mikoshiba, Progr. Theoret. Phys. (Kyoto) 13, 627 (1955). 
’ For example, H. Lamb, Hydrodynamics (Dover Publications, 
Inc., New York, 1945), sixth edition, p. 248. 


where A, means the vector potential. 

Finally, the variation of p gives the equation of 
motion which can be written by means of a certain 
rearrangement in the form 


0 e 
—(pJujty+ pew) =—pu'F,,, (8) 
OX, m 
where we assume a=6=0, and F,, stands for the 
generalized field tensor. 

Equations (3), (4), (6), (7), and (8) describe the 
relativistic motion of a charged fluid with the equation 
of thermodynamics and equation of state. For example, 
we adopt 


TdS=dJ —p-'dp, (9) 


as the equation of thermodynamics, where T is the 
temperature, S is the entropy, and we assume the 
state to be barotropic. Then, from (8) we have 
0 1 0p e 
t,— (Ju,) = —- —+—F,,, 
OXy pox” om 


(10) 


where we have utilized Eq. (6). 
By means of (9), Eq. (10) becomes 
a as 
u*—(Ju,) = 
Ox" 


By differentiation of w“u,=—1, we see that 


re) oJ 
w—(Ju,) = ——. 
Ox” Ox” 


Hence, combining (11) and (12), we have 


0 0 OS e 
|: (Ju,) ——(Ju,) = T—+ 


Ox" Ox’ OX, mM 


ut Pr 


or 


0 € 0 e os 
| —(Jut 4,)- (Just —A, }}=J—. 
Ox m Ox” m Ox, 


This is the generalization of the vorticity equation, 
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Stimulated Infrared Emission from Sm Centers in SrS Phosphors 
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(Received October 23, 1958) 


Previous investigations of the two phosphor systems SrS : Ce,Sm and SrS : Eu, Sm indicated that 
two energy levels within the energy gap were associated with the Sm site. Under certain conditions one 
expected that a transition between these two levels of the same center would result in an infrared emission. 
This emission was not seen at room temperature but it has recently been observed at 77°K under dynamic 
conditions of simultaneous irradiation by ultraviolet and visible light. Correlation is made between the 
observed emission and the simplified band-theory model proposed earlier. 


I. INTRODUCTION 


N previous papers!” we reported on investigations 
of two infrared stimulable phosphors. One phosphor 

system consisted of SrS activated with Ce and Sm 
which was designated as S—1, and the other system 
consisted of SrS activated with Eu and Sm which was 
designated as S—2. We measured various optical 
properties such as emission, excitation, and stimulation 
spectra. Wavelength dependencies of storage efficiency, 
of quenchings and enhancements of fluorescent emission, 
and of de photoconductivity were determined. Time 
characteristics of phosphorescence and of infrared 
exhaustion were studied. On the basis of these measure- 
ments we proposed simplified band-theory models 
which correlated the experimental results with the 
electronic structures of the activators. The conclusions 
drawn were based upon the assumption that the 
activator ions were almost like free gaseous ions. This 
is not an unreasonable assumption since the activator 
ions are rare earths. In the case of these ions the 
Russell-Saunders approximation holds and the L-S 
coupling term is larger than the crystalline field 
interactions.** As a result, we could talk about electron 
configurations and energy levels of the rare earths as 
separate from the periodic lattice of SrS. 

Keeping these ideas in mind we had drawn energy 
level diagrams for the two phosphors. Figure 1° presents 
the diagram for S—1. (An analogous diagram exists 
for S—2 but we will not present it in this paper to avoid 
redundancy. The results we are reporting on are 
relevant to both S—1 and S—2 since the measurements 
concern the Sm activator which is common to both 
phosphors. Thus data from S— 1 alone will be presented.) 
Excitation in the ultraviolet corresponds to the SrS 
base absorption and it results in electrons being excited 


1 Keller, Mapes, and Cheroff, Phys. Rev. 108, 663 (1957). 

2S. P. Keller and G. D. Pettit, Phys. Rev. 111, 1533 (1958). 

3S. P. Keller, J. Chem. Phys. 29, 180 (1958). 

4S. P. Keller and G. D. Pettit, J. Chem. Phys. 30, 434 (1959). 

5 When the temperature is lowered to 77°K, the energy gap 
is increased by about 0.1 ev. The wavelength positions of the 
emissions due to excited Ce**® and excited Sm*? do not change 
when the temperature is lowered from room temperature to 
77°K. We have omitted the energy gap temperature shift to 
maintain continuity with reference 2. We feel justified in this 
omission since it bears little weight on the conclusions of this paper. 


from the valence band, region 1, to the conduction 
band, region 2, of Fig. 1. The electrons and holes 
can recombine at the Ce site, resulting in fluorescence 
characteristic of excited Cet*, or they can recombine 
at the Sm site, resulting in fluorescence characteristic of 
excited Sm**, In addition, a hole may be trapped at a 
Cet® site which becomes Cet. Hole trapping can be 
accompanied by an electron getting trapped at a Sm** 
site. In reference 2 we proposed that the electron 
trapping mechanism at the Sm*® site was such that 
the electron was trapped in an outer orbital of the Sm** 
ion. We represented the situation by (Smt*)-e~ which 
at a point far from the site appears to be Sm**. This 
site is indicated by levels 6 and 7 of Fig. 1. Level 6 
represents the trapped electron in the outer orbital 
whereas level 7 represents electrons in an inner orbital, 
such as the 4f orbital. We proposed that stimulation 
by 950-muy light causes the electron in the outer orbital 
to be released into the conduction band, a process 
represented by a transition from level 6 to region 2. 
We further proposed that stimulation by 590-my light 
causes an electron in the inner orbital to be released 
into the conduction band, a process represented by a 
transition from level 7 to region 2. We stated that this 
latter process is immediately followed by the outer 
electron in level 6 dropping into the vacated inner 
orbital. As a result we expected to find an emission 
located at about 1.55 y, or 0.80 ev, the energy difference 
between levels 6 and 7. We sought this emission but 
could not find it. The failure was explained by the 
possibility that the expected transition did not take 
place optically but rather thermally due to the coupling 
of the energetically higher state to lattice vibrations. 
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Fic. 2. Infrared emission from both S—1 and S—2 when 
280-my light and 590-my light are simultaneously incident upon 
the sample at 77°K. 


In order to decrease the probability of a thermal 
transition we wanted to uncouple the activator site 
from the lattice. To achieve this the sample temperature 
was lowered to 77°K, thus reducing the lattice vibra- 
tions, which in turn lowered the thermal transition 
probability and increased the probability of observing 
the optical transition. At the lowered temperature the 
predicted emission was measured. 


II. CHEMICAL PREPARATIONS AND 
INSTRUMENTATION 


The preparations were described earlier.' S—1 
consists of SrS, 6% SrSO., 6% CaF, 0.02% Ce, and 
0.02% Sm. S—2 consists of SrS, 6% SrSO., 6% CaF», 
0.02% Eu, and 0.02% Sm. The percentages are ex- 
pressed in terms of molar percent. 

The apparatus was similarly described earlier.! Two 
monochromators were used in series. Radiation from 
a de Xe arc lamp was focused into a Perkin-Elmer 112U 
monochromator. The resultant monochromatic radia- 
tion peaked at 280 my was incident upon the sample 
which was mounted in a liquid nitrogen Dewar flask 
described in reference 4. An externally mounted 


KELLER 


tungsten source was focused through an interference 
filter such that 590-my light was also incident on the 
sample. The light emitted from the phosphor was then 
focused into the second monochromator, a Perkin-Elmer 
98, detected by a PbS cell and automatically recorded. 
The 280-my exciting light or the 590-my stimulating 
light could be independently blocked from the phosphor. 


III. EXPERIMENTAL RESULTS AND CONCLUSION 


When both 280- and 590-my light are incident on 
the sample maintained at 77°K, there is the infrared 
emission peaked at 1.64u, 0.75 ev, shown in Fig. 2. 
When the 280-my light is removed but the 590-myu 
light is maintained, the infrared emission slowly decays 
to zero. The time required for this decay is in the order 
of minutes. When the 280-my light is maintained but the 
590-mu light is removed, there is no infrared emission. 
The 0.75-ev energy of this observed emission is close 
to the expected 0.80 ev determined from the room 
temperature diagram shown in Fig. 2. Temperature 
effects on the energy level spacings might account for 
the small 0.05-ev difference. Thermal coupling with 
the lattice may explain the breadth of the emission. 

When the ultraviolet excitation is stopped, the 
generation of (Smt*)-e~ centers ceases because the 
generation of the free electrons capable of being trapped 
ceases. Hence under these conditions continued stimula- 
tion by 590 mu simply depletes the number of these 
centers and the 1.64-4 emission gradually diminishes 
to zero, according to expectations. If the uv excitation 
is maintained but the 590-my stimulation is stopped, 
there is no 1.64-~ emission, again consistent with ex- 
pectations. 

We have observed the predicted emission at 77°K 
and have found the experimental observations com- 
pletely consistent with the simplified band-theory 
model proposed earlier. We have looked for other 
expected infrared emissions but have not found them 
at 77°K. 
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The wavelength spectral responses of lead sulfide films of various thicknesses have been measured between 
1.6 and 3.1 yu. The effect of reflecting the transmitted radiation back on the cells has been quantitatively 
studied. The fractions of light reflected and transmitted also have been measured. It is concluded that the 
response per quantum absorbed is independent of wavelength. Simple absorption arguments are not valid 
for these films, probably because of the scattering of radiation due to the microcrystalline structure of the 


films. 


INTRODUCTION 


ICROCRYSTALLINE films of lead sulfide exhibit 
properties that are similar to properties of single 
crystals of lead sulfide and properties that are unique to 
thin films. Reported here are photoconductive and 
optical characteristics of the latter variety. 

The thicknesses of lead sulfide photoconductve films 
produced in this laboratory have marked effects on the 
shape of the wavelength spectral response curves 
between 1 and 3u. In Fig. 1 are plotted relative 
quantum response curves for four films varying in 
thickness from 0.33 to 0.88 yu. Since these films are 
quantum detectors, i.e., the magnitude of response is 
proportional to the number of quanta absorbed inde- 
pendent of their wavelength, at least between about 0.5 
and 24u, the expected explanation of the decrease in 
relative quantum response beyond 2 y is that all of the 
incident quanta are not absorbed. 

If reflection and interference effects are neglected, 
the fraction of light absorbed is 1—e~*¢, where K is 
the absorption coefficient and d is the thickness. When 
Kd is small compared to unity, 1—e*¢ can be approxi- 
mated by Kd. Thus at long wavelengths where the 
absorption coefficient is small, the fraction absorbed 
should be proportional to the thickness. If reflection and 
interference effects are considered, the fraction absorbed 
is a more complicated function of thickness, but the 
fraction absorbed is still approximately proportional to 
the thickness. The ratio of the thickness of a thick film 
to that of a thin film should be always about equal to or 
greater than the corresponding ratio of fractions of 
light absorbed. At least the latter ratio should never 
greatly exceed the former ratio. 

Yet the data presented in Fig. 1 indicate that the 
ratio of thicknesses of thickest to thinnest films is 2.7 
while the corresponding ratio of relative quantum 
responses at 2.7 uw is 24. A factor of nine between these 
two ratios is too large to explain by simple absorption 
modified by interference and reflection. It can be 
concluded that at wavelengths longer than 2 yu, either 
photoconductivity is not proportional to the number 


* This research was performed under a contract with the Navy 
Bureau of Ordnance. 


of photons absorbed or the simple absorption argument 
is not valid. 

Several experiments have been performed to dis- 
tinguish between the two possibilities. If the time 
constant of photoconductivity varied with wavelength 
of the exciting light, it is conceivable that the change in 
shape of the spectral response curves with thickness 
could be explained on the basis of changes in mechanism 
involving the recombination of free carriers. Therefore, 
time constant has been measured as function of wave- 
length. To measure the absorption, the reflection and 
transmission have been measured at 2.6 u and at other 
wavelengths. Also the transmitted radiation has been 
reflected back onto the cells and the resultant spectral 
responses measured. The increase in response caused by 
the reflection is a measure of the amount of radiation 
transmitted by the cell. Thus it is also a means of 
estimating the amount of radiation absorbed. The 
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Fic. 1. Relative quantum response of PbS films of different 
thicknesses normalized at 1.66 u. 
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variation of this increase in response with wavelength is 
therefore some measure of the variation of absorption 
with wavelength. 


EXPERIMENTAL 
Relative Quantum Response 


The relative quantum response measurements were 
taken with a Model 12-C Perkin-Elmer infrared spec- 
trometer adapted for photoconductivity measurements. 
A thermocouple was the standard for intensity 
calibration. 


Time Constant 


Time constants were calculated from the variation in 
magnitude of response caused by changing the chopping 
frequency of the exciting radiation. Light from a 
tungsten source filtered first through a germanium filter 
passed through either a spike interference filter trans- 
mitting at 2.06 or through a broad-pass interference 
filter transmitting at 2.74 and longer wavelengths. 
Measurements were made on a set of films similar to 
the ones on which the other measurements were made. 


Reflection 


The effect of back reflection on the relative spectral 
response was measured by placing an evaporated gold 
mirror behind the cell in the Perkin-Elmer spectrometer. 
The cell whose response was being measured and the 
mirror were always considerably larger than the beam 
size. In this way as much as possible of the transmitted 
light was reflected back onto the cell even though 
scattering of the radiation occurred. The cell substrate 
(glass 0.03 inch thick) began to absorb at about 2.7 yu. 
Consequently no reflection measurements taken beyond 
this wavelength were meaningful without corrections 
for absorption caused by the substrate. Such corrections 
were not made. 

Because the position of the cell was not accurately 
controlled between measurements of response with and 
without reflection, an accurate calculation of the ratios 
of responses could not be made from the data taken with 
the Perkin-Elmer spectrometer. Instead, the ratio of 
response with no reflection to response with reflection 
was accurately obtained at one wavelength (2.06 yu) 
by utilizing a tungsten source and a combination of 
germanium and 2.064 spike interference filters. From 
this ratio and the relative spectral response with and 
without reflection, the ratio of response with reflection 
to response with no reflection between wavelengths of 
1.66 and 2.664 was calculated. Inaccuracies in the 
ratio at 2.06 u were thus carried over into the ratios at 
other wavelengths. The ratios at 2.06 u varied between 
1.06 and 1.22 depending on the thicknesses of the films. 


Repeated measurements indicated a precision of a few 


percent. 
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Reflection from the PbS-air interface and the PbS- 
glass interface was measured at 2.6yu by a similar 
technique using the Perkin-Elmer spectrometer and a 
thin PbS detector which transmitted about 40% of the 
radiation. Successive response measurements were taken 
with no reflector, a gold mirror as the reflector, and the 
lead sulfide-coated glass slide as the reflector. The ratio 
of the increase in response of the detector with the 
PbS-air or the PbS-glass interface as reflector to the 
increase with the gold mirror was taken as the fraction 
of light reflected from the interface. The resolution was 
0.03 u. The measurements were limited to 2.6 u because 
of too little transmission of the detector at shorter 
wavelengths and the absorption of glass at longer wave- 
lengths. It was found that maximum transmission 
gave maximum precision, which was a few percent 
under the conditions used. 

Reflection from the PbS-air interface 
measured between 1 and 5y with a modified Baird 
Model B infrared spectrometer. The sample beam was 
reflected by a gold mirror onto the PbS-air interface, 
which reflected the beam via another gold mirror back 
onto its normal path. Between 1 and 5 4, particularly 
beyond 2.5 yu, the films are somewhat transparent and 
the reflections at the PbS-air and the PbS-glass inter- 
faces cause interference maxima and minima in the 
reflected spectrum. From the wavelength at which 
these occurred and the index of refraction of lead 
sulfide, the optical thickness and physical thickness 
were calculated. The magnitude of reflection was 
estimated by replacing the film of lead sulfide with a 
gold mirror. 


was also 


Transmission 


The transmissions of the films were measured between 
1 and 3, with the Baird spectrometer. Beyond 2.7 u 
the transmission was reduced because of absorption of 
the glass substrate. 

Between 1.6 and 2.6yu the transmission was also 
measured on the Perkin-Elmer spectrometer by using 
a thick lead sulfide film as the detector. The response 
of the detector was measured with and without a film 
immediately in front of the detector. Both the film 
and the detector were much larger than the beam size 
so that as much as possible of the scattered radiation 
was collected. The ratio of responses with and without 
the film in the beam was used as the fraction of radiation 
transmitted. 

The technique of using a lead sulfide film as detector 
and another film as reflector or transmitter neglects 
some radiation reflected from some of the interfaces. In 
all experiments, however, this neglect causes small 
errors. Because of the smallness of the error and the 
difficulty in calculating the diffuse reflection from 
microcrystalline films, the errors were neglected. It is 
believed that these errors do not appreciably effect the 
results and conclusions. 





EFFECT OF THICEKNESS 


Thickness 


Thicknesses of the films were measured by the 
interference technique already described. They were 
also calculated from the amount of lead found in a 
duplicate set of films by chemical analysis. The two 
methods gave approximately the same thicknesses 
except for the thickest films; for these films the thick- 
ness calculated from chemical analysis was somewhat 
larger than that calculated from interference. 


RESULTS AND DISCUSSION 


Time constants were found to be independent of 
wavelength of the exciting radiation. Previous measure- 
ments on similar films have shown that identical time 
constants were obtained using either visible or infrared 
exciting radiation. This is an indication that the 
mechanism of photoconduction is independent of wave- 
length of the exciting visible or infrared radiation. 

The effect on response of reflecting the transmitted 
radiation back on the cell was to increase the response. 
Qualitatively the ratio of response with reflection R, to 
response with no reflection R,,, increased as the relative 
quantum response decreased. This suggests that the 
relative quantum response is some measure of the frac- 
tion of radiation absorbed. When the relative quantum 
response is small the absorption is small, and the 
transmission is large. Reflecting the radiation back on 
the cell in this case gives a large increase in response. 
Similarly, when the relative quantum response is almost 
unity the effect of reflection is almost zero. 

Thus at the shorter wavelengths where the effect of 
back reflection is small, almost all of the radiation not 
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reflected at the PbS-air interface is absorbed; only a 
small amount of transmitted radiation is reflected back 
on the cell. If the quantum response with reflection 
Q, is now normalized at the peak of the response curve, 
the quantum response with no reflection Q,;, may be 
positioned relative to Q, by the use of the ratio R,/ Rar. 
This has been done for the thickest and thinnest films. 
The results are plotted in Fig. 2. 

A model is now adopted so that the above discussion 
may be put into algebraic terms. It is assumed that Q, 
is unity at the wavelength where Q, is maximum, and 
the reflection from the PbS-air interface for a particular 
film is constant at all wavelengths considered and hence 
can be omitted in calculating absorption ratios. The 
latter assumption is not strictly true. It is the variation 
of this reflection with wavelength that is used to cal- 
culate thickness. However, this reflection is small 
(about 20%) and its variation causes only minor 
changes in the amount of radiation absorbed. 

Consider radiation incident on the PbS-air interface. 
A is the fraction of the not-reflected radiation absorbed 
by one pass through the film; 0.22 is taken as the 
fraction reflected at the PbS-glass interface. By con- 
sidering only one reflection at the PbS-glass interface, 
Q,, may be calculated as 

Onre=A (1.22—0.224). (1) 
Similarly 0, may be shown to be 


O,=A(2—A). 


The ratio Q,/Qnr is then 


O,/Onr= (2—A)/(1.22—0.224). (3) 


Thus Q,/Qnr is specified for a given value of A or 
1.22—0.22A or Qn. By assuming various values of A, 
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Qnr and Q,/Qnr are obtained from Eqs. (1) and (3), 
respectively. Thus Q,/Qn, as a function of Q,, is found. 

In Fig. 3 are plotted measured values of Q,/Qn, 
against the corresponding values of (Q,,, for eight films of 
various thicknesses. The curve drawn is calculated from 
Eqs. (1), (2), and (3). The data exhibit considerable 
scatter, probably because of experimental error in 
measuring Q,/Qn, and errors involved in positioning 
the magnitude of Q,, at 2.06. Errors are introduced 
also by the assumptions discussed previously. Neverthe- 
less, the curve is a fair approximation to the data. 

From the measurements of transmission and reflec- 
tion at 2.6, the fraction of radiation absorbed was 
calculated. It was found that the fraction absorbed 
divided by the sum of fraction absorbed plus the frac- 
tion transmitted was approximately equal to Q,, for 
each of the eight cells studied. This procedure is simply 
a comparison of the fraction absorbed of the fraction 
not reflected at the PbS-air interface to the corre- 
sponding fraction obtained from photoconductivity 
measurements. 


CONCLUSIONS 


The evidence indicates that the films studied are 
quantum detectors at long wavelengths where the 
response is dropping logarithmically with increasing 
wavelength. However, long-wavelength absorption and 
photoconductivity do not increase with film thickness in 
the manner predicted by elementary theory. Thus the 
simple absorption arguments are not valid for the 
microcrystalline films studied. This conclusion is not in 
agreement with Humphrey and Petritz,' who calculated 
absorption coefficients of lead selenide films from 
photoconductivity measurements. However, they used 


1 James N. Humphrey and Richard L. Petritz, Phys. Rev. 105, 
1192 (1957). 
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evaporated films while the films used here were pro- 
duced by chemical deposition. 

Electron photomicrographs of the films show micro- 
crystals of approximately the same dimensions as the 
thicknesses of the films. The surfaces are rough and 
exhibit various crystallographic faces. Values of trans- 
mission and reflection measured on a Perkin-Elmer 
spectrometer are approximately double the corre- 
sponding values measured on a Baird spectrometer. 
The former instrument measures total reflection and 
transmission, including scattered radiation; the latter 
one does not measure all the scattered radiation. It 
would seem that radiation scattered by the micro- 
crystals also has an important effect on photoconduc- 
tivity measurements. The rough microcrystalline struc- 
ture is consistent with this explanation. 

The measured reflection from the PbS-air interface 
was approximately 20% rather than the 37% calculated 
using an index of refraction of 4.1.2 This disagreement is 
also probably due to the surface structure of the films. 
On the other hand, the measured reflection from the 
PbS-glass interface of approximately 20% about equals 
the calculated value of 22%. 
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An extensive search for internal photoconductivity in NaCl, 
KCl, KI, and LiF resulting from stimulation by light of wave- 
length lying below the fundamental absorption edges of these 
crystals has yielded negative results. Photon energies employed 
ranged from about 6 ev to 21 ev. Calculations based on observed 
external photoelectric emission currents indicate that photoelectric 
quantum efficiencies as low as 10-8 electron per incident photon 
could have been detected if electrons traveled completely through 
the crystal. 

Measurements of the quantum efficiencies for external photo- 
electric emission by some of these crystals support the conclusion 


INTRODUCTION 


HE alkali halides in pure crystalline form provide 
prototypes for one of the simplest types of solid 
compound, i.e., a cubic lattice made up of strongly ionic 
atoms. Theoretical investigations of the electronic struc- 
ture of these solids yield best results when a tight-bind- 
ing approximation is used. 

It remains true, however, that, according to the 
general theory of the electronic structure of solids, there 
should exist allowed energy bands for electrons which 
permit the alkali halides to be electrically conducting. 
Results of theoretical calculations on NaCl, KCl, and 
LiF indicate that the conduction bands of all three 
should lie at about 10 ev above their respective filled 
valence bands, the gap being perhaps somewhat higher 
in LiF.! The bottom of the conduction band is generally 
presumed to be a few tenths of an ev below the vacuum 
level.” 

The present work consists of an intensive search for 
internal photoconductivity due to stimulation by light 
of energy lying in the first few fundamental absorption 
bands of NaCl, KCl, KBr, KI, and LiF, and of investi- 
gations of the external photoelectric emission yields of 
NaCl, KCl, CsI, KI, and LiF. The results of the photo- 
conductivity measurements on all these crystals are 
definite in showing no appreciable conductivity. 


APPARATUS 


All the measurements reported here were made in 
vacuum, the crystals being irradiated with light from a 
grating monochromator. The discharge lamp and mono- 
chromator were those used in earlier work.* The resolu- 
tion of the instrument was about 5 A, disregarding the 


* Supported by the Office of Naval Research. 

t Now located at the Los Alamos Scientific Laboratories. Work 
done in partial fulfillment of the requirements for the Ph.D. degree. 

1F, Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), pp. 407-56. 

2N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, Oxford, 1940), p. 97. 

3 Hartman, Nelson, and Siegfried, Phys. Rev. 105, 123 (1957). 


of Phillip and Taft that the valence bands of CsI and KI lie about 
6.0 and 7.2 ev below the vacuum potential, respectively, and in- 
dicate that the valence bands of NaCl and KCl are 8.30.1 ev 
below the vacuum. The valence band in LiF is tentatively placed 
at about 13 ev below the vacuum level. 

Energy distribution curves for the photoelectrons ejected from 
NaCl and KCI by photons of energies of from 10 to 21 ev show 
behavior similar to that reported for Cs;Sb, indicating that photo- 
electrons which have insufficient kinetic energy in the crystal to 
ionize another electron from the valence band will lose relatively 
little energy in escaping. 


scattered light from the grating, which light was of major 
importance in the photoelectric measurements. The 
lamp, monochromator, and detector head were sepa- 
rately pumped, being separated by baffles so that the 
residual gas pressure in the detector head was 10-* mm 
Hg or less. During the operation of the lamp, the hydro- 
gen pressure rose to about 10-* mm Hg in the detector 
chamber. The fact that this pressure was unimportant 
in the measurements was determined by sealing off the 
entrance slit to the monochromator with a LiF filter 
and using a liquid nitrogen trap in the detector head, 
thereby reducing the total pressure in the detector head 
to about 5X 10-* mm Hg. 

Using data from Brode,' it was decided that at any of 
the prevailing hydrogen pressures, the photoelectron 
energy losses to the gas should be negligible. The results 
of tests made at both the high and low hydrogen pres- 
sures confirmed this, since they were identical within 
the experimental errors. Because it was desired to make 
retarding potential measurements at photon energies to 
which LiF is opaque, no windows were used in the final 
measurements and the presence of the relatively large 
hydrogen pressures was hence accepted. Whether the 
presence of such hydrogen had deleterious effects on the 
crystals is another and open question. 

The intensity of the incident radiation was monitored 
by means of a sodium salicylate transmission phosphor 
which was sprayed directly over the photocathode of an 
RCA 5819 photomultiplier tube. This phosphor has been 
studied and found to have a constant quantum efficiency 
at least between 900 A and 2000 A.° The photomultiplier 
was mounted directly in the path of the light beam by 
means of an O-ring seal through the end cover of the 
detector chamber. The photomultiplier output was con- 
nected through a 100-kilohm Ayrton shunt to a gal- 
vanometer whose sensitivity was 5X 10-" amp/mm and 
whose time constant was 2 seconds. The photomultiplier 
dark current was about 10~° amp and the signals ranged 


4R. B. Brode, Revs. Modern Phys. 5, 257 (1933). 
5K. Watanabe and C. Y. Inn, J. Opt. Soc. Am. 43, 32 (1953). 
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from 10~* to 10-6 amp. The galvanometer readings were 
stable to within better than 1% during any given 
measurement. 

Measurements of the external photoemission currents 
for the spectral yield curves for crystals were made with 
a Victoreen VX-41A electrometer tetrode connected as 
a current amplifier with 10"°- and 10"'-ohm grid resistors 
which could be used alternatively. The electrometer 
tube and the associated circuitry were mounted on 
Lucite insulation in vacuum within the detector head. 
This arrangement kept the grid capacitance to a mini- 
mum and precluded the possibility that the high-im- 
pedance insulation would become dirty or contaminated 
by moisture from the atmosphere. Such an arrangement 
also serves to shield the sensitive lead from changing 
electric fields in the laboratory and to keep the elec- 
trometer tube in darkness, thus eliminating photoelec- 
tric emission from the electrometer tube grid, which 
can result in a spurious signal. 

The output of the electrometer tube was connected to 
the galvanometer through the Ayrton shunt, to which 
was added a second set of resistors on a gang switch in 
order to keep the resistive plate load on the electrometer 
constant at 100 kilohms. The maximum current gain of 
the circuit was 2X 10° or 2X 10', depending on which of 
the two grid resistors was used, and it was found that 
currents as small as 5X10~“ amp could be detected 
reproducibly. The drift rate of the output circuit was 
not greater than 2X10~-* amp per hour after a short 
warm up period. 

This circuit was also used for a few of the measure- 
meits in which attempts were made to detect internal 
photoconductivity. Most of these measurements, how- 
ever, and all of the retarding potential measurements of 
external photoelectrons, were made with an Applied 
Physics Corporation vibrating reed electrometer. This 
instrument was supplied with a range of input resistors 
to 10° ohms, making it possible to detect steady currents 
as small as 10~'* amp, so that the practical lower limit 
of detection was about 2X 10~'* amp. For such measure- 
ments, it was necessary to bring the current lead through 
a high impedance shielded connection out of the vacuum 
to the electrometer input. Ordinary glass seals are 
notably inadequate. A useful and simple solution to this 
problem was obtained with a demountable seal made up 
around a short tube of Vycor glass. This is sketched in 
the insert with Fig. 1. The sensitive lead is in two parts 
which thread together within the Vycor tube, com- 
pressing a }-in. diameter O-ring between themselves and 
the inside wall of the Vycor tube, the ends of the con- 
ductor then protruding somewhat from the tube. This 
small unit is then passed in an external compression 
Q-ring seal around the outside of the Vycor through the 
metal vacuum wall. This seal has been very satisfactory, 
having a resistance of better than 10'° ohms and being 
quite insensitive to humidity. Cleaning in alcohol is easy 
in case of careless handling. 

A general schematic diagram of the detector head is 
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shown in Fig. 1. The adjustable defining exit slit (5) for 
the light beam is mounted in a separate end plate (15) 
on which was built up the supporting mount (4) for the 
electrometer tube (2) and associated circuitry, and for 
the electrode systems used for the various measure- 
ments. It was possible to move in or out of the light 
beam through a sliding seal various filters (6) to make 
some degree of correction for scattered light. 

The apparatus used for measuring spectral yield 
curves consisted of a cylindrical brass collector electrode 
(7) (referred to hereafter in the photoelectric measure- 
ments as the external collector). This assembly and an 
attached mounting (10) for the crystals (11) and thin 
films was attached to the monochromator exit slit tube 
by means of {-in. diameter quartz rods (14). The collec- 
tor electrode was 1 in. in diameter and 1} in. long. It 
was closed at both ends and was milled off on the side 
nearest the monochromator. To the milled-off region 
was mounted a separate brass electrode (9) which was 
insulated from the main cylinder by Lucite spacers (8). 
This separate electrode would thus be maintained at 
any desired potential relative to the cylindrical collector. 
The purpose of the second electrode was to collect any 
photoelectrons from the exit slit of the monochromator 
if this were found to be necessary. 

Single crystals and thin films were mounted just in 

















Fic. 1. Diagram of apparatus. Light comes from the grating, 
far to the right, through the removable filter (6) and exit slit (5) 
to the crystal (11) mounted on frame (10), which can be flipped, 
as indicated lower right, by means of crank (12) operated through 
seal (13) so as to allow light to fall on the photomultiplier (1) 
coated with phosphor. The back of the crystal carries an electrode 
connected (3) to the electrometer tube (2) supported on a Lucite 
pillar mounted on the base plate (15). In front of the crystal is 
the collector electrode (7) and shield electrode (9) insulated from 
it by Lucite (8), this assembly being supported from the exit slit 
by quartz rods (14). The insert at the lower left indicates the 
construction of the high impedance demountable seal used when 
the vibrating reed electrometer was employed rather than the 
internal electrometer tube. It is self explanatory. 
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front of the exit slot in the collector electrode on frames 
bent up out of quartz rod. These could be flipped back 
by the crank (12) rotated through an O-ring seal (13) 
so that the samples could be removed from the light 
beam, thus allowing the light intensity to be monitored 
by the phototube (1). 

Retarding potential measurements were made by in- 
stalling, as seen in Fig. 2, a separate base brass plate (11) 
and monochromator exit slit (5) assembly in the detector 
head. On this plate was mounted by the support (8) (9) 
a spherical collector (6), which consisted of a 3-in. di- 
ameter chemical flask coated internally with graphite, 
to which the electormeter lead was connected by means 
of a nickel contact spring (3). The resistance between 
the sensitive leads and any attainable point on the 
graphite was not much more than 10 kilohms, which 
assured that there was no significant potential gradient 
through the graphite. 

Samples to be studied were evaporated on a nickel 
plate (1) which was inserted into the sphere through 
the neck of the chemical flask, and which could be ro- 
tated by means of an O-ring seal (13) (10) through the 
vacuum wall. In this way the reflected light beam from 
the sample could be passed out through a hole (4) in the 
sphere, 90° displaced from the entrance hole. This pro- 
cedure eliminated the necessity of making corrections to 
the data for reverse photoemission from the collector 
sphere when large retarding potentials were used. 
Directly behind the nickel substrate and attached to the 
same movable mounting was a nichrome heater wire (2), 
which was used for annealing the films. In order to 
monitor the temperature of the films, a chromel-alumel 
thermocouple was spot welded to the back surface of the 
nickel. The detector chamber was pumped through (12) 
(not seen in Fig. 1). 
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Fic. 2. Diagram of apparatus used on photoemission retarding 
potential measurements. Light comes, as in Fig. 1, through a 
removable filter and exit slit (5) to the emitter evaporated ex 
ternally on the electrode (1), heatable with heater (2). These are 
carried on a crude Lucite bearing (9) and rods sealed (10) into a 
head (13), rotatable to reflect light out hole (4) in the spherical 
collector (6) connected through (3) to the electrometer as shown 
at the right. The sphere is supported rigidly by clamp (7) and 
rods (8) to base plate (11). Pumping is through port (12). 
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Some measurements were made at wavelengths below 
900 A. These necessitated the use of a helium discharge 
in the lamp. The precision of these measurements was 
not as good as that of measurements made with the 
hydrogen discharge, principally because the intensity of 
the helium lines varied fairly rapidly in consequence of 
the poor gas leak used to admit the helium to the lamp. 


SCATTERED LIGHT 


It cannot be overemphasized that discussion concern- 
ing the magnitude of scatttered light from any mono- 
chromator is not too meaningful without clearly specify- 
ing what the detector is, unless, of course, one has the 
spectral distribution of this light. The radiation from the 
hydrogen lamp, and hence passing through the mono- 
chromator entrance slit, ranges in wavelength from the 
far ultraviolet to the infrared. The photomultiplier, 
sensitized with a semitransparent phosphor on its face, 
is sensitive to all wavelengths between the short-wave 
ultraviolet and approximately 6000 A. Its response to 
the total scattered light coming through at the particular 
monochromator setting will represent one measure of 
the scattered light. Other detectors, such as an alkali 
halide photoemitter, to be discussed, are sensitive over 
an entirely different region of the spectrum and accord- 
ingly ‘“‘see” entirely different scattered light intensities. 

The long-wavelength limit of the ionization continuum 
of the hydrogen source was taken to be at about 800 A. 
It was therefore assumed that for all monochromator 
wavelength settings less than this, the entire beam inci- 
dent on the exit slit was scattered light. This assumption 
is not absolutely correct, but when one used the photo- 
multiplier and phosphor as detector, the error is not 
more than a few percent at most. Actually, a few lines 
(probably due to impurities) were found down to nearly 
300 A, but their intensities as determined by this de- 
tector were not more than 3% of the total reading. The 
true scattered light intensity rises continuously and 
smoothly as the monochromator is turned to shorter 
wavelength settings. The true and weak very-short- 
wavelength lines are much more easily detected by the 
photoelectron emission which they cause from LiF, since 
the LiF is relatively insensitive to the scattered light 
of longer wavelength. 

The undesired light arises both from the fact that the 
second order diffraction spectrum is nearly 4 as strong 
as the first order with the grating used, and from the 
fact that there is some general true scattering by the 
grating, seemingly rather more than is given by modern 
rulings. The second order light is not very important 
when the monochromator is set for wavelengths shorter 
than about 1700 A, but for all longer wavelengths, it 
becomes necessary to use filters in the beam. For wave- 
lengths less than 1700 A, the unwanted light seen by the 
photomultiplier is mostly due to scattering and increases 
monotonically toward the shorter wavelengths. At wave- 
lengths greater than 1000 A, one can usually set the 
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monochromator on a line for which the intensity is 
sufficient, so that the scattered light is only a small 
percentage of the total light seen by the photomultiplier. 

The great difficulty arises from the fact that the 
photoelectric yield of the alkali halides changes by about 
10° over about 100 A range near the emission edge, and 
consequently the positions and shapes of the edges are 
obscured by short wavelength ultraviolet scattered light. 
For example, with the lamp and monochromator used 
in this work, at 1400A the photoelectric signal-to- 
background ratio for KCI is one-to-one. 

Such error introduced by scattered light can be mini- 
mized in two ways: the short-wavelength scattered light 
can be greatly reduced by means of filters cutting off 
below the wavelength being used, or the contributions 
of the scattered light must in some way be subtracted 
both from the photoemission currents and the light- 
intensity measurements. Both of these techniques were 
employed, and, within the accuracy of either, they gave 
the same results for the shape and position of the photo- 
electric emission edge for NaCl and KCl. The filters used 
were of CaFs, which has a short-wavelength cutoff at 
about 1250 A, so eliminating the strong lines of the 
Lyman series. 

The subtraction method was made as follows: for the 
intensity corrections, photomultiplier current readings 
were taken at wavelength settings of between 0 and 
800 A, for which the output was taken as being caused 
only by scattered light. A log-log plot of this scattered 
light intensity vs wavelength setting yielded a straight- 
line plot which was extrapolated into the interesting 
and useful wavelength region to give the scattered light 
correction over the range of wavelength settings of use- 
ful light output. The validity of the extrapolation was 
checked by putting LiF, CaF:, NaCl, synthetic sapphire, 
and glass filters in the beam and making similar output 
measurements and plots. These were made over a range 
of wavelength settings less than the corresponding filter 
cutoff, which are, respectively, 1050 A, 1250 A, 1450 A, 
1750 A and, for the glass, probably around 3500 A. The 
plots so obtained were found to be nearly parallel to each 
other and to the curve taken with the unfiltered beam. 

Since the intensity of the lamp varied from day to 
day, these curves could not be used directly without 
some sort of normalization for lamp intensity. It was 
possible, however, to do this simply by shifting the curve 
to a parallel line, the amount of the shift being deter- 
mined by taking one normalizing datum point, say, at 
a wavelength setting of 600 A. 

To correct photoemission currents for the contribu- 
tion from scattered light and because the spectral dis- 
tribution of the scattered light was apparently not the 
same at different wavelength settings of the mono- 
chromator, a pseudo quantum efficiency for the crystal 
in response to the scattered light was determined at 
wavelength settings below 800A. For wavelengths 
longer than that at the threshold there was no change 
in the observed photoemission between adjacent maxima 
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and minima of the hydrogen spectrum, so all emissions 
in this region were likewise ascribed to scattered light. 
Pseudo quantum efficiencies were therefore calculated 
for these points and a smooth curve drawn through and 
connecting the short-wavelength and long-wavelength 
sets of points. Such curves, together with the above- 
decribed scattered light intensity plots, both normalized 
for lamp intensity variation, were used to correct data 
in the intermediate and useful region of the spectrum. 
This procedure was followed for the work on KCl and 
NaCl. 

The data on KI and CsI were taken with sapphire 
and NaC] filters in the beam, and no subtractive cor- 
rections needed to be made. Nor did the data on LiF 
require subtractive correction. As will be seen, up to 
and in the vicinity of its poorly defined threshold, taken 
to be at 12.5 ev where the second and sharp rise in the 
external yield occurs (an energy high enough that there 
is but little scattered radiation of higher energy), LiF 
has only a low yield. Furthermore, high-intensity lines 
are available for use on the low-energy side of the 
threshold, making intensity correction unnecessary. At 
energies higher than the threshold, however, it did be- 
come advisable to correct the light intensity as measured 
by the photomultiplier and phosphor detector. Correc- 
tion to the external LiF photocurrent was still neverthe- 
less trivial in this region. 

Photoelectric retarding potential measurements made 
at photon energies of 10.2, 12.1, and 21.2 ev, discussed 
later, required no scattered light corrections because the 
spectral lines at these energies are relatively intense. 
Retarding potential measurements made, however, at 
13.8 ev required correction for scattered light by methods 
similar to that outlined above. 


PHOTOCONDUCTIVITY MEASUREMENTS 


In this work, many attempts have been made to de- 
tect intrinsic photoconductivity, resulting from the 
direct transitions from the valence band to the conduc- 
tion band in NaCl, KCl, KI, and LiF, principally the 
first two. The experiments were done on optical-quality 
single crystals obtained from the Harshaw Chemical 
Company, and on evaporated films made from powders 
ground from Harshaw crystals. Some experiments were 
also tried on KCl and NaCl single crystals obtained 
from Korth, in Germany. 

One great difficulty encountered in any attempt to 
measure photoconductivity in pure alkali halide crystals 
in the region of their fundamental optical absorption 
bands is that the extinction coefficients for light in these 
regions of the spectrum are between 10° and 106 cm“, 
so that the density of free electrons and holes created 
by the absorption of the light is appreciable only in a 
very thin layer near the surface. Thus one might expect 
a very high recombination rate and to observe, at best, 
photocurrents which would perhaps not be proportional 
to the light intensity. At the worst, it might result that 
the recombination rate is so high, or that impurity or 
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Fic. 3. Diagram indicating method of measurement of trans- 
verse photoconductivity (a) and that longitudinally (b). The 
direction of motion of negative charge arising from induced effects 
in the external circuit and any direct internal electron motion are 
indicated. 


dislocation traps near the surface are so dense, or that 
the surface properties are so different from the volume 
properties of the bulk crystal, that no photoconductivity 
can be observed. 

Unpublished attempts to measure photoconductivity 
and photoemission in NaCl were made a few years ago 
in this laboratory. Silver electrodes were painted on 
opposite thin edges of cleaved single crystals. External 
collector electrodes in the same plane with these edges 
were fixed in front of the broad face of the crystal as 
indicated in Fig. 3(a). It was the purpose of these elec- 
trodes to aid in establishing a field across the crystal 
and to collect the external photoemission electrons. The 
crystal was mounted on a Lucite holder so that it could 
be removed from the beam in order to measure the in- 
tensity of the beam, which irradiated the central region 
of the crystal. 

The measurements were made as follows: With the 
electrometer grid connected to the electrode on one edge 
of the crystal and to ground through the grid resistor, 
and with the adjacent external electrode shorted to 
ground, Fig. 3(a), the opposite electrodes were put at 
the same potential of +1400 volts. While potential dis- 
tribution measurements were never made, it was as- 
sumed that a field was thus eventually set up, more or 
less uniformly, over the whole of the crystal. A §-second 
light flash was allowed to fall on the crystal resulting in 
a net ballistic signal current, 7. External photoemission 
(or any internal electron motion away from the irradi- 
ated region) would leave a positive charge on the crystal 
surface, which, by induction, shows up as a current pulse 
Iin, adding to any photoconductivity pulse J,.. Then 
with the high-voltage electrodes negative, at — 1400 
volts, the induced-current signal from the photoemission 
is still in the same direction but the conductivity pulse 
is reversed. Thus, in the first instance /;=Jpe+J/in, and 
in the second case />=Jtn—TJ pe, the two relations allow- 
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ing both unknowns to be determined. The actual ex- 
ternal photoemission current was to be measured by 
connecting the electrometer grid to the external elec- 
trode and performing a similar pair of measurements. In 
fact, any photoconductivity current /,. would also 
probably show as an induced signal only, since it is 
extremely unlikely that any direct electron flow reaches 
the electrometer electrode from the irradiated region. 

After each such measurement, an attempt was made 
to discharge the crystal by reducing the voltage applied 
across it back to zero and then spraying the surface with 
electrons emitted from a heated tungsten filament held 
at ground potential. Upon then reapplying the voltage 
to the crystal, one naively hoped that the original po- 
tential distribution was re-established, or at least closely 
approached. In fact, however, it was never possible to 
obtain results which were sufficiently consistent to be 
regarded as reliable, either the induced effects from 
photoemission over-riding the effects of internal charge 
motion, or variations in the potential to which the crys- 
tal is returned leading to variations in the charge sub- 
sequently removed in irradiation. 

One of the great difficulties in any such measurements 
on insulators is the effect of polarization and depolariza- 
tion of the material. If the potential of a floating surface 
of a crystal is suddenly changed, say to that of an ex- 
ternal source supplying electrons which can reach the 
surface, there is a corresponding transient change in the 
potential of an electrode capacitively coupled to it, if 
the electrode is grounded only through a high resistance. 
This is the case in measurements here, where an elec- 
trometer is driven by the voltage appearing across the 
resistance. Following this, small internal currents may 
continue to flow, lowering the surface potential with 
time in a way not directly measureable. This therefore 
allows the possibility that the surface is at a potential 
not intended when subsequently irradiated with light. 
At the same time it might appear, as it did here, that 
such internal currents would also appear in the elec- 
trometer. But this is not necessarily so.° If one takes, 
for example, a crystal with its front surface floating but 
negatively charged, and releases electrons at the surface 
into the conduction band by light absorption, it is all 
too likely that no current will be seen by the back and 
electrometer electrode, connected to ground through a 
high resistance. Only if the front-surface capacitance to 
external fixed potential electrodes is comparable with 
that to the back electrode, will something be indicated. 
The more familiar situation is that of an isolated and 
charged two-plate condenser with one plate floating in 
potential and the other connected to ground through a 
galvanometer. The galvanometer will indicate no change 
as the floating plate is moved toward the fixed plate. 
The field and hence the charge at its surface remains 
fixed. All the lines of force from the charge on the float- 

® We are indebted to Dr. A. Rose for kindly pointing this out to 


us in a comparison with similar measurements made at the RCA 
Laboratories on zinc-oxide coated “Electro-fax” paper. 
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ing plate end on the fixed plate regardless of their rela- 
tive positions. While all such effects should not be so 
manifest in the case of a crystal clamped between two 
electrodes held at a fixed potential difference (save for 
transients), there is every likelihood even here that at 
least the potential distribution between them comes to 
something different than linear as would be desired. 

There was also concern in these early transverse con- 
ductivity measurements that the magnitude of the elec- 
tric fields obtainable by this method might not be great 
enough to give appreciable electron displacement in the 
crystal and, furthermore, that any possible conductivity 
observed might be more indicative of the surface state 
than of the volume state of the crystal. While there was 
also concern over possible tungsten evaporation from 
the discharge filament onto the surface of the crystal, 
this could in principle be avoided by operating the fila- 
ment at low temperatures, the vapor pressure of the 
tungsten falling much more rapidly than the emission. 

It was, in any case, decided that more unambiguous 
results could best be obtained if the photoconduction 
electrons were drawn into the crystal longitudinally with 
the light beam, as in Fig. 3(b), which would allow the 
external photoemission to be minimized and, where 
present, to always subtract from the desired signal to 
be observed (except where there is photoemission from 
external electrodes to the crystal surface). By this 
method it would also be possible to obtain higher electric 
fields across the crystals, which could now be made very 
thin. To avoid possible tungsten contamination, it was 
decided to discharge the crystal by photoelectric emis- 
sion from nearby metals, the light being incidentally 
directed onto the metals by reflection from the crystal 
or by merely making sure that a portion of the incident 
beam touched a grounded metal surface. The apparatus 
used has already been described. 

Crystals of NaCl, KCl, and KI were cleaved to ap- 
proximately 10X10X0.5 mm (worked on under an 
infrared heat lamp to inhibit deliquescence) and (while 
still warm) were mounted in the vacuum chamber with 
Duco cement onto the quartz frame mounts. An elec- 
trode (and fine connecting wire) silver-painted to the 
back surface was held at ground potential through the 
electrometer while the front surface of the crystal was 
brought to some large negative potential before each 
measurement. Measurements were made by one of four 
methods. 

(1) After allowing a long time for the crystal to de- 
polarize in the absence of any applied fields or stimula- 
tion by radiation, the cylindrical collector electrode used 
for photoelectric emission measurements was connected 
to a high-voltage power supply and the potential was 
gradually lowered to — 1500 volts. The electrostatic po- 
tential between the external electrode and the grounded 
back electrode on the crystal was relied on to polarize 
and establish an electric field across the crystal such that 
electrons could then move into it toward the back sur- 
face. The separate electrode mounted contiguously with 
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the external collector and insulated from it by Lucite 
was set at a small positive potential so that photoelec- 
trons created by reflected light falling on it could not 
travel to the front surface of the crystal. However, in 
spite of the intervening negative-potential region, elec- 
trons were able to reach it from the crystal, such that 
only a transient photoemission from the crystal surface 
was detected. Because of this the separate electrode was 
connected electrically to the cylindrical collector, and 
the angle of the crystal carefully adjusted so that the 
reflected beam from the crystal passed back through the 
slot in the collector electrode without touching the 
metal. With this arrangement, no current was observed 
when light was incident on the crystal. The desired cur- 
rent was sought for ballistically in this method. 

(2) The front surface of the crystal was charged to 
near the potential of the external electrode by photo- 
emission from a small piece of tantalum sheet which was 
kept at the same negative potential as the external elec- 
trode. A mercury light source was used to stimulate this 
emission and at the same time the vacuum ultraviolet 
light was allowed to fall on the crystal. It had also been 
hoped that if the previous negative results had been the 
result of trapping of electrons to create F centers, the 
mercury light would continually empty the traps and 
lead to a steady state current. Actually, with the merc- 
ury light alone, electron current flow to the back elec- 
trode was indicated. This would decay only somewhat 
and then seemingly continue indefinitely, possibly from 
an electron flow through vacuum from an unintended 
photosource. Upon then irradiating the crystal with the 
vacuum ultraviolet light, one then got only a transient 
indication of the usual sign caused by the photoemission 
from the crystal surface to the external collector. 

(3) A nickel screen of three-mil wire and approxi- 
mately six-mil spacing was laid directly on the front 
surface of the crystal and held at negative potentials as 
large as — 1000 volts. It was found, however, that the 
crystals here exhibited photoelectric emission to or from 
the external collector electrode, depending on its po- 
tential, indicating that the areas of the crystal between 
the wires of the screen were not maintained at the po- 
tential of the screen nor shielded by it, even though 
they were charged by photoemission from the screen. 
While no positive result was observed here, it has since 
seemed that some possibilities of this arrangement or 
variations on it were overlooked and that it might well 
be tried again in future work contemplated. 

(4) Onto the front surface of the crystal a thin film 
of gold was evaporated, to one corner of which was 
attached by silver paint a three-mil copper wire main- 
tained at the desired potential, The thickness of the gold 
film was controlled by previously attaching a three-mil 
wire to each of two opposite corners of a test sample 
crystal and evaporating gold onto it until the electrical 
resistance between the two wires, measured with an 
ordinary ohmmeter, was approximately 1000 ohms. Im- 
mediately adjacent to this crystal in the evaporator was 





PHOTOELECTRIC EFFECTS 


a thin LiF crystal also taking on a similar gold film. Care 
was taken to assure that the two crystals were arranged 
symmetrically with respect to the evaporation filament 
so that it could be then assumed that the thicknesses of 
the two gold films were equal. The transmission of the 
gold film in the vacuum ultraviolet was then measured 
by using this gold-evaporated LiF crystal as a filter in 
the vacuum monochromator. It was found that the 
1215 A line could still be distinguished through a gold 
film on LiF if the duplicate film on the crystal to be 
studied had a corner-to-corner resistance of as low as 
160 ohms. At a resistance of 1000 ohms, the films still 
had on the order of 50% transmission. In the photo- 
electric measurements made on both NaCl and KCl 
crystals having such transparent front electrodes, no 
photoconductivity was observed. 

The greatest problem with these front-evaporated 
films is that even if the corner-to-corner resistance is 
made low, there may be areas on the surface which are 
well insulated from the high-voltage lead, such that 
upon irradiation with ultraviolet light, photoelectric 
emission to or from these areas results in potential 
changes of these areas. The resulting induced signal at 
the back-surface electrode is easily mistaken for photo- 
conductivity. In order to guard against such spurious 
results, a sample was rejected unless it met the following 
test: the connection to the thin front-surface electrode 
was shorted directly to ground, and the external collec- 
tor electrode was made 45 volts positive with respect to 
it. If the gold film on the front surface of the crystal was 
electrically continuous, no effect was observed on the 
electrometer connected to the back surface electrode 
when the ultraviolet beam was allowed to fall on the 
front surface, even though there was a large photoemis- 
sion current from the front gold electrode. 

The assumption that it might be possible to detect 
fairly large ballistic signals with these techniques was 
based principally on the alpha-particle work of Witt.7 
As in his work, some of the measurements in the present 
experiments were made at field strengths on the order 
of 10° volts/cm; yet even in cases where light from the 
central image of the illuminated entrance slit was inci- 
dent on the crystal, which illumination is many times as 
strong as even that of the bright 1215 A Lyman alpha 
line, no photoconduction effect was observed. This is 
certainly not to be expected, for the penetration depth 
of alpha particles and ultraviolet light are of the same 
order of magnitude. However, the electrons released by 
alpha-particle bombardment are of much higher energy 
than those released by 10- or 20-ev photons. Actually, 
some measurements were made at photon energies of 
the latter value, when a helium discharge, substituted 
in the lamp for hydrogen, made possible the use of the 
21.2-ev line at 585 A. 

From time to time in the measurements on these 
crystals with the transparent front electrode, the latter 


7H. Witt, Z. Physik 128, 442 (1950). 
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was allowed to float in potential and a check was made 
to insure that the large photoemission current from the 
electrode would produce the expected drastic effect on 
the electrometer indication. Most of the measurements 
were made with the crystals in the dark (save for the 
ultraviolet irradiation) but others were made with strong 
mercury radiation falling on the crystals through a 
quartz window from the outside. KCI, NaCl, KI, and 
LiF were studied using this transparent electrode. 

In LiF, small photoconductivity currents were ob- 
served when the incident light was in the wavelength 
range from 1200 A to 1050 A, but light at shorter wave- 
lengths, where the absorption of LiF is high, produced 
no measureable results. These currents behaved with 
illumination and field as one expects of photoconduction 
currents and are believed to be such. Since it is not be- 
lieved that this conductivity is associated with the 
fundamental absorption, it was not studied in detail in 
this work. It is felt that the effect may be connected 
with the long-wavelength tail observed in the LiF photo- 
emission to be discussed later. This current is presently 
being pursued further. It may be of considerable sig- 
nificance to the other negative results, that this con- 
ductivity disappeared when the absorption went to high 
values. 

Similar experiments to the above were carried out on 
very thin single crystals. For these experiments, crystals 
10 10X 1 mm were milled out on one side with a dental 
burr over a central rectangular region until they were 
about 0.010 in. thick, leaving a thick supporting rim 
around the outside. These central regions were then dis- 
solved away further on the milled side with a fine brush 
dipped in water until they were 2 or 3 mils thick. They 
were then annealed for an hour at temperatures in excess 
of 500°C. When annealed in vacuum, the thinned region 
frequently disappeared. One can go to higher temepra- 
tures if the annealing is done in air but the uncertainty 
concerning effects of air on the hot surface is also dis- 
turbing. After annealing, these thinned crystals had 
thick gold electrodes evaporated on the worked back 
surfaces and, in some cases, thin transparent gold elec- 
trodes evaporated on the cleaved and preserved front 
surfaces. Such crystals were installed in the detector 
head of the monochromator immediately after the last 
evaporation in the same manner as with the thick crys- 
tals. This type of crystal was checked for photoconduc- 
tivity in the manner of methods (1), (2), and (4). Nega- 
tive results were obtained for NaCl, KCl, and KI, all 
thinned in this way. 

One of these crystals, of KC] with a thin transparent 
front-surface electrode, exhibited a very small voltage- 
dependent signal, corresponding to electron emission 
from the front to the back surface, when it was irradi- 
ated with the 1215 A line or with the central image of 
the entrance slit. When filtered by a thin wafer of CaF», 
which has a short-wavelength cutoff near 1260 A, the 
central image had no effect on this crystal. The magni- 
tude of the observed current could be interpreted by 
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assuming that photoemission electrons from the front 
gold electrode, or from the KC] itself, had moved about 
300 A into the crystal. On the other hand, since the 
current was not observed to decay after times on the 
order of 10 minutes, it would be more plausible to as- 
sume that the electrons traversed the full distance across 
the crystal, but were being released with an efficiency 
some 10‘ times smaller than that at which external 
photoelectrons are released when the 1215 A line is the 
incident radiation. It was found that if the crystal was 
exposed to the 2536 A line of mercury, with sufficient 
intensity to produce photoemission from the gold of 
magnitude comparable to that produced by the 1215 A 
line, a continuous photoconductive effect of almost the 
same size was produced. The nature of this effect is still 
not thoroughly understood, but it probably involves a 
reduction of the finite de resistance of the crystal in a 
rearrangement of the electric field in the crystal,’ as well 
as the sort of current injected from surface electrodes 
into additively colored alkali halides as studied by 
von Hippel and his co-workers.?™ 

One crystal each of NaCl and KI, similarly prepared 
to give a thin crystal, exhibited a photoelectric effect 
which resembled photoconductivity, except that it was 
completely independent of the potential of the trans- 
parent surface electrode, even as to sign. In both cases 
the front electrode effectively shielded the sensitive elec- 
trode from the effects of photoemission from the front 
surface, as it should. The signal which behaved in this 
manner decayed rapidly in NaCl, but remained at full 
value indefinitely, as long as the crystal was exposed to 
light, in the KI. These were certainly not in the general 
behavior pattern of most of the experiments. While it 
is not understood, whatever was happening here is con- 
sidered as spurious to true photoconductivity. 

Experiments were tried in which photoconductivity 
was looked for in thin films of NaCl and KCl. These 
were evaporated over a thick gold film substrate and 
themselves then covered with a transparent evaporated 
gold electrode, the whole operation being performed 
without removing the sample from the vacuum until 
after the last evaporation. The area of the substrate 
back electrode was considerably less than that of the 
overlying alkali halide film and transparent electrode, 
to minimize leakage current at the edges of the back 
electrode. The KCI and NaCl films here had thicknesses 
(estimated from the interference patterns produced by 
the films deposited on glass slides in the same evapora- 
tion) of between 10000 and 20000 A, and were ob- 
viously not single crystals. The films had surprisingly 
high ohmic resistances, that of the KCI presenting a 
dark resistance of about 10 ohms between gold elec- 
trodes while that of the NaCl, the thinner of the two, 
was better than 10" ohms. No effect of irradiation with 


* F. Stockman, Z. Physik 147, 544 (1957). 
* A. von Hippel e¢ al., Phys. Rev. 91, 568 (1953). 
1 M. Geller, Phys. Rev. 101, 1685 (1956). 
uM. A. Gilleo, Phys. Rev. 91, 534 (1953). 
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ultraviolet light which was voltage-dependent was de- 
tected, although all the usual external photoemission 
currents were observed. 

Another attempt to measure any possible surface 
photoconductivity in NaCl and KCl, in possible con- 
trast to a volume effect, was made by evaporating two 
gold electrodes shaped like block T’s on the surfaces of 
single crystals of these salts. The two 7’s were placed 
in opposition leaving a clear 2-mm strip of crystal sur- 
face between the cross J7-members, electrical connection 
being made at the foot of each T. Over the entire surface 
was then evaporated a thick layer of LiF. This was in- 
tended to prevent any external photoemission, at least 
to the LiF emission edge, thought to be well below that 
of NaCl and KCl. The light beam was incident through 
the LiF on the 2-mm strip between the gold electrodes, 
but overlapped onto them. Between the electrodes a 
voltage of about 1500 volts was applied. All that was 
learned definitely from this was that the LiF has a rather 
Jong tail in its photoemission yield curve which extends 
well into the long-wavelength region, as will be discussed. 
The currents measured were not freed of photoemission 
effects and were simply some fraction of what would 
have been obtained had the entire photoemission from 
the LiF films been measured. For example, with the 
external collector electrode positive to both of the crys- 
tal electrodes, the observed currents were independent 
of the potential difference across the irradiated gap. 

On the suggestion that an etched surface might very 
well be preferable to cleaved surfaces from the stand- 
point of charge recombination and trapping, some ex- 
periments were redone with the irradiated surface not 
a freshly cleaved surface but rather one water etched 
after cleaving. The arrangement described in the pre- 
ceding paragraph was done over with such NaCl and 
KCI crystals as were the experiments utilizing the thin 
single crystals. All the results were negative. The KCI- 
etched and thinned down crystal showed the small 
voltage-independent current previously noted in the 
case of NaCl and KI; these currents decayed rapidly but 
would build back up after the light was removed for a 
minute or so. 

In all the arrangements having gold electrodes on 
both the front and back of the crystal, an attempt was 
also made each time to detect any hole conductivity, 
by making the front-surface electrode positive instead 
of negative. The results were again negative. 

In evaluating the above results, it should be noted 
that if the schubweg of 10-7 cm? per volt quoted by 
Witt,® and Flechsig,” (Harten™ quotes 10-* to 10~° 
cm?/volt on the basis of x-ray induced conductivity), is 
valid in these experiments (it may well not be, since 
these are uncolored crystals), a field of 10 000 volts/cm 
should have been sufficient to move electrons all the way 
through the very thin crystals tried here. Since no cur- 


2 W. Flechsig, Z. Physik 46, 788 (1928). 
‘SH. Harten, Z. Physik 126, 619 (1949). 





PHOTOELECTRIC 


rent was observed at fields many times this strength 
(the thin crystals were used with 150 volts across them 
—some of those between } and 1/mm were tried with 
voltages of up to 15 kv), one can put an upper limit on 
how far they actually did move, on the basis of a few 
experimental facts. It had been observed when photo- 
emission data were taken, that under irradiation by the 
strong 1215 A line, the front surface of a single crystal 
charges up to a potential of 10 volts or more in about 1 
second. With time, charge is building up in the surface 
region so reducing the field intensity immediately behind 
the front surface until, ultimately, no more charge is 
moved out of the region and any detected charge flow 
ceases. In this state, the front surface equipotential has 
been moved toward the back surface. If such a space 
charge accumulation caused the potential of the front 
surface to move toward the back electrode by as much 
as one part in 10° of the crystal thickness, or a distance 
of 100 A in the case of a 1-mm crystal, the effect could 
have been detected on the vibrating reed electrometer, 
which, with the 10"'-ohm input resistor, has a time con- 
stant of 1 second, and which is sensitive to input volt- 
ages as small as 0.0001 volt. One would surely expect 
the fundamental transition from valence band to con- 
duction band to be as probable as the external ejection 
of an electron, so that at least with the 1215 A line, 
charge displacements of the above order of magnitude 
(and less in the thin crystals) should have been detecta- 
ble. For weaker irradiating lines, the process would go 
slower and a larger upper limit on the displacement 
would have to be given in such cases. On the other hand, 
if charge were to move all the way through the crystals, 
a limit on the quantum yield can be given. We take the 
external photoelectron yield at 1215 A to be about 0.1 
electron per photon, as will be seen to be the case, and 
we measure, at the high lamp output level used to stimu- 
late photoconductivity, an external current of about 
10-° ampere under this strong irradiating line. (In 
general the source intensity was about 100 times weaker 
when external photoelectric measurements were being 
made, but at the intensities used for the photoconduc- 
tivity work such external currents could be obtained.) 
This gives us the photon flux, which on producing an 
an internal current of less than 10~'® ampere leads to a 
photoconduction yield of less than about 10-8 electron 
per photon. It certainly seems more reasonable that 
some process rather limits the electron motion to very 
short distances. 

Thus, the results of all these measurements would 
indicate that there is no observable photoconductivity 
induced in the alkali halides by light of wavelength in 
their fundamental absorption regions, at least within the 
limit of sensitivity of detectors used in this work. It 
should be recognized that these measurements were all 
done at room temperature, with commerically available 
materials, in a not extremely clean vacuum system with 
certainly a fairly high partial pressure of hydrogen 
present, and in the presence of generally copious external 
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photoelectric emission. Nor were all of the measure- 
ments done with the most sensitive detector. 

It is very difficult to believe that our picture of ionic 
crystals is grossly in error and that transitions from the 
valence band to the conduction band cannot be induced 
by photon irradiation. It consequently presents some- 
thing of a problem to understand these results. It is true, 
of course, that in the alkali halides, the optical absorp- 
tions are very high and consequently the absorption 
involves only a thin surface layer of the crystal, generally 
about 100A thick. It is quite conceivable that condi- 
tions in this layer are considerably different than in the 
bulk of the crystal. Trapping and recombination at the 
surface, the state of which is only crudely known in this 
work, may be so high as effectively to prevent any 
charge motion. This could be caused either by impurities 
or by dislocations. There may also exist high electric 
fields in this region which override any applied fields 
used, such that no net accelerating field is present to 
move electrons, except possibly out of the crystal sur- 
face. In the light of this possibility, one may hazard the 
suggestion that the sharp rise in copious external photo- 
emission may itself actually reflect the valence to con- 
duction band transition. It has been surmised? that the 
conduction band lies within a few tenths of an electron 
volt of the vacuum level, so this picture would be con- 
sistent with that. Measurements are currently under 
way to test some of these possibilities. One must recall 
here, of course, that metals show a similar sharp rise in 
quantum field at high photon energies. 

The measurements reported here are at variance with 
those reported from this laboratory before the war." It 
has been shown pretty clearly during the course of the 
present investigation, that considerable error was intro- 
duced in this earlier work in an assumed flat response 
for the silver photocell used to monitor the incident 
light, and more serious, in the neglect of the effects of 
scattered light which certainly contaminated the radia- 
tion, assumed monochromatic. These effects combine 
with the variation in lamp intensity with wavelength to 
explain the puzzling spectral response obtained. That a 
positive result was obtained at all for the photoconduc- 
tivity was probably caused by similarly appearing cur- 
rents induced instead by the copious photoelectric 
emission from metallic electrodes illuminated by light 
reflected to them by the crystal. These effects have all 
been a source of difficulty in the present work and fit 
well with what can be learned of the earlier work to 
explain those results. 


SPECTRAL DEPENDENCE OF THE 
PHOTOELECTRIC YIELD 


The external photoelectric yields on large single crys- 
tals were made as follows in the basic apparatus already 
described. Optical-quality Harshaw single crystals, ap- 
proximately 1010 mm, were cleaved to a thickness of 


4 J. N. Ferguson, Phys. Rev. 66, 220 (1944). 
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about 1 mm under an infrared lamp. The crystals were 
attached to a quartz frame with Duco cement and had 
a 3-mil copper wire attached to the back-surface silver- 
painted electrode by means of a drop of silver paint. 
The front surface, on which the light beam would be 
incident, was the freshly cleaved surface. While still 
warm, the crystals were installed in the apparatus and 
the detector head was evacuated. For the photoemission 
spectral response curves, data were taken at each of 
many wavelengths, at each wavelength the external col- 
lector electrode being raised toa potential of +400 volts. 
The electrode on the back surface of the crystal was used 
as the sensitive lead to the electrometer and thus held 
essentially at ground potential. In order to make a 
measurement of the photoemission current, the light 
shutter was opened and left open until the galvanometer 
deflection had reached its maximum and paused momen- 
tarily before starting its decay as the crystal surface 
charged to the collector potential. Following this meas- 
urement, the electrometer grid lead was grounded and, 
by turning the crystal and its mounting frame out of the 
path of the beam, the light intensity was measured with 
the phosphor-coated photomultiplier. The external col- 
lector electrode was then grounded, the crystal was 
turned back into the beam and discharged photoelec- 
trically by electrons emitted from the electrode. This 
was done by reflecting from the crystal surface the di- 
verging beam from the central image of the entrance 
slit back onto the external electrode and thus collecting 
on the crystal electrons released by the metal. The exit 
slit was then closed and the whole set of measurements 
repeated at the same wavelength. Thus each datum 
point is the average of at least two consecutive readings. 
If two consecutive readings taken at the same wave- 
length differed by more than 20% from each other, more 
readings were taken until the estimated standard error 
of all readings taken at that point were 20% or less. The 
reasons for deviations of even this amount are not cer- 
tain, since when the dependence of the readings was 
checked at several wavelengths as a function of the 
collector voltage, the magnitudes of the currents were 
found to saturate at about 50 volts. Larger voltage 
merely kept the readings at their values for longer times, 
the crystal taking longer to charge up to the potential 
of the collector. Consistent with this was the fact that 
the decay of the signal was slower when the weak lines 
of the spectrum were used. The greatest fluctuations 
were observed for very small readings, on the order of 
10- amp, which represented the inherent noise level of 
the electrometer tube as used. 

Data on any given sample were taken by starting at 
low photon energies and working toward higher photon 
energies to minimize any effect through possible produc- 
tion of F-centers; successive runs on the same crystal 
duplicated within the errors of measurement, so no 
permanent effect of irradiation with the high-energy 
photons was observed. Data were corrected for scattered 
light in the manner previously described. Some runs on 


AMD 


HARTMAN 


KCl were taken with a CaF, filter in the beam, thus 
making the scattered light corrections less important in 
the region of low photon energies. Corrected data ob- 
tained with and without the filter agreed with each 
other within the errors of either method. 

In order to check the relative behavior of single crys- 
tals and evaporated films, some sample-holders were 
made up in which the crystal was replaced by a piece 
of nickel. The nickel was cleaned electrolytically, rinsed 
in distilled water and alcohol, and placed in the evapora- 
tor where it was outgassed for 30 minutes at about 
400°C by means of the nichrome heater placed directly 
behind it. After the nickel had cooled, approximately 
10 000 A of alkali halide was evaporated onto the front 
surface from powder contained in a heated tantalum 
boat. The powder was obtained by pulverizing scraps of 
Harshaw optical-quality crystals. The thickness of the 
evaporated films was judged during evaporation by 
watching interference fringes as they appeared on a glass 
slide placed near the nickel substrate. Following evapo- 
ration, the sample was again heated to 400°C to stabilize 
the film. After cooling, it was removed and transferred 
to the detector head. 

Continuous photoemission currents could be drawn 
from the evaporated films, since they were thin enough 
to have a reasonably high dark conductivity. It was 
found that with these films even the largest currents 
saturated with 10 volts on the external collector elec- 


trode, but data were taken with 223 volts on the collec- 


tor, to insure that all currents measured were saturated. 
Data were taken on three KCI crystals, one NaCl 


single crystal, one CsI single crystal, two evaporated 
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Fic. 4. External photoelectron yield curves for KI and CsI with 
comparison of curves obtained by Phillip and Taft. 
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films of NaCl, two of KCl, one of KI and three of LiF. 
Some data were also taken on a single crystal of LiF in 
a manner slightly different from the above. This crystal 
was fastened with Duco cement directly over the exit 
slot of the cylindrical electrode held at negative poten- 
tial and all openings around it sealed to prevent the 
escape of any electrons out into the detector head region 
from the surface on which the beam was incident. 
Photoelectrons leaving the surface from which the light 
beam emerged were collected by a nickel plate immedi- 
ately adjacent to this surface and grounded through the 
electrometer. These latter data were normalized to unit 
transmitted beam intensity. The measurements in this 
case were ballistic since steady-state currents were not 
obtained from the crystal. Thus the surface of the crystal 
had to be made negative following each measurement. 

The results on KI and CsI are not new, but it was 
thought worthwhile as a check on the work to make the 
measurements to compare with the results of Phillip and 
Taft.!® The agreement as indicated in Fig. 4, is seen to 
be reasonable. 

In spite of the questionable procedure of removing 
the thin films, after evaporation, from the vacuum to 
install in the detector head, the agreement between the 
results obtained from single crystals and evaporated 
films of NaCl and KCI is seen from Figs. 5 and 6 to be 
quite good, except for one evaporated film of NaCl 
which does not reach the usual high yield. However, 
this film had a more cloudy appearance than the others, 
which may have been a factor. 
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Fic. 5. External photoelectron yield curves for NaCl. 
16H. R. Phillip and E. A. Taft, J. Phys. Chem. Solids 1, 159 
(1956). 
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Fic. 6. External photoelectron yield curves for KCl. 


The ordinates of all these curves are actually adjusted 
by assuming that the photoelectric yield of gold reaches 
2X 107! electron per incident quantum at 12 ev and by 
using this point to calibrate the photomultiplier and 
phosphor. Such an assumption was possible using known 
data on nickel'® and making comparison measurements 
between nickel and gold. It leads to yields for CsI and 
KI which agree within a factor of two with the results 
of Taft and Phillip. 

The yield obtained from LiF is indicated in Fig. 7. 
Measurements for this were made on two films evapo- 
rated from tantalum boats, one onto a nickel base and 
the other onto gold. A third film was evaporated from 
a platinum boat onto a gold base because it was feared 
that the tantalum might be combining chemically with 
the LiF and affecting the results. (After evaporation 
from the tantalum boat, the latter was quite discolored. ) 
Since LiF is transparent for photon energies less than 
12.5 ev, and since nickel is an efficient photoemitter in 
this region, there could be some concern that the ap- 
parent yield in this region was because of the substrate. 
However, the films all behave similarly and one of them 
was 100 000 A thick, so it seems difficult to believe that 
the relatively high yield obtained in this region could 
possibly arise from the substrate. This would imply 
that the yield per absorbed quantum is 107! or greater 
in this region of the spectrum, since the absorption co- 
efficient of LiF at 1215 A is only about 1 cm”. The 
datum points at quantum energies greater than 14 ev 
were obtained with the helium discharge and are less 
precise for reasons explained earlier. 

16K. Watanabe and H. E. Hinterreger, J. Opt. Soc. Am. 43, 
604 (1953). 
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Fic. 7. External photoelectron yield curves for LiF. 


It was not considered necessary to correct the photo- 
electric yields of NaCl and KC! for the high reflectivity 
these substances show in the region of their absorptions. 
Although the reflectivities are quite high (as indicated 
in Fig. 12), they do not vary enough as a function of 
photon energy at room temperature to do more than 
move the photoelectric yield data up and down by 
quantities which are about of the order of the uncer- 
tainties in these points. Inspection of an unpublished 
reflectivity curve taken for LiF by J. R. Nelson leads to 
the same conclusion as regards the data for this material. 
If the photoelectric yield of LiF in the region of photon 
energies between 12 and 14 ev were corrected for re- 
flectivity, the structure in the yield curve would be but 
slightly enhanced. 

Some of the threshold energies for photoemission are 
given in Table I. The 8.3-ev threshold for NaCl and KCl 
will be seen to occur at a position in the reflectivity 
spectrum at 1490 A, or at the position of the slight knee 
on the high-energy side of the lowest energy peak in 
Fig. 12. Any real correspondence between the two might 


TABLE I. Threshold energies for photoemission. 


Salt Observer Threshold, ev 


Phillip and Taft 
Present work 
Phillip and Taft 
Present work 


Film KI 
Film KI 
Film CsI 


AND PL: 


Crystal CsI 
Crystal NaCl 
Film NaCl 
Crystal KCl 
Film KCl 
Film Li 


Present work 
Present work 
Present work 
Present work 
Present work 
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be better shown by taking photoemission data at liquid 
nitrogen temperature. This has not yet been done. 


ENERGY DISTRIBUTION OF THE 
PHOTOELECTRONS 


& The spherical collector and associated apparatus, 
which have been described earlier, were used to make 
retarding potential measurements on evaporated films 
of NaCl and KCI. Two samples of each substance were 
investigated, and all samples were similarly prepared. 

The nickel substrate was cleaned electrolytically, 
washed in alcohol, and outgassed for half an hour at 
450°C in the evaporator at a residual pressure of about 
10-* mm Hg. This was allowed to cool to room tempera- 
ture and the alkali halides, again obtained by powdering 
Harshaw single crystals, were evaporated from a tanta- 
lum boat, which had previously been outgassed and 
cleaned. The samples were then transferred to the mono- 
chromator, and, without admitting residual hydrogen 
gas from the lamp to the system, they were first annealed 
and stabilized by heating to 450°C for half an hour and 
allowed to cool to room temperature. Film thicknesses 
were between 10 000 and 20 000 A, estimated from the 
interference fringes formed on a glass slide coated at 
the same time as the nickel substrate. 

Retarding potential measurements were made as fol- 
lows: The appropriate line of the hydrogen spectrum 
was made incident on the film, and the current reaching 
the spherical collector electrode was measured with the 
vibrating reed electrometer as a function of the potential 
of the nickel, which was varied in steps of 0.05 volt. It 
was found that the currents reached a maximum and 
became constant for accelerating potentials greater than 
0.4 volt, except when the light intensity was too great. 
For example, when the 1215 A line was used at greatest 
intensity, it was found that the currents never saturated 
at voltages as great as 22} volts. The light intensity was 
therefore kept sufficiently low (by use of the weak dc 
“keep alive” lamp only) in all measurements so that 
this effect did not occur. It was concluded that the 
saturation was caused by the fact that the conductivity 
of the films was of the order of 10™ ohm™, so that 
currents of the order of 10-" amp and larger could cause 
appreciable potential drop through the films. Accord- 
ingly, the intensity of the light was adjusted so that the 
maximum currents taken from the films was of the order 
of 10- amp or less. This confirms the experience at the 
General Electric Research Laboratory on similar films.'” 
This restriction is not inconvenient, since the elec- 
trometer would detect 10~'° amp accurately, reproduci- 
bly and reasonably quickly. 

During the course of the measurements it was neces- 
sary to replace the nickel substrate, and although the 
second substrate was treated in the same way as the 
first, it was found that all subsequent retarding potential 


17 Private communication from L. Apker and members of his 
group. 
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curves were shifted so that the saturation voltage was 
now 1.1 volt instead of 0.4 volt. The retarding potentials 
at which the currents approached zero shifted by the 
same amount in the same direction. It was concluded 
that the effective work function of the nickel had in 
some manner been changed. 

In each series of measurements, the ratios //J, of all 
currents, /, to the maximum current Jo, were plotted as 
a function of the retarding collector potential relative to 
the emitter. The curves which showed the displaced 
saturation value were moved on the voltage axis to co- 
incide with the first set of measurements. In Figs. 8 and 
9, the solid triangles are data from the first sample 
studied, and the open circles are from the second sample 
studied. 

Because the data are fairly scattered, and because 
both samples were thought to be equally representative 
of the salt in question, a graphical average of the data 
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Fic. 8. Retarding potential curves for NaCl at four energies of 
irradiating photons. Currents J are normalized to the maximum 
current J» obtained at the corresponding photon energy. The bars 
through the helium line (21.2 ev) points reflect the uncertainty 
brought about by the lamp fluctuations occurring with the helium 
use. 


from the two different samples was taken for each pho- 
ton energy and the resulting curve was differentiated. 

The differentiated curves were integrated by Simp- 
son’s rule and the results were found to agree with the 
the initial curves within 2%. Because of this method of 
treatment of the data, no attempt was made to assign 
uncertainties to the points on the differentiated curves. 
The uncertainties in the points on the original curves 
are of the order of 2%, but in making the smooth graph- 
ical average curve, minor undulations in the differenti- 
ated curves were certainly introduced. Such variations 
do not, however, influence the main features of the elec- 
tron energy distribution curves, since we are primarily 
interested in the maximum energy of electrons emitted 
when the sample is irradiated with photons of a particu- 
lar energy, and the energy with which the majority of 
the photoelectrons emerge. 

Figures 10 and 11 show the number of electrons per 
incident light quantum per electron volt of kinetic 
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irradiating photons. Currents J are normalized to the maximum 
current J) obtained at the corresponding photon energy. The 
bars through the helium line (21.2 ev) points reflect the un- 
certainty brought about by the lamp fluctuations occuring with 
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energy plotted against the energy of the electrons from 
NaCl and KCI at four different photon energies. The 
“zero” of the high-energy tail of each of these curves 
actually corresponds more nearly to the maximum 
energy for about 99% of the electrons. For NaCl and 
KC! one finds the results summarized in Table IT. 

rhe results indicate that in both salts, most of the 
photoelectrons originate in a band of energy levels lying 
8.30.1 ev below the vacuum level. This conclusion is 
consistent with the spectral dependence of the photo- 
electric yield for these salts, if one assumes that the 
electrons are coming from the valence bands. This latter 
conclusion is necessary because it seems that only the 
valence band could be sufficiently densely populated to 
produce the high yields which are observed. 

It is to be noted that in the case of electrons ejected 
by the use of 21-ev photons, the majority of the elec- 
trons emerge with a very low energy. This behavior is 
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Fic. 10. Energy distributions of external electrons emitted from 
NaCl for four photon energies. The curves are obtained by differ 
entiation of curves in Fig. 8. 
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similar to that in Cs;Sb.'® One imagines that the elec- 
trons lose energy inelastically in emerging from the sur- 
face. For photon energies greater than twice the band 
gap, the concentration of electrons in the low-energy 
region will increase markedly at the expense of the con- 
centration in the high-energy region. 


DISCUSSION 


The data on the external photoemission yields and on 
the energy distributions of emitted electrons presented 
in the preceding are consistent with a valence band posi- 
tion about 8.3 electron volts below the vacuum level in 
both NaCl and KCl. While this figure is at some vari- 
ance with computed values of about 10.5 ev for the 
energy difference between the top of the Cl 3p band in 
these salts and the vacuum," it is of interest to attempt 
interpretation of the known reflectivity and absorption 
curves for these salts previously referred to.4 The room 
temperature reflectivities for both salts are replotted 
together as a function of photon energy in Fig. 12. 

Consider first KCI. One is inclined to call the dip in 
reflectivity following the low-energy peak, presumed to 
be due to exciton formation, as caused by just the varia- 


TABLE II. Photoemission results. 


Maximum electron 
Photon kinetic energy Difference 
energy (ev) (ev) 
NaCl KCl NaCl 


18 Apker, Taft, and Dickey, J. Opt. Soc. Am. 43, 78 (1953). 

 L. P. Howland, Quarterly Progress Report, Solid State and 
Molecular Theory Group, Massachusetts Institute of Technology, 
January 15, 1957 (unpublished). 

” F, Seitz, Modern Theory of Solids (McGraw-Hill Book Com 
pany, Inc., New York, 1940), pp. 441-447. 
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tion in the real part of the refractive index. If the effect 
of this is subtracted from the low-energy side of the 
second peak at 9.5 ev, the latter would have its rise 
moved to about 8.5 ev, roughly that where electron 
emission starts. The peak then occurs for that energy 
for which the product of the densities of states and their 
corresponding transition probabilities has its maximum. 
The energy at which the peak occurs is not to be taken 
as the gap width, now assumed to be 8.3 ev between 
valence band and the vacuum. The 1.5-ev difference 
between the high-energy foot of the peak and the onset 
of emission might then be interpreted as a possible width 
of the valence band. The third maximum in KCl at 
12.7 ev would go unidentified at the present time. 
Against this sort of interpretation, however, is the 
fact that the photoelectric emission curves show no 
structure after the onset of emission to correlate with 
any of these optical variations. Furthermore, in this 
view NaCl presents additional difficulty in that its re- 
flectivity shows no large sharp maximum within an elec- 
tron volt or so of the exciton peak as does KCI. One 
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Fic. 12. Room temperature reflectivity curves for NaC] 
and KC, plotted against incident photon energy. 


might argue that this shows the valence band to be so 
wide as to smear it out. But this does not seem consis- 
tent with the observed equal depths below the vacuum 
for the valence bands in each. In this connection it is of 
interest and perhaps not unrelated that some recent 
unpublished measurements made here of the absolute 
absorption constants of NaCl and KCl indicate that 
NaCl has four or five times the absorption of KCl. 

The fact that photoconductivity is not observed any- 
where over the spectral region investigated, one believes, 
is not because such transitions are not allowed, but 
rather that some particular phenomena associated with 
the very high absorption constants of the salts and hence 
excitation of free electrons very close to the surface, and 
perhaps an exceedingly short lifetime for the free carrier, 
is responsible for the conductivity not being found. 

In summary, probably the best that can be said at the 
present time, is that there is little correlation between 
the observed optical and electrical properties of NaCl 
and KCI and that clarification between them still awaits 
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some rather more subtle or refined and complicated 
techniques than have thus far been employed. 
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“Thin-Film” Experiment with Bulk Superconductors*} 


HANs MEISSNER AND RICHARD ZDANIS 
The Johns Hopkins University, Baltimore, Maryland 
(Received October 9, 1958) 


Hollow cylindrical samples of indium have been prepared by an extrusion process and equipped with both 
a center wire and a concentric tube. The critical current has been determined for the case in which the 
current passes through the sample and returns through the concentric tube. It has been found that this 
critical current is identical with that of solid samples. The same determination has been made for the case in 
which the current returns through the center wire. In this case the critical current is about 80 to 90% of 
that for solid samples. A field was produced by the center wire, the respective current returning through 
the concentric tube. The resistance of the sample was measured with a small measuring current, also returned 
through the concentric tube, as a function of the field produced by the center wire. The critical field thus 
determined depends on the value of the measuring current. These findings can be interpreted in the following 
way: If the magnetic field of the current through the center wire is dominating, the current in the sample 
will flow in a very thin layer at the outer surface of the sample. This constitutes a “thin film experiment” 
which does not require a thin metal film. The resistance measurements have been supplemented by measure- 


ments of the circular flux on a sample of larger size. 


I. INTRODUCTION 


N the course of the investigation of the paramagnetic 
effect in superconductors,'~’ it became apparent 
(see reference 7) that a number of differences between 
the present theory (see references 1 and 2) and the 
experimental results could be resolved if the mean value 
of the magnetic field between the superconducting 
domains would be different from the bulk critical field. 
A calculation of this field in the light of any of the 
existing theories of superconductivity*” requires a 

* Supported by a grant of the National Science Foundation. 

7A preliminary account was given in the Proceedings of the 
Fifth International Conference on Low-Temperature Physics and 
Chemistry, Madison, Wisconsin, 1957, edited by J. R. Dillinger 
(University of Wisconsin Press, Madison, 1958), Paper 9-5. 

‘Hans Meissner, Phys. Rev. 97, 1627 (1955). 

* Hans Meissner, Phys. Rev. 101, 31 (1956). 

3 Hans Meissner, Phys. Rev. 101, 1660 (1956). 

4 A. H. Fitch and Hans Meissner, Phys. Rev. 106, 733 (1957). 

5 Hans Meissner, Phys. Rev. 109, 668 (1958). 

6Hans Meissner and Richard Zdanis, Phys. Rev. 109, 681 
(1958). 

7 Hans Meissner, Phys. Rev. 109, 1479 (1958). 

8F. London, Superfluids (John Wiley and Sons, Inc., New 
York, 1950), Vol. 1. 

9M. v. Laue, Theory of Superconductivity (Academic Press, Inc., 
New York, 1952). 

0 V. L. Ginsburg, Abhandlungen aus der Sowjetphysik (Verlag 
Kultur and Fortschritt, Berlin, 1951), Vol. II, p. 135, also 
Fortschr. Physik 1, 169 and 333 (1950). 

11 A. B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953). 

12 Bardeen, Cooper, and Schrieffer, Phys. Rev. 108, 1175 (1957). 


knowledge of the size of the superconducting domains. 
The principles governing the size of the domains are 
unfortunately not yet known. Good fortune brought 
to the attention of the authors an arrangement which 
seems to be of interest in this connection. The arrange- 
ment consists of a sample in the shape of a hollow 
cylinder, provided with a wire through the center and 
a concentric tube (see Fig. 1). The current can be passed 
through the sample and returned either through the 
center wire (this connection is denoted as ‘‘wire’’) or 
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Fic. 1. Hollow cylindrical sample for 
resistance measurements. 











'8 We are indebted to Dr. D. A. Buck of the Lincoln Laboratory, 
Massachusetts Institute of Technology, for drawing our attention 
to arrangements of this type. 
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Fic. 2. Field distribution for “wire” connection (a) in the normal 
conducting state, (b) in the partially superconducting state. 


through the concentric tube (denoted as “‘tube’”’). The 
center wire can also be used to provide a magnetic 
field, the current returning through the concentric 
tube, while a small measuring current is passed through 
the sample and also returned through the concentric 
tube (this connection is denoted as ‘“‘field’’). 

In “tube” connections the conditions are similar to 
those of the usual observations of current transitions in 
wires (see references 3, 5, and 6). The magnetic field is a 
maximum at the outer surface, and the sample enters 
the mixed state when the field at the outer surface 
exceeds the critical value. 

In “wire” connections the magnetic field at the outer 
surface (or at least its mean value) is always zero. If 
the magnetic field exceeds the critical value at the 
inner surface a normal conducting core is formed, 
surrounded by a superconducting sheath (see Fig. 2). 
As the current is increased further the boundary 
between the core and the sheath gradually moves 
outward until it finally comes close to the outer surface. 
During this stage the current through the sample always 
flows resistanceless on the inside of the superconducting 
sheath, shielding it from the magnetic field. 

If the current is increased such that the boundary 
reaches the outer surface, the current transport ceases 
to be resistanceless. For still larger currents, part of the 
current has to go through the inner, normal conducting 
core, reducing the magnetic field produced by the 
center wire and maintaining its value at the current 
layer approximately equal to the critical field. 

In “‘field” connections (the measuring current kept in 
opposition to the current in the center wire), zero 
resistance is observed until the current in the center 
wire produces a field of critical value at the outer 
surface of the sample. If this value is exceeded, re- 
sistance appears and rises rapidly with increasing 
current in the center wire. Normal conductivity is 
reached when the total field at the surface, i.e., the field 
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produced by the center wire minus the field produced 
by the sample current (since the two are in opposition) 
exceeds the critical field. 

Also of interest is the case of various intermediate 
conditions where the sample current is returned 
partially through the center wire and partially through 
the concentric tube. The type of transition observed in 
this case apparently depends on the ratio of the currents 
through wire and tube. 

With a considerably larger sample, similar to the ones 
used in reference 3, it is possible to measure the circular 
flux. For the “tube” connection the flux measurements 
are identical with those of reference 3. With “wire” 
connection it is possible to show how the phase boundary 
moves outward with increasing current. 

Among the cases discussed, those in which the lowest 
value of the magnetic field in the sample cccurs at the 
outer surface are of special interest. It is certain in these 
cases that all superconducting domains must be in a 
thin sheath at the outer surface. This presents a much 
simpler problem than that of the paramagnetic effect, 
where the distribution of the superconducting domains 
has to be evaluated from the theory. If one can under- 
stand the factors governing the thickness and structure 
of the thin superconducting sheath, one can hope to 
obtain the knowledge necessary to estimate the size 
and shape of the superconducting domains in the 
paramagnetic effect and in the pure current transitions. 


II. EXPERIMENTAL ARRANGEMENT 
(a) Cryostat and Measuring Equipment 


The cryostat and the high current connections were 
the same as described in reference 3. The temperature 
was automatically held constant to within about a 
millidegree, as described in reference 5. The temperature 
was evaluated from the vapor pressure above the liquid, 
no correction being made for the hydrostatic pressure 
head. The earth’s magnetic field was compensated by a 


TaBLE I. Data on indium samples. 


Ro min! 
(Ro)av 
0.86 
0.85 
0.90 
0.93 
0.97 
0.65 
0.90 


O.d. I.d. 
(mm) (mm) (mm) 


1.49 le 46.5» 
1.94 18 39h 
1.94 le 39h 
3.04 1s 55.2" 
12.7 64 80 
1.94 16 54.8% 
1.94 le 46.25 


Rooc 
(milliohm) 


3.96 
1.49 
1.49 
0.738 
0.0588 
2.058 1.90 
1.816 2.42 


Sample Length 


104ro! 


2.54 
2.04 
2.04 
188 
109 
XVIII’ 
XIX?.! 


® Extruded as 1.94-mm o.d., 1-mm i.d. and then o.d. reduced by drawing 
on a steel mandrel. 

> Extruded. 

© Same sample as VII except center wire more accurately centered. 

4 Vacuum grown on a graphite core, sample contained a few large crystals 
and was electropolished. 

¢ Center wire in eccentric position (Ro min =0.635 mm). 

f Sample has longitudinal slot 0.15 mm wide. 

« Nominal diameter. 

» Length between potential taps. The samples themselves were about 
10 mm longer. 

‘ro is the residual resistance ratio. 

1 Ro min/(Ro)ay is a measure for the eccentricity of the center wire. 
Ro min is usually taken to be 0.1 mm smaller than (Ro)ay =4 0.d. 
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pair of Helmholtz coils to a value of less than 3X 10™ 
amp/cm. The measuring equipment, i.e., potentiometer, 
galvanometer and flux meter, was the same as described 
in references 3 and 5. It should be noted that the re- 
sistance was always measured by observing the deflec- 
tion of the galvanometer when a known current through 
the sample was reversed. For very small deflections of 
the fluxmeter a photoelectric reading device was used 
which is described elsewhere." 


(b) Samples 


The resistance measurements described in references 
5 and 6 indicated that indium, unlike tin, gives good 
results in extruded form as well as in the form of a single 
crystal. This fact encouraged us to use hollow samples 
extruded from 99.97% pure indium of the Indium 
Corporation of America for the resistance measurements 
of this investigation. They were not electrolytically 
polished, since this would have been possible only for 
the outer surface, thus creating an artificial difference 
between the inner and outer surface. The discussion 
will show, however, that the inner surface is hardly of 
importance, and that an electrolytic polish, even if 
possible only for the outer surface, might have been 
desirable. The center wire in these samples was an 
0.8-mm lead (Pb) wire which was insulated with vinylite 
lacquer. Since lead is superconducting under the condi- 
tions prevailing, no heat is developed in the center 
wire. The lacquer layer was made thick enough so that 
the center wire fits snugly into the hole of the sample. 
It is estimated that the axis of wire and sample usually 
coincided within 0.1 mm. The potential leads were 
attached with indium-tin solder at about 5 mm from 
the ends of the sample. The current leads (from lead) 
were soldered to the ends of the sample. Since the 
potential taps are at a distance of 2-3 diameters from 
the ends and since no longitudinal magnetic fields were 
used, it is assumed that the measurements on these 
samples are relatively free from disturbances by the 
ends. For a sketch of the mounted sample, see Fig. 1. 
The samples were mounted vertically allowing free 
access of the liquid helium. One sample (No. XVIII) 
had a center wire which was purposely placed in a very 
eccentric position in order to check the effects of mis- 
alignment of the center wire. Another sample (No. 
XIX) was provided with a longitudinal slot so that no 
doubly connected superconducting domains could be 
formed. All other data will be found in Table I. The 
sample No. XIV for the flux measurements was 
vacuum grown on a graphite core which was removed 
later, as with the tin samples in reference 3. Both the 
inside and outside of this sample were electrolytically 
polished by the method described in reference 6. The 
current and potential leads were attached as shown in 
Fig. 2 of reference 3. A toroidal search coil was wound 
around this sample with a total of 554 turns of No. 40 


14 Hans Meissner, Am. J. Phys. 25, 639 (1957). 
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Fic. 3. Dependence of the resistance ratio r on the magnetic 
field H yo for sample No. X, for “tube” connection (top), “wire” 
connection (center), and “field” connection (bottom), 


wire. The center wire consisted of a brass tube of 7g-in. 
i.d., 3-in. o.d. which was filled with lead. The degree of 
filling was checked by weighing, insuring at least the 
absence of larger bubbles. The center wire was centered 
to within 0.2 mm by insulating spiders machined on a 
lathe. All other data can be found in Table I. 


III. RESISTANCE MEASUREMENTS WITH 
CURRENT RETURN THROUGH 
CONCENTRIC TUBE 


The upper part of Fig. 3 shows a plot of the resistance 
ratio r=R(I,T)/R(0,0°C) as function of the field 
H .o=I1/2rRy for the sample No. X (3.04-mm o.d., 
1-mm i.d.) for two temperatures and “‘tube”’ connection. 
(Ir is the current returned through the tube and Ro the 
outer radius of the sample.) This plot has to be com- 
pared with Fig. 4 of reference 5 or Fig. 2 of reference 6, 
which show similar plots for solid samples. One can 
see that the resistance rises abruptly if H go exceeds the 
critical field. Figure 4 shows a plot of the critical 
field H, derived from resistance measurements with 
“tube” connection on most of the hollow samples. It 
gives a critical temperature of 3.400+0.005°K and an 
initial slope of (dH ./dT)1r,.= —118 amp/cm°K = — 14.85 
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Fic. 4. Critical field curve as derived from measurements 
with “tube” connection. 


oe/°K. The small difference between this curve and the 
one found for solid samples in reference 6 is probably 
due to the fact that the temperatures were not 
corrected for hydrostatic pressure head. This especially 
seems to affect the initial slope which depends on the 
accuracy of small temperature differences. 

At the critical field the resistance ratio attains a 
value r,. Experimentally it has been found that for solid 
samples r, is always larger than 0.5r,, the theoretical 
value. (See references 5 and 6, 7, is the resistance ratio 
in the normal conducting state.) Table II shows the 
values of r, and r,/r, found for the various samples. 
r, has been corrected for the variation of the resistivity 
with temperature, but not for its variation with the 
magnetic field, since the latter variation was less than 
1%. The table also lists the values of p;, the ratio of the 
inner radius R; to the outer radius Ro of the sample and 
the average of r./r, for each value of p;. One can see 
that r./r, clearly depends on p;. This dependence can 
be understood in the following way: the sample is in a 
mixed state similar to that shown in reference 1, Fig. 5. 


TABLE II. Values of r./r, for hollow samples. 


Sample Temp 
No. (°K) 
3.355 

3.314 


10*r, Ye Tn 


0.60 
0.61 
0.61 
0.45 
0.45 
0.67" 
0.41 
0.47 
0.53 
0.49 
0.45 
0.44 
0.46 
0.45 
0.29 
0.30 


pi=Ri/Ro (re/1rn) ay 


0.33 0.61 


naw 


0.50 0.46 


0.50 


one eu 


.o) 


0.50 


~ ~IbO 


Sr wWE ede ep pe 


uv 


— ee a ee ee ee ee 


0.50 
0.73 
0.86 
0.87 


0.67 0.30 


«® Smeared transition curve, value discarded in average. 
b Average over all measurements with pi =0.5. 
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As in the discussion of the circular flux there, we will 
assume that the bulk of the sample is in the same state 
as a solid cylinder would be at the same temperature, 
subject to the same current. Since we are not interested 
in a superimposed longitudinal magnetic field H.0, we 
will now refer to the simpler treatment by London 
(reference 8, p. 120), rather than to references 1 and 2. 
We will further restrict ourselves to the case where the 
magnetic field at the surface is just equal to H,, that is 
no normal conducting sheath has been formed yet. 

The current density depends on the radius R, as in 
reference 8, p. 121, Eq. (1): 


JI pea SR. (1) 


(We use the rationalized mks system. H is the mean 
magnetic field averaged over the normal conducting 
regions.) The current through the bulk of the material 


is therefore 
Ro 
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Fic. 5. Dependence of r,/rn on 1—p,*. For a solid sample of 
comparable diameter r,/r, has a value of r./r,=0.72. Dashed 
curve according to Eq. (7). 


In addition there is a layer current of magnitude 
I,=2nRH., (3) 


at the inner surface which brings the magnetic field 
from H=O on one side to H=H, on the other side of 
the surface. According to our assumptions the current 
is just critical, which gives [similar to reference 8, 
p. 122, Eq. (3)] for the critical value of the mean 
electric field E., 


0,Ese=H/Ro. (4) 
Defining the critical resistance per unit length by 
2.= F/I, (5) 


where J, is the sum of J; and J», and observing that the 
resistance per unit length in the normal conducting 
state is given by 


2,=[onr(Re—R?) }’, (6) 
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one finds!® 


t¢/tn=NQ/Qn=3(RE—R?)/RP=3(1—p2). (7) 


Figure 5 shows a plot of r./rn vs 1—p,?. It can be seen 
that the experimental points do not follow the straight 
line given by Eq. (7). Complete agreement was not 
quite to be expected, since for a solid indium sample 
(p:=0) of comparable diameter it has been found that 
r./t,=0.72 rather than 0.5 (see reference 6). The 
experimental points indeed join this value rather 
smoothly. 

IV. RESISTANCE MEASUREMENTS WITH CURRENT 
RETURN THROUGH CENTER WIRE 

The middle part of Fig. 3 shows a plot of the resist- 
ance ratio r as a function of the magnetic field H yo 
=J],,/2rRy which the current through the center wire 
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Fic. 6. Dependence of r/r, on 1—J,’/I for sample No. VIII in 
“wire” connection. Each curve has been displaced to the right by 
an amount of 1—/,’/7,,»=0.2. Dashed curves have a slope of unity. 
The small temperature variation of 7, (about 2.5%) has been 
neglected. 


alone would produce at a radius Ro. The value of p; for 
this sample is p;=0.33. The field which the center wire 
produces at the inner surface of the sample is ac- 
cordingly 3H yo. One can see that the first appearance 
of the resistance occurs at values of H go somewhat 
smaller than H, (defined by the break in the r vs H go 
curve in the “tube” connection) but not as low at 3H.. 
The latter fact is in agreement with the discussion in 
the introduction (see also Fig. 2). 

The details of the transition follow from the require- 
ment that for /,,.>2rRoH, an electric field EZ, is set up 
sufficient to pass enough current through the normal 
conducting core to always keep the magnetic field at Ro 
down to H.. This electric field is apparently given by 

Ro 


2rRoH.=1, -{ a, 2tRadR. 


Rj 


(8) 


18 A conflicting statement made in the discussion in reference 3 
is wrong, 


EXPERIMENT 


TABLE III. Constants for Eq. (10a). 


Sample 


Temp 
No. (°K 


K) a Ie'/Ie 

0.84+0.02 
0.81+0.01 
0.75+0.08 
0.80+0.01 
0.83+0.01 
0.80+0.01 
0.82+0.01 
0.84+0.02 
0.85+0.04 
0.83+0.03 
0.83+0.04 
0.82+0.02 
0.97+0.10 
0.97+0.04 
0.89+0.01 
0.89+0.01 
0.65+0.05 
0.69+0.05 
0.89+0.02 
0.92+0.02 


Ro min/(Ro)ay 
VII 3.314 
3.228 
3.360 
3.355 
3.314 
3.283 
3.231 
3.228 
3.174 
3.355 
3.314 
3.284 
3.370 
3.348 
3.237 
3.068 
3.355 
K BY KY. 
3.356 
3.232 


0.38+0.04 
0.42+0.06 
0.16+0.30 
0.29+0.02 
0.25+0.08 
0.11+0.15 
0.35+0.10 
0.27+0.05 
0.33+0.05 
0.11+0.10 
0.14+0.03 
0.24+0.22 
0.0 +0.63 
0.08+0.06 
0.16+0.08 
0.08+0.04 
0.80+0.2 

0.65+0.1 

0.17+0.02 
0.05+0.02 


0.85 


Vill 0.90 


Observing that the normal resistance per unit length is 
given by Eq. (6), and defining the resistance per unit 
length in the intermediate state by 


(9) 
we find 
(10) 
with 


I ,=2nRoH.. (11) 


Comparison between Fig. 3 and Eq. (10) shows that the 
rise of resistance starts at a current /,’<2rR)H.. 
Plotting r/r, as a function of 1—J,’/I gives in Fig. 6 
curves with a slope larger than unity. The linear portion 
of the curves can be represented by an equation of the 
type 


r/tr=2/Qn= (Ata) (1—T!/Tw). (10a) 


Table III lists the values of a and the values of J,’/J, 
for all curves measured. It should be mentioned that /, 
was usually determined by measuring curves with 
“tube” connection before and after other curves at this 
temperature were measured. Any error, made in the 
evaluation of the temperature, therefore, cannot 
influence the ratios J,’/J,. The constancy of the 
temperature was usually so good that 7, was reproduced 
to better than 1%. 

If the center wire is in a slightly eccentric position, 
the boundary between the superconducting sheath and 
the normal core reaches the outer surface at a current 
T=2rRo minfl., where Ro min is the smallest distance 
between the center of the center wire and the outer 
surface of the sample. For comparison with the values 
of I.’/I,, the estimated values of Ro min/(Ro)w are also 
listed in Table III. 

The outstanding result of the measurements with 
“wire” connection is the reduction of critical current 
and field from the usual values J, and H, to 7,’ and 
H.’ (the latter is defined in a way similar to Eq. (11) ]. 
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Fic. 7. Dependence of the magnetic field 1.’ on the inside of 
the current sheath on J,,//.’ for samples No. VIII, X, and XVIII, 
and “wire” connection. 


Such a reduction actually is to be expected for the 
current transition of thin films (see reference 9, p. 115). 
On the other hand, one might suspect that the reduction 
is caused by an eccentric position of the center wire. 
Considering the electrodynamics only, one would come 
to the conclusion that an eccentric position causes an 
increase in the critical current since the magnetic field 
of an eccentric wire at the surface is lower on one side 
of the sample than that of a well-centered wire. This 
side should stay superconducting to larger currents 
than in the ideal case.'® Small changes in the accuracy 
of the position of the center wire seemed indeed to 
confirm this point of view. In order to further check the 
effect of eccentricity, sample No. XVIII was prepared 
with a completely eccentric center wire (see Table I). 
This sample showed a very marked further decrease in the 
critical current for “wire” connection (see Table III). 
Moreover Table III shows that the values of J,’//, are 
quite close to the estimated values of Ro min/(Ro)a. It 
seems that the first resistance appears as soon as the 
boundary between the superconducting sheath and the 
normal material reaches the surface of the sample on 
one side.t At this point the superconducting sheath 
ceases to be doubly connected. 

Sample No. XIX was made up with a well-centered 
center wire and provided with a longitudinal slot 
0.15 mm wide so that the superconducting sheath 
would never be doubly connected.” As Table III shows, 
there was no reduction in the critical current beyond 
that of other well-centered samples. 

At the critical current J,’ the field at the inside of the 
current layer is about 85% of H.. At larger currents it 
decreases further. This reduction can be calculated 
from the data. Assuming ¢, to remain unchanged, one 
obtains from Eqs. (6), (8), and (9) 


H | = (Iw/2eRo) (1—Q/Q,). (12) 

16 This point of view was taken at the time of the Fifth Inter- 
national Conference on Low-Temperature Physics and Chemistry, 
Madison, Wisconsin, 1957. 

t Note added in proof—See also J. W. Bremer and V. L. New- 
house, Phys. Rev. Letters 1, 282 (1958). 

17The authors are indebted to Professor Max Dresden for 
suggesting this modification. 


AND &. 


ZDANIS 


Figure 7, a plot of H.’/H, vs I./I.' for the samples 
No. VIII, X, and XVIII, shows the reduction in H,’ at 
larger currents. The curve for sample No. VIII shows 
the largest reduction found for any of the curves of 
well-centered samples. Sample XVIII, however, gives 
still lower values. The curve for sample X is more 
typical, in magnitude of the change as well as the 
occurrence of a “bump” close to J,’. This “bump” 
arises from deviations of the data from a straight line 
in Fig. 6. These deviations are visible in all but the 
3.355°K curve for sample VIII. The values of H.’/H. 
are extremely sensitive to such deviations. Equation 
(10a) and Eq. (12) give for H.'/H.: 


H! ey eh 
chia eg OT (13) 


H, . false 


Although the data seem to fit Eq. (10a) reasonably 
well, the values of H.’/H, calculated from the data 
show a dependence as given by Eq. (12) only in a very 
approximate way. 

It should be noted that the curves of H,’/H, vs 
I.,/I,/ are rather independent of the temperature. 

It is also possible to calculate the radius R, at which 
the field in the sample is just critical. This radius 
increases as Jy is increased. For sample No. VIII and 
T =3.355°K, the radius R, is 0.243 mm smaller than Ro 
at I~=I,', while at I»=6.75 I,’ the radius R, is only 
0.049 mm smaller than Ro. This is not in contradiction 
to the values of H,’, since at large values of J,,/7,’ the 
derivative dH/dR at R= Ry becomes very large. 

As long as magnetoresistance can be neglected, there 
is no reason to suppose that the effective conductivity 
should be less than o,. If the core would not be com- 
pletely normal conducting the effective conductivity 
would be larger than ¢, and more current would go 
through the core. This leads to still lower values of H,’. 
The actual values of H.’ therefore can never be larger 
than those shown in Fig. 7. The layer current, of course, 
decreases with H,’. 


V. RESISTANCE MEASUREMENTS WITH A 
CIRCULAR FIELD PROVIDED BY 
THE CENTER WIRE 


It was suspected that the reduction of the critical 
current for the “wire” connection was due to the cur- 
rent through the current sheath and that one would ob- 
serve the bulk critical field if a small measuring current 
was used. The center wire was used to provide the mag- 
netic field, this current returning through the concentric 
tube. The measuring current was passed through the 
sample such as to reduce the magnetic field produced by 
the center wire and also returned through the concentric 
tube. It turned out that a noticeable reduction of the 
critical field occurred even at measuring currents smaller 
than one ampere. This made these measurements very 
difficult, since the potential differences were frequently 
of the order of 10-* volt. Therefore the error limits are 
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considerably larger than those of the other measure- 
ments. The bottom part of Fig. 3 shows plots of the 
resistance ratio as function of the field H go provided by 
the current in the center wire. The critical fields of 
these measurements are indeed in between those for the 
‘‘wire” connection and those for the “tube” connection. 
(Only in one of the measurements with the eccentric 
sample, No. XVIII, has a critical field larger than that 
for ‘‘tube” connection been observed.) As mentioned 
above, 7, has been determined for each temperature 
before and after all these curves were measured, 
insuring freedom from inaccuracies in the determination 
of the temperature. 

One might expect that the value of H.’/H. depends 
on the surface density of the layer current, that is on 
I,/d, where J, is the sample current and d the diameter 
of the sample. (Note that the division by 7 has not 
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Fic. 8. Dependence of the critical field H,’ on the inside of the 
current sheath on the surface density of the current in the sheath. 
Note that the division by 7 has not been carried out in the 
values shown on the abscissa. 


been carried out.) Figure 8, where H.’/H., is plotted vs 
I,/d, shows that the curves thus obtained seem to be 
independent of the temperature but vary from sample 
to sample. For the samples No. X and VIII the curves 
seem to approach a value of H,’/H.=1 at low values of 
the surface density of the current; however, this is not 
so certain for sample XVI. It should be noted that this 
sample has a wall thickness of only 0.25 mm. 

The last points at the right of Fig. 8 are points 
obtained from the “‘wire” connection, that is the case 
where the measuring current just equals the field 
current. The respective values of J,/d have been 
marked on the figure. 

Attempts have been made to fit the curves of Fig. 8 
(with proper normalization) into the gap between 
I,,/I./=1 and I,,/I,’=0 of Fig. 7. It appears that they 
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Fic. 9. Dependence of r/r, on (Jw—J,')/I, for various values of 
the measuring current 7,. The curves have been displaced by 
amounts of (J~—J,’)/I,=1. The dashed curves have a slope of 
unity. 


do not join the curves of Fig. 7 smoothly. A reason for 
this behavior might be that, except for the point at 
I./I-’=1, there is always an electric field for all points 
of Fig. 7 but not for the points of Fig. 8. 

It is of some interest to consider the details of the 
transitions in “field” connection. Following the treat- 
ment in the last section, one will conclude that the 
resistance starts appearing if R,=/,,/2rH, reaches the 
value R.= Ro. Part of the sample current J, will then 
flow through the normal conducting core, reducing the 
magnetic field to H, at the inside of the current layer. 
The necessary electric field will be given by Eq. (8). 
However, the resistance per unit length is now 
defined by 


Q= E,/I,. (14) 


Using this definition, we find 
¥/¢,20/0,=(1,—1,)/T 
which is valid for 7.<<1y<1-+/,. 


Figure 9 shows a plot of r/r, as a function of 
(I—1.')/I, for sample No. X, where 7,’ is the point 
of the first appearance of the resistance. Contrary to the 
“wire” connection (see Fig. 6) the actual slope is now 
smaller than that given by Eq. (15), even when J, is 
replaced by J,’. The slopes of the experimental curves 
decrease with decreasing measuring currents. 

It seems that for this discrepancy an explanation can 
be found similar to that offered in reference 7 for the 
extension of field transitions to fields H>#H,. The inner 
core of the sample is subject to a rather strong magnetic 
field. Thin superconducting filaments can persist to 
some degree in external fields larger than H/, if they are 
not subject to sizable current. Increase of the measuring 
current (but still keeping its contribution small com- 
pared to the field of the center wire) makes the transi- 
tions sharper, more closely approaching the ideal 
conditions of Eq. (15). 

Mathematically one can take the presence of the 
filaments into account by assuming an apparent 
conductivity o’ larger than the normal conductivity o, 
for the core. The first rather than the latter should be 
used in the integral of Eq. (8). This leads to 


r T.= [on (a’ \w (Tu ia I.)/Is; 


(15) 


(15a) 
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Fic. 10. Intermediate 
state of a hollow cylin- 
der if part of the current 
is returned through the 
center wire and part 
through the concentric 
tube. The shaded areas 
give the density of 
the superconducting do- 
mains but not neces- 
sarily their shape. 
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where (o’) is a suitable average since the apparent 
conductivity would probably still depend on the radius. 

The following picture emerges from these considera- 
tions. At the first appearance of resistance in the 
transitions with “field” connection, there seem to be 
thin superconducting filaments embedded in a normal 
conducting matrix. The density of these filaments in- 
creases toward the surface of the sample. It becomes 
questionable whether, under these conditions H,’ still 
can be considered as the critical field of a thin, current- 
carrying, superconducting film. 


VI. TRANSITIONS WITH CONSTANT RATIO OF THE 
CURRENTS PASSED THROUGH CENTER 
WIRE AND CONCENTRIC TUBE 


Measurements of this type have been performed only 
with samples No. VII and No. VIII and were later 
abandoned since they did not seem to contribute 
anything to the knowledge of the fundamentals. How- 
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Fic. 11. Dependence of the resistance ratio r on the value of the 
“tube” current Jr for various ratios of J/J7. Measured points 
were omitted for clarity. 
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ever, the few data which were obtained will briefly be 
communicated here to complete the picture. 

The part J, of the current which returns through the 
center wire cannot cause resistance unless it exceeds a 
value of 2xRyH.. The same also holds for the part Jr 
which returns through the concentric tube. A mixed 
state, similar to that of a solid wire subject to a current 
is set up only if J,,./77<1. If this is the case, the sample 
will have the structure shown in Fig. 10. A normal con- 
ducting core caused by the magnetic field of the center 
wire extends from the inner radius R; to a radius R,. 
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Fic. 12. Dependence of the resistance ratio r and the normalized 
flux @/@, on the circular magnetic field H go for “tube” and for 
“wire” connection. Sample XIV. 


From R, to a radius R* will be a mixed state. The mean 
magnetic induction at the radius R, as well as at the 
radius R* will be equal to uoH, but will be in opposite 
directions at the two radii. One can follow the calcula- 
tion given above in Sec. III, Eqs. (1)—(7), closely, 
properly modifying the boundary conditions. 

It is intersting to note that a total current of almost 
27. can be passed through the sample without causing 
resistance if it is arranged that 7,.=TJ7r. 

The curve /,,/77=1 in Fig. 11 shows something very 
striking. Theoretically it should not have the “‘tail.”’ As 
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shown in Sec. IV above, the effective critical fields 
H.’ for the “wire” connection are smaller than those 
for the “tube” connection. The effective value of I,./Ir 
of the curve /,,/Jr=1 is therefore larger than 1. This 
curve therefore represents in a way a simultaneous 
measurement of both critical fields. 


VII. MEASUREMENTS OF THE CIRCULAR FLUX 
WITH CURRENT RETURN THROUGH 
CONCENTRIC TUBE 


The two upper diagrams of Fig. 12 show plots of the 
resistance ratio r and of the normalized circular flux 
©/®, (®,=flux in normal conducting state at same 
current) as function of the circular magnetic field 
H oo for “tube” connection. /, has been measured 
with a flux meter as described in reference 3, making 
corrections for the leakage flux similar to those in 
Eq. (7) of reference 3. 

The flux curve as well as the resistance curve rises 
rather abruptly at a critical field, r to a value r, and 
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Fic. 13. Dependence of the normalized flux @/@, on the tempera- 
ture for various currents in “tube” connection. Sample XIV. 


#/, to a maximum, which we will denote, as earlier, 
by King. 

The measurements shown are at temperatures about 
30 and 52 millidegrees below the critical temperature of 
indium. In order to have values comparable to those of 
reference 3, measurements still closer to the critical 
temperature were desirable. It was decided to cover this 
range by measuring the flux as function of the tempera- 
ture for fixed current as in reference 3. These measure- 
ments are shown in Fig. 13. 

The curves at 2, 3, and 5 amperes were measured by 
reading the fluxmeter with telescope and scale at 5 
meters distance. At 1 ampere the deflection in the 
normal conducting state would have been only 27 mm, 
and in the fully superconducting state 12 mm. Therefore 
use was made of the photoelectric reading device 
mentioned above (see reference 14), which is capable of 
measuring deflections of 1 mm at 1 meter distance with 
an accuracy of about 2%. As above, the flux was 
measured by observing the deflection for reversal of the 
magnetic field. This procedure insures freedom due to 
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Fic. 14. Dependence of the maximum value Km ¢ of &/®, on the 
value of H yo. Sample XIV. The abscissa could also have been 
labeled H, since the maximum value of #/#, occurs at H yo=H.. 
“Tube” connection. 


errors caused by “creeping” of the fluxmeter. However, 
occasionally the “creeping” went out of the range of the 
reading device, necessitating readjustment. The latter 
interfered with the pressure reading and gave rise to the 
scatter of the points on the 1-ampere curve of Fig. 13. 
The value of &/@,, however, should be rather accurate. 

Figure 14 shows a plot of Km, vs H go which should be 
compared with Figs. 5 and 6 of reference 3. As in Fig. 5 
and 6 of reference 3, the value of Km, drops off sharply 
at low values of the current, i.e., very close to T.. The 
new measurements seem to indicate that Km, ap- 
proaches a value of Kmy=1 at H o=0, ie., at T=T.. 
Reasons for this departure at low values of H go have 
been discussed in reference 7. 

Figure 14 shows, moreover, that the two temperatures 
used in the measurements of Fig. 12 are at the “‘plateau” 
and that therefore the measurements of Fig. 12 should 
be free from anomalies due to the closeness of T,. 


VIII. MEASUREMENTS OF THE CIRCULAR FLUX 
WITH CURRENT RETURN THROUGH 
CENTER WIRE 


The two lower diagrams of Fig. 12 show plots of the 
resistance ratio r and of the normalized circular flux 
@/®,, as function of the circular magnetic field H go for 
“wire” connection. Flux appears in the sample at about 
a fraction p; of the value H. of the magnetic field H go 
at which the resistance reappears. For this sample there 
is very little reduction of the critical field for ‘“wire”’ 
connection compared to that of “tube” connection. 
Theoretically the flux in ‘wire’ connection should 
appear at a fraction, p; of the critical field for “tube” 
connection, rather than that of ‘‘wire’ connection. The 
measurements slightly favor the theoretical expectation 
but are not decisive on that point. 

The details of the increase of the flux with increasing 
current can be understood in the following way. 

The field distribution in the normal conducting 
sample is given by 


Hoo {Ro R 
Hon=— (—-—). (16) 
1—p2?\R_ Ro 
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Fic. 15. Dependence of the normalized flux on the In(H go/p://.). 
“Wire” connection, sample XIV. Dashed curve according to 
Eq. (22). 


This gives for the normal flux per unit length 


®, 1 

— =R¢- ee In | (17) 
HoH oo i-—p? o 2 
In the partially superconducting state there is a 


normal conducting core (see Fig. 2) in which the field 
is given by 


H,=HR/R with H,>H.. (18) 


This core extends to a radius R, given by 


R.=RoH oo, ni, (19) 


Outside of this core the material is fully superconducting 
and shielded from the field by a layer current at R.. 

The flux per unit length in the partially super- 
conducting state is therefore 


®/pyoH go= Ro In(R./Ri)= Ro In(A o/piH-). (20) 


Equation (20) should be valid for H y,o<H, or at least 
for H «< H.’, where H.’ is the reduced critical field for 
“wire” connection. If H 40 exceeds this value the current 
transport is no longer resistanceless, part of the current 
goes through the normal conducting core and the 
normalized flux decreases again, approaching unity for 
infinitely large currents. 
We find therefore for the range R;< R.< Ro 


’ In(H0/ pil) 


o, [1/(1—p2)] In(1/p,)—4 
For sample No. XIV_we have p;=} and 


©/&, =2.36 In(H oo/}H.). (22) 


Figure 15 shows the normalized flux plotted as function 
of In(H ¢0/p:H1.). H. has been taken from the measure- 
ments with “tube” connection. The data obey Eq. (18) 
very accurately for the larger part of the transition. 
However, they start deviating before R, reaches a 
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value R,=Rp. From the point of the departure at 
In(H ¢0/p:H1-)=0.49 one finds, using Eq. (19), R-=5.18 
mm, which is 1.18 mm smaller than Ro= 6.36 mm. This 
is a very large difference. One might try to explain it 
with deviations from the theoretical field distributing 
near the ends of the sample. However, such deviations 
would have to be very large and really should be visible 
also at lower values of R. where the agreement between 
theory and experiment is perfect. 


IX. CONCLUSIONS 


This investigation has opened a new and interesting 
field of superconductivity. The major features of the 
experiments can be explained by the theory presented 
above. Just as in the current transitions in wires and in 
the paramagnetic effect, there are small but significant 
differences between the measured data and the theory. 
Part of the differences may be due to imperfect geometry, 
while part of the differences are due to the structure of 
the superconducting layer at the surface of the sample. 
The major interest rests in these latter differences, 
since they may enable one to obtain knowledge about 
the structure of this layer. 

While the flux measurements are somewhat question- 
able due to unavoidable disturbances at the ends, the 
resistance measurements on the thinner samples should 
be free from such effects, since the potential taps were 
well removed from the ends of the sample. Previous 
experience with extruded indium wires together with 
the sharp transitions observed for “‘tube’”’ connection 
and the low values of the residual resistance seem to 
indicate a good quality of the samples. The only 
difficulty which arises in the interpretation of the re- 
sults is the question of the effects of an eccentric position 
of the center wire. At first sight this seems to complicate 
matters very much. Nevertheless a few conclusions can 
be drawn: Since the slotted sample (No. XTX) does not 
exhibit any further decrease of the critical currents J,’ 
(for “‘wire” connection), one can conclude that it is not 
the change from a doubly connected superconducting 
sheath to a singly connected domain which causes the 
reduction of J,’ when the center wire is in an eccentric 
position. 

So far the effects of surface energy have been left out 
of all the discussions above. If one takes the surface 
energy into account one will expect that the thin 
superconducting film will coagulate just as a thin water 
film on a nonwetting surface coagulates into droplets. 
Just as the vapor pressure of water droplets is smaller 
than that of a plane water surface, the critical field (H.’) 
of the coagulated superconducting domains will be 
smaller than that of the (almost) plane boundary of 
bulk conductors. Both of these statements are in agree- 
ment with the experimental results, although they do 
not receive very strong support. 

One further conclusion can be drawn: So far almost 
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all determinations of critical currents for thin films!*-* 
are in disagreement (an exception is reference 20) with 
the theoretically expected temperature dependences 
[see reference 9, p. 114, Eq. (18-11); reference 10, 
p. 183, Eq. (4.38); and reference 22, Eq. (2) ]. In the 
theoretical calculations it has not been taken into 
account that the transition might go via a domain 
structure. (For very thin films the transition usually 
proceeds almost instantaneously from complete super- 
conductivity to complete normal conductivity; see, 
however, reference 23.) Such a coagulation into a 
domain structure (and subsequent complete break- 
down of superconductivity) might completely change 

18 A. L. Shalnikov, Nature 142, 74 (1938). 

oe L. Shalnikov, J. Exptl. Theoret. Phys. (U.S.S.R.) 10, 630 
; »W. F. Brucksch, Jr., and W. T. Ziegler, Phys. Rev. 62, 348 
COUN: E, Alekseevski and M. N. Mikheeva, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 31, 951 (1956) [Soviet Phys. JETP 4, 810 
(1956). ] 

22L. A. Feigin and A. I. Shalnikov, Doklady Akad. Nauk 


S.S.S.R. 108, 823 (1956) [Soviet Phys. Doklady 1, 375 (1957)]. 
*8W. Buckel and R. Hilsch, Z. Physik 149, 1 (1957). 


PHYSICAL REVIEW VOLUME 


$43, 


EXPERIMENT 1445 
the criteria to be applied for the breakdown of 
superconductivity. 

It should be noted that von Laue (see reference 9) 
and Ginsburg (see reference 10) apply different criteria 
for the breakdown of superconductivity under the 
influence of an externally supplied current. von Laue’s 
treatment (as well as our simple “droplet’”’ model above) 
is objectionable because the transition is treated by 
equilibrium thermodynamics while the thermodynamics 
of irreversible processes should be used. The treatment 
by Ginsburg seems to be free of such an objection. Both 
von Laue and Ginsburg use a local theory of supercon- 
ductivity, while it is now certain that a nonlocal theory 
is necessary to properly describe superconductivity."” 
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A theory is given for the influence of substitutional solutes on 
self-diffusion in the face-centered cubic lattice. The theory is 
limited to cases in which the concentration of solute is low enough 
so that only one solute atom at a time can interact with a given 
tracer atom. 

Two different kinds of approximation are employed, one in 
which the processes of association and dissociation of vacancies 
and solute atoms do not themselves contribute to transport, and 
one in which they do but the frequency of exchange between 
solute and vacancy is considered to be infinite. 

From data on the diffusion coefficient of the solute as well as 
on the self-diffusion coefficient in its dependence on solute con- 
centration the ratio of the frequency with which a vacancy 


1. INTRODUCTION 
NUMBER of investigations dealing with the 
influence of solutes on self-diffusion in silver have 
recently been published.'~* Although the experimental 
work is very thorough no truly detailed theoretical 
analysis of the data has been given. The present article 
represents an attempt to supply such an analysis. 
~1R. E. Hoffman and D. Turnbull, J. Appl. Phys. 23, 1409 
(1952). 
2 Hoffman, Turnbull, and Hart, Acta Met. 3, 417 (1955). 
3 Hart, Hoffman, and Turnbull, Acta Met. 5, 74 (1957). 
4R. E. Hoffman, Acta Met. 6, 95 (1958). 
5 FE. Sonder, Phys. Rev. 100, 1662 (1955). 
® Nachtrieb, Petit, and Wehrenberg, J. Chem. Phys. 26, 106 
(1957). 


exchanges with a solute atom to that with which it exchanges 
with a host atom in the first coordination shell of a solute can be 
estimated. This ratio appears to lie between 0.1 and 0.5 for 
solutes in silver which increase self-diffusion and for which ex 
perimental data are available. 

An analysis is given which shows that a good estimate of the 
influence of a given solute on self-diffusion can be made when 
only the diffusion coefficient of that solute is known. 

Finally the effect which Pd in silver has on the self-diffusion 
coefficient (Pd reduces the self-diffusion coefficient) is calculated 
on the basis of the theory. Agreement between theory and experi 
ment is satisfactory. 


Our investigation will be concerned with the more or 
less correlated motion of three /attice particles: 


) a tracer atom isotopic to the host lattice ; 
) 


(1 
(2) asolute atom occupying a substitutional position 
in the lattice; 


(3) a lattice vacancy. 


It will be assumed that the diffusion of both the 
tracer and the solute involves a vacancy mechanism. 
In general the vacancy will exhibit different perferences 
for different sites, e.g., in the neighborhood of a solute 
atom or otherwise and we shall eventually treat the 
general situation. However, the problem is very 
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X- DIRECTION 
Fic. 1. Cell indicating tracer (filled circle) in face-centered 
cubic lattice and its first shell of coordinated sites. The important 
directions are numbered. 


complex and it is better to begin with the simplest case. 
Therefore our inquiry will be limited at first to the 
circumstance in which the vacancy exhibits so great a 
preference for a site adjacent to a solute atom that 
for all intents and purposes it may be regarded as per- 
manently bound to the solute. Furthermore we shall 
assume that every solute has a vacancy. This means 
that the concentration of vacancies just equals the con- 
centration of solute atoms. 

With these restrictions we shall really deal with the 
correlated motion of but two lattice particles; tracer 
atoms and solute-vacancy complexes, the latter facili- 
tating not only its own motion but the motion of the 
tracer as well. 


2. APPLICATION OF LIDIARD’S METHOD 


The problem will be attacked using an extension of a 
method devised by Lidiard’ for the study of the cor- 
related motion of solute atoms and vacancies. The 
discussion will be facilitated by reference to Figs. 1 
and 2. Figure 1 shows a tracer atom (filled circle) on a 
site in a face-centered cubic lattice surrounded by its 
first coordination shell of twelve nearest neighbor sites 
(open circles). Various directions leading to different 
nearest neighbors are identified by numbers running 
from 1 to 6. Although not shown, the reverse of each 
direction will be specified by the negative of the corre- 
sponding number. The x direction is seen to lie along 
the [100] axis of the crystal and without loss of gener- 
ality we can choose the x axis to pass through the 
tracer atom. The interval a is also clearly shown in 
Fig. 1. 

Figure 2 illustrates certain important configurations 
of tracer atoms and solute vacancy complexes. Tracers 
are again represented by filled circles while vacancies 
are symbolized by squares and solute atoms by x’s. 


7A. B. Lidiard, Phil. Mag. 46, 1218 (1955). 
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Figure 2(a) depicts a configuration which can facilitate 
the motion of the tracer, for here the tracer can exchange 
with the vacancy without requiring the latter to dis- 
sociate from the solute; a process which for the time 
being is forbidden by hypothesis. The configuration 
illustrated in Fig. 2(b) cannot promote movement of 
the tracer since the vacancy does not occupy a position 
adjacent to the former. However, it will prove im- 
portant in our development because it is the precursor 
of a configuration which can promote tracer diffusion. 
Thus the vacancy can move to a position adjacent to 
the tracer without dissociating from the solute. 

If in Fig. 2(b) the vacancy and solute atom are 
interchanged, the vacancy would then be adjacent to 
the tracer but the resulting configuration would still be 
unable to cause motion of the tracer. In this case, place 
exchange between the tracer and vacancy would require 
dissociation of the complex. Nevertheless, the con- 
figuration in question is still of interest because by 
place exchange between the solute and vacancy the 
arrangement shown in Fig. 2(a) is achieved and this 
can be the precursor of a configuration which can 
promote motion. 

The symbolism V;,¢ and S»,, appearing in Fig. 2 
requires explanation. We adopt the convention that any 
configuration which places the vacancy on one of the 
twelve nearest neighbor sites is described by V with 
certain subscripts, while a configuration which places 
the solute (but not the vacancy) on a nearest neighbor 
site is described by S with certain subscripts. (Note 
that a configuration having both the solute atom and 
vacancy on nearest neighbor sites has the symbol V.) 
The subscripts refer in order to the directions traversed 
in going from the tracer to the vacancy to the solute 


























Fic. 2. Drawings showing two configurations required for the 
discussion of correlation in the bound vacancy problem. Tracers 
are represented by filled circles, vacancies by squares, and solute 
atoms by X’s, 
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in case of V configurations and from the tracer to the 
solute to the vacancy in the case of S configurations. 
The directions are specified in Fig. 1. 

Thus it is obvious why the configuration in Fig. 2(a) 
is V;,¢ while in Fig. 2(b) it is So,;. Notice that inversion 
through the center of symmetry at the tracer produces 
the configuration described by merely taking the nega- 
tives of the subscripts in the original. Thus inversion 
of Vi,¢ through the center of symmetry would produce 
V_1,—6. Similarly inversion, say of V2, would produce 
V_2,6. 

In the preceding discussion two different elementary 
processes have been mentioned. These are: 

(1) An exchange between a tracer and a vacancy 
both of which lie in the first coordination shell of a 
solute atom. The frequency with which this process 
occurs will be denoted by wr. Notice that wr may be, 
and probably is, different from the frequency w which 
characterizes an exchange between a tracer and vacancy 
when both particles are far from a solute atom. The 
frequency w determines the self-diffusion coefficient in 
the absence of solute. 

(2) An exchange between a solute atom and its 
bound vacancy. The frequency associated with this 
process will be denoted by ws. 

We have seen that certain configurations such as 
Vi, are able to facilitate the motion of tracer atoms. It 
is, therefore, obvious that the flux of tracers depends in 
some way upon the probabilities of occurrence of the 
relevant configurations. In fact it is not difficult to see 
that if all the probabilities were known, the flux and 
hence the diffusion coefficient of the tracer could be 
computed by multiplying each by the corresponding 
frequency with which the configuration it pertains to is 
able to promote tracer motion, and summing the 
separate contributions. If it were imagined that in the 
neighborhood of a diffusing tracer the solute-vacancy 
complexes were randomly distributed, the computation 
of the required probabilities would be greatly simplified. 
In this circumstance, each probability would be simply 
proportional to the known uniform concentration of 
complexes. 

Unfortunately the assumption of randomness is 
invalid in view of correlation. To understand this effect 
consider configuration V;,, in Fig. 2(a) and V_3,6¢, its 
mirror image (not shown) in the plane normal to the 
x axis. If it is assumed that the concentration gradient 
lies along the x axis, so that the flow of tracer is in the 
positive x direction, then V_3,¢ may be referred to as 
an “upstream” configuration, while Vi,¢ is a “down- 
stream” configuration. One method by which V_2¢ 
could have arisen is to have had the tracer originally 
in the position occupied by the vacancy in V_3,5 and 
to have had place exchange between the two. In this 
way the tracer would have jumped in the downstream 
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direction. On the other hand, V;,. could have occurred 
because the tracer was originally at the site of the 
vacancy and exchanged places with the latter by jump- 
ing upstream. Since the concentration gradient lies in 
the downstream direction, at any instant, more tracers 
will have jumped downstream to produce V_;,. than 
upstream to produce V;,.. As a result, the chance of find- 
ing V_;,¢ will be greater than the chance of finding V1, ¢. 
If these chances had been computed from considerations 
of randomness, they would have appeared equal. 

It is evident that the exact computation of the 
required probabilities must be a fairly difficult task in 
view of the several different ways in which a given 
configuration can be produced, and the over-all inter- 
action of many configurations resulting from this fact. 
Nevertheless, progress can be made by use of the 
method introduced by Lidiard,’ which we are now in a 
position to describe. 

We begin by formulating the flux /(x) associated 
with a single lattice site located at x. In accomplishing 
this, it is necessary to compute the net flux to the site 
at x (for example the one shown in Fig. 1) from all 
contributing sites at x—a, as well as the net flow from 
the site at x to all receiving sites at x+a, and to average 
the two fluxes so obtained. In what follows, the symbol 
which has been used to denote a configuration will also 
be used to designate its probability. For example, 
V1,6(x) indicates the probability of finding configuration 
Vi,6 with its tracer located on a site in the plane at x. 
Similarly, Vi,6(a+a) stands for the chance of finding 
the same configuration shifted a distance @ in the 
positive x direction, i.e., with its tracer in the plane at 
x+a. No confusion should result from this usage. 

Speaking of V;,¢ it contributes a component w7V ;, 6(*) 
to the flow from x to x+a. Inspection reveals that there 
are seven other configurations V2,—6, V1,-5, V4,—s, Va,—«, 
V3,-6 and V»2_, which contribute to the flow from x to 
x+a and which are symmetrical to V;,¢ in respect to 
the x axis. Because of this symmetry, the entire con- 
tribution of the class can be represented by 8w7V1,¢. In 
addition, there are 8 mutually symmetric configurations 
of the type V1,_4 which contribute to the flow from x to 
x+a. Thus we obtain another component 8w7V1,~4. 
Further inspection will show that V_;,-. centered at 
x+a and 7 of its symmetrically equivalent counterparts 
promote flow from x+<a to x. These yield a component 
—8wrV_1,-6(~+a). Inspection also reveals another 
component —8wrV_,4. Thus the net flow between x 


and «+a is 


8wr{ Viet V; "Tae V. 1, s(x+a)— V. 1,4(x+a)}. (2.1) 


An exactly similar analysis yields the net flow 
between x—a and x. This is 


(2.2) 


8wr{ Vi,6(x—a)+ Vi, s(x—a)—V % e—V 1,4}. 
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The average of (2.1) and (2.2) is j(x): 


j(x) =4er} 20Vi1,6— V1.6 J4+20Vi1,-4— V-a, 4] 


0 0 
=a [VietV 1, s|—a [Vi, atV wal. (2.3) 
Ox Ox 


In deriving (2.3), not only have (2.1) and (2.2) been 
added and divided by 2, but the functions with argu- 
ments x+a and x—a have been expanded in a Taylor’s 
series and the linear terms retained. Since 7(x) is the 
flux per site, to get the flux density J(x), it must be 
multiplied by the number of sites per unit area in the 
plane normal to the x direction. This number is 1/2a’. 
Thus 

2w7 
: 20Vi,6— V-1,-6 J4+2(Vi,-4— V1.4] 
a 


0 : 0 
—a—[Vis=V 1 s|—a -[V; wt V 1.4] x (2.4) 
Ox Ox 


In (2.4) terms like [Vi,6— V_1,—6 jinvolving differences 
represent the effects of correlation. Under the condition 
of pure randomness, V;,¢ and V_;,-5 would be equal by 
symmetry and such terms would vanish. However, 
since correlation exists, they do not vanish and in fact 
they reduce the flow expressed by (2.4). 

Further progress depends upon the evaluation of 
V1.6, V-1,—6, Vi,-4, and V_,,4. This can be accomplished 
only by a detailed formulation of the over-all kinetics 
of the process. Consider, for example, the equation for 
the rate of change with time of V;,¢. Configuration V1, ¢ 
can be made from V2,_. through an exchange of solute 
and vacancy at the frequency ws. Thus, in the expres- 
sion for the rate of change of V;,6(x) with time, we 
must include the term wsV»2,-.6(x). By symmetry, 
V2-s=Vi,6, so that it is possible to write the contri- 
bution as wsVi,6(x). Vi,6(x) can also be produced from 
Vs,4(x), but at the frequency wr. Also, it can be 
produced from $1, 2(x), Si,3(x), and V_1,2(*+a) at the 
frequency wr. It can be destroyed by the inverse 
processes. Thus the expression must also include the 
term —[ws+4wr ]Vi,6(x). Collecting all these terms 
and writing V_s,2(x+a) as V_1,4(x+a) by symmetry, 
we have 


OVi« ‘At=wsVi1,6t+rlV5,4+S1,24+S1, ; 
++ V-. 1,4(x+a) ]—[wst4or |V i, 6, (2.5) 


where ¢ stands for time. 

All in all, 30 simultaneous equations can be written 
for 30 arbitrarily chosen independent V and S variables. 
These are derived by methods analogous to those used 
for obtaining (2.5), and are listed below. 
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OSs, 1/dt=wsV5,1 +071 Ss,-6+ Vi,4+S5,54+55, 1] 


—6S5,1, 


/dt=wsV_s,-1+-w7[S_5,6+ V-1,4 


+S_5,-5+S_s,-1]—0S_s,-1, 
A=wsVi, stwrLS1,24+$1,14+V 5,4 
+S),—-3]—OS1,5, 


»/dt=wsV_1, stor S—1,-2+ S-1,-1 


i V_s,-s+S_1,3 ]—OS_1,-5, 


3/Ot=wsVi,-3torlV5,4+51,54+51,5 


+ V5, + ]—OS;, —8) 


q ‘dl=wsV_ iatwrl V_s,44S- 1,—5 


+ S$_1,-st+V_s,-4]—A@S_1,3, 


»/Ot=wsS1,2+w7[ Vi, 2+ (3/12) pV s] 


—O6V 1,2, 


2o/dt=wsS_1, otwrl Vii ot (3/12) p.N's | 


—OV_1,-2, 


At=wsV1, 1470S), 5+51,24+51,54+51,2] 


—OS\.1, 
0t=wsV_1. itwrls 1.—6T 9-1-2 
+ $_) 5+S$_1, » |—0S "Dane 


3/ 0l=wsS1. 3+ wl Vi. 3+ V1, 3 


+ (2/12)p.N s]—OV 1,3, 


3/ 0tL=wsS_1, storlV 1,—3t+ V_1,-3 


+ (2/12) p:N s]—0V_1,-s, 


Ot=wsVi,6twrl Vs,4+S1,2+S1,5 


+ V_1.4(x+a) ]—O0V 1,6, 
dl=wsV_1, stwr[ V_s ~«t+S-1 
+S§ 1. -3+ Vi,-4(x—a) ]—0V 1, —6) 
A=wsV5,storlVi,-st+Ss,-6+S5,1 
+V 1,-6(x+a) ]—OVj, 4y 


/dt=wsV_5,~st+or[V_1,4+S—s,6+S_s,-1 


+ Vi6(x—a@) ]—OV_1,4, 
dt=wsVi,-atorlV1,64+S1,5 
+$1,-3+Vs,4]—OV5,4, 
dt=wsV_1, trl V_1,-6+S_1,-s 
+ S_1,3+V_s,~4]—O0V_s,—4, 


o/Ot=wsV1,o+wr[ Vi, 6+S1, 3+51, 5451, | 


—OSi, 2, 


o/ dt=wsV_1,-2t+-wrl V_1,-6+ S_1,-3+ S-1,- 


+S_ 1,-1 ]—OS_1,-2, 


3/Ot=wsV 1, st+orlVi1,64+S1,24+S1, 2+ Vie] 


—6S}, 35 


3/0t=wsV_1,-3t+wr[ V_1,6+S_1,-2 


+S_1,-2+ V_1,-6J—0S—1,—2, 
dt=wsS5 itewrlVi,s+ (3, ‘12)p:N 5] 
—6V51, 
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OV_5,-1/dt=wsS_5,-1+wr[ Vis 
+ (3/12) p:N 5 |—OV_s, ty 


OV 1,5/8l=wsS1,5+wr[ V5,1+ (3/12) piN's ] 
—OVi5, 
OV_;,-5/0t=wsS_1,-st+wr[ V_5,-1 
+ (3/12) p:N's |—0V * 
OV; _3/dt=wsS1. stor V5,6+(2/12)piN's 
+V5,6]—0V;, 
OV _1, 3/0t=wsS_1, 3t+wrlV—s,-6+ (2/12) piN's 
+V. 5,6 ]—OV 1, 35 
AV, 1/0t=wgS1, 1 +7[ (4/12) p:.N s ]—OV 1,1, 
OV_1,-1/01=wsS_1,-14+7[ (4/12) p.N s ]—OV_1,-1. 


In the fore yoing ec uations we have used 
£ Db | 
6=wst4ur. (2.7) 


At this point, it is important to mention that the 
Lidiard technique considers correlation between nearest 
neighbors only. Thus a solute-vacancy complex, neither 
end of which is on one of the bearest neighbor sites 
shown in Fig. 1, would be regarded as completely un- 
correlated with the tracer. The error committed by 
neglecting such second order correlations is not large 
and has been investigated by Lidiard.’ 

Even so, the number of correlated V and S con- 
figurations totals 216, as inspection will reveal. Of 
these 216 variables, we notice that only 30 appear in 
Eqs. (2.6). These 30 are the collection of operands of 
the operator 0/d¢ in (2.6). The reduction has been 
possible through considerations of symmetry of the 
sort applied to (2.5). Even so, we would have been 
left with a set of variables which included V5,_¢, V_s, 6, 
V5.6, V—s,-6, Ss,5, Vs,5, etc., corresponding to con- 
figurations lying entirely in the plane perpendicular to 
x, ie., perpendicular to the concentration gradient. 
These variables do not appear in Eqs. (2.6). The reason 
is that the set included is closed and sufficient for the 
computation of the V’s which appear in (2.5). In any 
event, Vs,-5 and V_5,6, lying normal to the gradient, 
would not be subject to correlation effects, and so, 
besides being calculable from considerations of random- 
ness, would be equal to one another. The same can be 
said about other pairs of mutual images by inversion 
through the center of symmetry which lie in the plane 
normal to x. 

It is instructive to compute V5.5 say, assuming 
complete randomness. To do this we denote the atom 
fraction of “independent” tracer atoms by p;. By 
“independent” tracers we mean those, none of whose 
12 nearest neighbor sites are occupied by either a 
vacancy or solute atom. Then part of the probability 
of V5,- is accounted for by the product of the chance 
that the central site is occupied by an independent 
tracer and the chance that the next nearest neighbor 
in the sequence of directions 5 and —6 is occupied by 
a solute atom. If the atom fraction of solute is Ns, then 
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this product is p:Vs. Now the vacancy associated with 
the solute atom in question can occupy at random any 
of the 12 nearest neighbor sites to the solute. But in 
V;,-6 only that site which is nearest to the tracer in 
the direction 5 from the latter can be occupied. There- 
fore, the chance of getting the correct configuration is 
obtained by reducing p;N 5 by 1/12. 

Vs,-6= piNs/12. (2.8) 

The appearance of p:Ns/12 multiplied by various 
small integers in (2.6) has its origin in this type of 
argument. It represents the probability or probabilities 
of uncorrelated configurations. These are uncorrelated 
either because they lie in the 5,6 plane, like V5,_¢ above, 
or because they are arrangements in which the solute- 
vacancy complex does not occupy a nearest neighbor 
site to the tracer. 

Following Lidiard, we expand the variables which 
contain «+a and x—a as arguments in (2.6) and set 
the time derivative on the left of each equation equal 
to zero.’ We then subtract the equations in pairs, 
subtracting from a given equation the one corresponding 
to what is obtained by inverting each of its variables 
through the center of symmetry. Thus the equation 
for V_i,-» is subtracted from the one for V1,5. In the 
end, the following set of 15 equations in the 15 unknowns 
A, B, C, etc., is obtained: 

A+B+C—D-—4E=—a(aD*/dx), 
(44+7)B—C—E—-G—ylI-—J=0, 
2B—(4+-y)C+2E+yK=0, 
yA—(3+7)D—E+F=—a(dk*/dx), 
(3+y7)A—yD—E-—-G—H=0, 
D—(3+y)F+yL=0, 
A+ B—(4+7)G+H+J+yM =0, 
2A+2G— (4+7)H+yN =0, 
yB— (3+y)l=0, 
2B+2G— (4+y7)J+yP=0, 
yC—(2+y7)K=0, 
yF—(4+7)L+M=0, 
yG+L—(4+y7)M=0, 
yH— (4+7)N=0, 
yJ — (4+7)P=0, 
T=V1,2—-V_1,2, 
Jia Bes~ Bids 
K=V1,3— V1, 


A= Veu— V 5, —4y 
B=S}\,2— S_1,~2, 
C=S}, s— 5. i, 8; 
D=V,,_-«4— V_1,4, L=V,,1—V-s,-1, 
E=V,6—V-1,-6, M=Vi,5—V-1,-5, 
F=S5,1—S. 5,—1) N=V ; 1, 35 
G=S,,5—S-_1,-5, 
H=S,,-3—S-1,3, 
8 This is possible because we can always assume that steady 
state diffusion is occurring and that the diffusion coefficient 


possesses only second-order dependence on whether diffusion is 
steady or time-dependent. Lidiard’ elaborates on this point. 


(2.10) 





1450 


and 
Y=Ws/W7, (2.11) 

while 
D*¥= Vex st Lr 


E*=VietV ee * (2.12) 


From (2.10) it is evident that the variables without 
asterisks are the differences between the probabilities 
corresponding to configurations related by inversion 
through the center of symmetry while from (2.12) it is 
clear that the variables with asterisks involve the sums. 
The 30 sums and differences so obtained represent a 
transformation of variables which is particularly conven- 
ient, for it is easy to show by writing down the equation 
for 0p,/ dt, in addition to (2.6), that when all time deriva- 
tives are set equal to zero, the 15 quantities with 
asterisks (the sums) can be assigned their proper values. 
This leaves only the differences, so that from 216 vari- 
ables initially, the problem is reduced to one involving 
15, i.e., the ones listed in (2.10). 

The rule for a sum is that its value is that which 
would be obtained if each component term, e.g., V1,-4 
and V_;,4 in D*, were evaluated on the assumption of 
randomness. Thus, by the argument leading to (2.8), 
we find 


Vi = V_i4=piNs/11, (2.13) 


assuming, of course, complete randomness. This time 
the product p,N 5 is divided by 11 rather than 12 as in 
(2.8). The reason is that in the V;,_4 configuration one 
of the 12 neighbors to the solute atom is already 
occupied by a tracer atom so that the vacancy only has 
11 positions to choose from. 

Of course, due to correlation neither V4 or V_i,4 
is given by (2.13) but their sum is still given by twice 
the quantity at the right of (2.13). Thus 


D*¥=V,u44 V. 14=2piN s 11. (2.14) 


By similar reasoning one can show that 
E*= Viet V. oo 6=2p:Ns/11. 


Both (2.14) and (2.15) can be used in (2.5) and (2.9). 

The set (2.9), can be solved for D and E, which, 
along with D* and E*, are required for use in (2.5). 
This is best accomplished by using determinantal 
methods. However, since fifteenth order determinants 
are involved, it is desirable to have the assistance of a 
large computer. 

In view of the fact that only adD*/dx and adE*/dx 
appear on the right of (2.9), and that these derivatives 
are both equal, according to (2.14) and (2.15), to the 
same quantity as follows: 
oD* ak* 

—=q—-= 
Ox Ox 11 ox 


(2.15) 


2aN 5 Op, 


a (2.16) 


the sum D+£E must have the form 
2aN 5s Op; 

D+E=——_Q(y)—, 

11 Ox 
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where Q(y) is some constant depending on y which is 
derived from the proper solution of (2.9). Substituting 
(2.16) and (2.17) into (2.5), after taking notice of the 
definitions of D, E, D*, and E* in terms of the V’s, 
leads to the expression 


SwrN ap, 
J=—-——[1-(7) }—. 
lla Ox 


(2.18) 


Until now, only configurations involving at the most 
one solute-vacancy complex have been considered. This 
restriction is valid only when the solid solution is dilute 
in respect to solute, so that the chance of a given tracer 
interacting simultaneously with more than one solute 
atom is small. We are therefore computing the limiting 
dependence of the self-diffusion coefficient on solute 
concentration when the latter goes to zero. 

If the solid solution is dilute with respect to solute, 
then we expect that p;, the chance of finding an 
independent tracer on a site at x, is substantially the 
same as p, the chance of finding avy tracer at x. In the 
first approximation, 


pi= p(1—13Ns), 


which shows that p;= p for small Ns. The origin of 
(2.19) is simple. Each solute, together with its first 
coordination shell, occupies 13 sites. By definition, 
independent tracers are excluded from these sites. If 
the fraction of solute atoms is Vs, then the fraction of 
sites inaccessible to independent tracers must be 13s. 
The fraction of sites available is (1—13Ns). As a 
result, p; is reduced from p by the factor (1—13N5s), 
which explains (2.19), 

To convert from probability p to concentration c of 
tracer, p must be multiplied by the number of sites per 
cubic centimeter. For the face-centered cubic lattice 
this is 1/2a* so that 


(2.19) 


p=2are. (2.20) 


Substitution of (2.20) into (2.19) and the latter into 
(2.18) yields 


l6wra*.\ 5 dc 
J=—-————(1-13N s)[1-Q(y)}-, (2.21) 
11 Ox 


from which it is apparent that D, the diffusion coef- 
ficient of the tracer, is 


1 6w7a2N S 


D —(1—13Ns)[1-Q(y)]. (2.22) 
1 


Now 22(y) can be evaluated as a function of y by the 
solution of the set of Eqs. (2.9). We have done this for 
various values of y using determinantal methods and 
the IBM 704 computer installation at Bell Laboratories. 
If the term 1—13 5 is taken to be unity, one can list 
values of h(y)=D(y)/wra?N s. Table I consists of such 
a listing. As expected, we see that when ws=0, i.e., 
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when y=0, then D=0. For very small values of 7, i.e., 
for wswr, it is physically reasonable to expect ws to 
be the rate-controlling frequency, so that 


D/@?N s=Ksws, (2.23) 
where Kg is a constant. Dividing both sides of (2.23) 
by wr yields 

D(y)/wraN s=K sy. (2.24) 


Comparing (2.24) with the data for small y in Table I 


reveals that 


3 + 6.60. (2.25) 


Thus, for wsX<wr, 


D=6.60 wsa*Ns, y small. (2.26) 

When wrws, i.e., for large values of y, it is expected 
that wr will be rate controlling. Under these circum- 
stances 


D/@N s= Krwr. (2.27) 
Comparison with Table I for large values of y shows 
that 
Kr ~0.744, (2.28) 

so that 

D=0.744 wra* Ns, ¥ large. (2.29) 
3. COMPUTATION OF D WHEN ONLY THE 

DIFFUSION COEFFICIENT OF THE 
SOLUTE IS KNOWN 


The computation of D according to Table I pre- 
supposes a knowledge of y as well as wr. This prompts 
us to seek other measurable variables which are them- 
selves functions of y and wr (or ws and wr). At least 


TABLE I. Dependence of /(y) upon ¥.* 

h(y) =D(7)/wra®N g 
0.6173 
0.6241 
0.6301 
0.6355 
0.6404 
0.6448 
0.6488 
0.6525 
0.6559 
0.6590 
0.6810 
0.6937 
0.7021 
0.7159 
0.7209 
0.7386 
0.7410 
0.7432 
0.7435 
0.7437 
0.7442 


y =ws/wr h(y) =D(y)/or@N 5 
0.00 .10 
0.0000659 .20 
0.000654 30 
0.00648 40 
0.01282 50 
0.01905 .60 
0.02513 70 
0.03109 80 
0.03693 90 
0.04828 2.00 
0.0592 3.00 
0.1491 4.00 
0.2142 5.00 
0.2845 8.00 
0.3197 10.00 
0.4267 50.00 
0.4828 100.00 
0.5184 1000.00 
0.5437 10 000.00 
0.5628 100 000.00 
0.5780 1 000 000.00 
0.5903 

0.6007 

0.6096 


Y =WS8/wy7 


0.0001 
0.001 
0.002 
0.003 
0.004 
0.005 
0.006 
0.008 
0.01 
0.03 
0.05 
0.08 
0.10 
0.20 
0.30 
0.40 
0.50 
0.60 
0.70 
0.80 
0.90 
1.00 


® Note added in proof.—It has come to the author's attention that Com- 
paan and Haven [Trans. Faraday Soc. 52, 786 (1956)] have in effect 
evaluated h(y) for several values of y by a different method. Their technique 
involved analog computation and the results are in agreement with those 


in Table I. 
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Fic. 3. Plot of the tracer diffusion coefficient against y cal- 
culated on the basis of various approximations. Curve 1 shows 
the true curve, curve 2 corresponds to the assumption y= ©, 
curve 3 to y=0, and curve 4 to y=1. 


two independent variables will be necessary. One such 
variable is the diffusion coefficient Ds of the solute, 
which Lidiard’ has shown to be (for the case of bound 
vacancies in the face-centered cubic lattice) 


af wswr a / wry 
3 Wstw7 3 1+y¥ 


Since other easily measurable variables are difficult to 
find, it is of interest to see how far one can go using 
knowledge of Ds and some broad assumption con- 
cerning y. The hope is that over wide ranges of y, D 
will depend primarily on Dg, and on y only in a 
secondary fashion. 

Three modes of procedure are suggested : 

(1) Assume that wrwg(y>>1) so that wr becomes 
the rate-controlling frequency. Then according to (3.1) 
we have a frequency 


(3.1) 


wr’ = 3D5/a’, (3.2) 
where we use w7’ instead of wr to indicate that wr’ is 
a formal frequency obtained on the basis of the assump- 
tion that wr«ws. Only if the assumption is known to 
be true can we equate wr’ with wr. On the basis of the 
same assumption, we are forced to use (2.29) with w7’ 
substituted for wr. The final result is then 


D=2.23 NsDs= Dz, (3.3) 


where Dz is used for D in the current approximation. 

The question arises as to how much error is intro- 
duced by the indiscriminate use of (3.3) without con- 
cern for the real value of y. An answer can be given as 
follows. By substituting Ds(y) from (3.1) into (3.2), the 
dependence of wr’ on y can be expressed : 


wr’ = [y /(1+-+) Jwr. 


Substituting w,’ in this form into (2.29), we obtain D, 


(3.4) 
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Fic. 4. Curves showing the factors of error inherent in the 
approximations according to which the curves of Fig. 3 were 
computed. 
expressed in terms of wr and y rather than Ds as in 
3) 

D2(y)/wra’N s=0.744 y/(1+7). 3.5 


rhus using (3.5) and Table I, De/wra*N xs can be com- 
pared with the true value of D/wra*N 5 for all values 
of y. Curves 1 and 2 of Fig. 3 are plots of D/wra*N s 
and D2/wra*N s against y. It should be noted that over 
quite a range of y the disparity between the two is not 
great. This question will be discussed more quanti- 
tatively in connection with Fig. 4. 

(2) Assume that wswr (yK1) so that ws becomes 
the rate-controlling factor. Now (3.1) suggests the 
introduction of the formal frequency 


Ww 5! = 3Ds a’, 


(3.6) 


and this substituted now into (3.26) rather than (2.29) 
gives, in place of (3.3), 


? 


D=19.8 NsDs=D;, (3.7) 


where D; indicates D in this approximation. As the 
counterpart of (3.5), we obtain by the same method 


D3(y)/wra?N s= 6.60 y/(1+7). 3.8 
his ratio is plotted as curve 3 in Fig. 3. 

(3) A third assumption which can be made is ws=w7 
(y=1). With this assumption, (3.1) suggests the 
formal frequency 

wry = ODs e". (3.9 
Furthermore, according to Table I, for y=1, 


D=0.610 wra2N sx. (3.10) 


Substituting w7’ from (3.9) for wr in (3.10) gives us 
D= 3.06 NsDs=D,, (3.11) 
where D, stands for D in this new approximation. The 
counterpart of (3.5) and (3.8) is 
D,/wra?N s= 1.22 y/(1+7). 
This plotted in Fig. 3 as curve 4. 
In order to display the errors possible in the three 
approximations just introduced, we have plotted the 


ratios D/Ds, D3/D, Ds/D for y>1, and D/D, for y<1 
in Fig. 4. The particular form of the ratio (whether D 
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appears in the numerator or the denominator) is chosen 
so that numbers greater than unity will be involved, 
giving the factor of error directly. The ratios are 
obtained from Fig. 3 by taking the ratios of ordinates 
at the same value of y. 

A heavy line shows the low limit of error possible by 
assuming that one of the three approximations is valid, 
and selecting that one which comes closest to experi- 
mental result. Thus we see that the error is maximized 
at y=0.15, but only over a narrow range, and even here 
it is only about a factor of 2. Over most of the range 
of y, only small errors occur. 

By referring to the curves for D/D,; and D,/D, we 
see that if one assumes (3.11), then an error of less 
than a factor of 2 is assured over the entire range 
y=0.2 to y=, and in fact over the entire range of y 
no more than an error of a factor of 5 could be intro- 
duced; this occurring for y below 0.03. Our later 
analysis of experimental data will suggest it to be 
unlikely that y is much less than 0.2, so that (3.11) may 
be used as a fairly safe approximation. If we are sure 
that y>1, then (3.3) should be used, for the curve of 
D/Dz in Fig. 4 indicates a very small error in this range. 

It is clear from Fig. 4 that ws exerts less control over 
D than w7, for D;/D does not approach unity until ws 
is 0.01 wr or y=0.01, while D/Dz is almost unity when 
wr is only 0.1 ws or y= 10. 

Finally, we note that given D and Ds as experi- 
mental values, both ws and w7, or wr and y, can be 
computed without any approximation. 


4. DISSOCIATING COMPLEXES 


The results of the preceding analysis, although useful 
and instructive, are not general enough to include a 
wide variety of physical situations. One of the most 
serious restrictions to which they are subject is the 
hypothesis of the nondissociating solute-vacancy com- 
plex. In this section we shall extend the treatment so 
as to be applicable to the case of dissociating complexes. 

As soon as dissociation is permitted, the analysis 
becomes far more complex. For example, three more 
frequencies in addition to ws and wz, the two already 
considered, must be dealt with: 


(1) The first of these was mentioned in Sec. 2. It is 
w, the frequency of exchange between a tracer atom 
and a vacancy, neither of which is in the first coor- 
dination shell of a solute. As mentioned, w determines 
the self-diffusion coefficient in the absence of solute. 
It is the jumping frequency of a free vacancy. 

(2) Another is w4, the frequency with which a free 
vacancy associates with a solute atom, i.e., the fre- 
quency with which a free vacancy exchanges with a 
host atom lying in the first coordination shell of a solute 
atom. 

(3) Finally we have wp, the frequency with which a 
solute-vacancy complex dissociates, i.e., the frequency 
with which a vacancy bound to a solute atom exchanges 
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with a host atom not lying in the first coordination 
shell of a solute. 

Each of the three new processes to which the above 
frequencies correspond can be responsible for the 
transport of tracer. Furthermore, they influence the 
correlation phenomenon in such a way that the number 
of configurations, and hence, simultaneous equations, 
which must be dealt with increases astronomically. As 
a result an exact solution, although possible in prin- 
ciple, is impractical. Fortunately certain reasonable 
approximations can be introduced which greatly lessen 
the complexity of the problem. One such approximation 
is useful if processes taking place with some frequencies 
are rare events compared to those associated with other 
frequencies. 

For example, if a solute-vacancy complex persists as 
a recognizable unit over a period large compared to 
ws! and wr (i.e., over many jumps for the complex 
as a whole), then it may be possible to ignore the 
process of dissociation and the corresponding frequency 
wp. Similarly w4 can be ignored if the lifetime of a free 
vacancy is long compared to w~!. Both these conditions 
can be met simultaneously. Thus the fact that the 
lifetime of a complex (bound vacancy) is long, need not 
imply that every solute atom binds a vacancy and that 
therefore the lifetime of a free vacancy is short. The 
degree of association into complexes depends upon two 
factors, (1) the binding energy, and (2) the concentra- 
tion of free vacancies and solute atoms. If the binding 
energy is high, any solute atom and vacancy which 
encounter one another will remain together for a long 
time, but if the concentrations are simultaneously low, 
the chance of such an encounter is small and the equi- 
librium fraction of vacancies which are bound may 
still be small. Thus the lifetime of a free vacancy may 
also be long. 

Many physical situations (and we shall have reference 
to these later) meet the conditions just enunciated. In 
such instances the total self-diffusion problem can be 
solved by a linear superposition of two simpler problems, 
one dealing with free vacancies and the frequency », 
and the other only with bound vacancies, as in the 
preceding sections, and the frequencies ws and wr. In 
this way an approximate solution for the case of dis- 
sociating complexes can be arrived at. 

Assume that dynamic equilibrium exists between 
free and associated vacancies, so that the chance JN,’ 
that a site adjacent to a solute is occupied by a vacancy 
is given by Boltzmann’s law 


NJ =N,e-¥ !**, (4.1) 


Here N, is the chance that a site not adjacent to a 
solute is occupied by a vacancy while W is the potential 
energy of a vacancy on a site next to a solute. The zero 
of energy is referred to a site removed from a solute. 
In the present model we assume this zero to occur at 
the next nearest neighbor site so that next nearest 
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neighbors do not interact. It should be noted that NV, 
is merely the equilibrium atom fraction of vacancies 
found in pure host crystal at the temperature in 
question. 

Since each solute atom has 12 nearest neighbors, the 
fraction of solute atoms bound to vacancies is 


a=12N,’. (4.2) 


In accordance with the plan enunciated above, the 
problem for the case of dissociable complexes will be 
solved by approximating the diffusion flux by summing 
the contributions due to bound and free vacancies after 
both have been evaluated separately. The conditions 
under which this procedure is valid are as follows: (1) 
the complex is long-lived compared to its jump time 
~wr, and (2) the free vacancy is long-lived compared 
to its jump time w™. Actually condition (2) can be 
relaxed if the lifetime of the complex is so long and the 
concentration so high that most of the diffusion 
involves bound vacancies; but then we have the bound 
case which has been solved exactly. The lifetime of a 
’ that condition (1) 


complex is essentially wp, so 


becomes 


(4.3) 


W7>>wWp. 


The lifetime of a free vacancy is (NV sw4)~!, so that con- 
dition (2) becomes 


w>>(N swa). (4.4) 


Now detailed balance requires 


(4.5) 


N wa=N,'wp. 


We digress here for a moment to describe an approxi- 
mation, which although not assuredly good, will be 
used in a later discussion where the explicit effects of 
association-dissociation are treated. We do this here in 
order to be able to compare the formulas of this 
treatment with those of the later one. It is emphasized 
that the approximation is not necessary for the current 
development nor does the latter depend upon it. The 
approximation is illustrated by Fig. 5. 

This figure shows the region about a part of the 
potential well near a solute atom. For simplicity the 
well is viewed as a square well of depth W. The drop 
occurs midway between the first and second nearest 
neighbor sites. We assume that this drop is merely 
superposed upon the normal activation energy picture 
for the jumping of a free vacancy with activation 
energy £.. Thus as the figure makes clear the activation 


energy for association is Hw, and equals E,—W. Thus, 
wp=w exp(W/kRT). (4.6) 


wa=w and 


According to (4.1) and (4.2) 
exp(W/kT) =12N, 


where 


so that 
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SECOND NEAREST FIRST NEAREST 
NEIGHBOR SITE NEIGHBOR SITE 
Fic. 5. The energy barrier between second and first nearest 
neighbor sites to a solute atom 


If we use the first of relations (4.9) in (4.4) and (4.5) 
and use (4.4) in (4.3), then (4.5) yields in place of (4.2 
and (4.4) 

4.10) 


(4.11) 


V,/wr/N w>, 


NVsX1. 


The second of these is almost always satisfied. When it 
is not, and (4.10) is, we have the case of bound vacancies 
which has been solved exactly. Now the contribution 
of free vacancies to diffusion in the face-centered cubic 
lattice has been derived by Lidiard.’ He finds the dif- 
fusion coefficient due to free vacancies to be 


D,= 36 wa?N ,/11, 4.12) 


when Ng is zero. When Ng is not zero, the atom fraction 
of free vacancies referred to the whole crystal is not V, 
as assumed in (4.12), but some smaller number which 
can be arrived at in the following way. For every solute 
atom 13 sites are removed as possible locations for free 
vacancies. One of these 13 is the site occupied by the 
solute itself, while the other 12 are the nearest neighbors 
of the solute, for any vacancy ceases to be free when 
it becomes a nearest neighbor to a solute atom. Since 
Ns represents the chance that a given site is occupied 
by a solute, it follows that in place of V, in (4.12) we 


should use 


N,(1—13N ss), (4.13) 


which now represents the atom fraction of free vacan- 


cles. 
Thus the contribution to the total diffusion coefficient 
due to free vacancies is 


D,;=36wa?N ,(1—13Ns)/11. (4.14) 


The contribution due to bound vacancies is obtained 
from Table I as follows. We write 


Dy) =h(y)woreN s, (4.15) 
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where /(y) is the number appearing at the appropriate 
value of y in Table I. However, the atom fraction of 
solutes bound to vacancies is no longer Ns but, accord- 
ing to (4.2), is 12N,’Ns. Substituting this for Ng in 
(4.15), we obtain for the contribution due to bound 
vacancies 


Di(y) =A(y)wra?(12N,’N's). (4.16) 


The diffusion coefficient of the tracer is then the sum of 
D; and Ds, 
D=[36wa?N ,(1—13N s)/11] 

+[h(y)wra?(12N ,’N 5) ] 

= Dy{1+N [0.306 h(-y)Bwr/w—13]}, 

in which we have utilized (4.7) and (4.12) in passing to 
the final form on the right. Defining b as the quantity 
multiplying Vs, we have 


D=D,[1+bN s], 


(4.17) 


(4.18) 
where 
b=0.306 h(y)Bwr/w— 13. (4.19) 


5. ANALYSIS OF EXPERIMENTAL DATA 


Equation (4.19) is only valid when condition (4.10) 
holds. The latter can be transformed with the aid of 
(4.2) and (4.8) into 


Bor, w> az. 


(5.1) 


Since, according to Table I, h(y) never exceeds unity, 
comparison of (5.1) with (4.19) shows that the former 
tends to become valid for positive values of 6. We 
therefore restrict the initial analysis of experimental 
data to systems in which this is the case. 

The literature contains several examples of data in 
which 6 is positive. Hoffman, Turnbull, and Hart? have 
measured the self-diffusion coefficient of silver in the 
presence of various concentrations of the solutes Pb, Ge, 
Al, Cu over a range of temperatures. Sonder® has done 
the same using Sb as a solute. Furthermore, Hoffman‘ 
has investigated T] as a solute. In all these cases, D at 
any one temperature is an increasing function of solute 
atom fraction N's. 

The limiting slope of the plot of D versus Ns as 
Ns—0 is the value of 6 sought. The various authors 


represent D in the form 
D= Dy exp(—Q/RT), (5.2) 


where R is the gas constant and both Do, the pre- 
exponential factor, and Q the activation energy are 
functions of Ns. From (4.18) and (5.2), we have 


D(N s) 
Paes Js 
dD, 
Do( Ns) QO(.Vs=0)—Q(Ns) 
se | me exp( )-1 | [Xs 
Dox RT 
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From the various available data for each solute, we 
have chosen for Do(N s) and Q(Ns) the values quoted 
at the smallest value of Vs so that the best approxi- 
mation to the limiting slope would be achieved. This 
was the case in all instances, except for Sb where data 
at the next to lowest value of Ns were used because it 
was felt that not enough data existed in the most dilute 
case to yield reliable values of Do and Q. Values of 6 
computed by using (5.3) are to be found in Table II. 
There exists a certain discrepancy between the values 
of D, for Ag measured by different authors. The dis- 
crepancy, however, is not prohibitive and whenever 
possible the value of Dy, used is that measured by the 
author who measured the D leading to a given b. 

To proceed further it is necessary to have measure- 
ments of Ds, the diffusion coefficient of the solute. If 
the contribution of association and dissociation to 
transport is ignored (in keeping with the spirit of the 
superposition of effects embodied in the previous 
analysis), then Lidiard’ has effectively shown that 

a’\ wry 
Ds=BN./ ) —, (5.4) 
371+y 


Solving for Bw, from (5.4) and for w in (4.12) and 
substituting these into (4.19) yields 


(6+13) / Ds — flty 
G40) 
3 Ds wg 


(5.5) 


From Table I we obtain values of h(y), and are therefore 
able to plot in Fig. 6 the quantity h(y)[(1+y)/yv] 
against y. Using experimental values of 6, Dy, and Ds, 
the left side of (5.5) can be evaluated. This quantity 
can then be used in connection with Fig. 6 to locate y. 

The quantity Ds has been measured for Pb by 
Hoffman et al.,? and for Ge and T] by Hoffman.‘ It has 
been measured for Sb by Sonder, Slifkin, and Tomizuka® 
and for Cu by Sawatsky and Jaumot (according to 
Hoffman in reference 4). These values of Ds also appear 
in Table II. 


Values of y determined through use of (5.5) and 


TABLE II. D,, Ds, 6 taken from experimental data, and values of 
y and 7’ computed from them.* 


Ds 
(cm?/sec) 


Ele- 
ment 


Ds 
(cm?/sec) 


Temp. 
(°K) 

0.34 
0.18 
0.14 
0.05 
0.19 
0.12 
0.08 0.46 
0.57 2.4 

0.26 1.2 

0,001 0.54 


900 
1100 
973 
1098 
841 


.74X107!2 9.68 X10 
7 
5 
3 
4 
990 4 
1 
5 
5 
5 


10 =—-4.56 X10°5 
"6.57 KX10-" 
10 = =—§.86 K10 
12 1.88 X107! 
5.98 X107"' 
9 1.09 X1078 
1 $53 X107" 
® 4.7 X10 
1.19 X10"! 


0.28 
0.62 
0.52 
1163 

973 
1098 
1000 


—Anwk Du Dwoun 
CUNDHEAWSW 


wn 


® Note added in proof.—The value of y in Table II is always less than 
unity. Recently Watkins [Phys. Rev. 113, 79 and 91 (1959)] showed by 
spin resonance techniques that 7 for Mn in NaC] is less than unity. 


° Sonder, Slifkin, and Tomizuka, Phys. Rev. 93, 970 (1954). 
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7 
Fic. 6. Plot of the function h(y)[(1+7)/y against y. 


Fig. 6 appear after the corresponding values of 6, Dy, 
and Ds in Table II. In our later discussion it will be 
shown that the neglect of associative and dissociative 
processes is justifiable only when the first term on the 
right of (4.19) is large compared to a number of the 
order of 16. From (4.19) it is evident that this first term 
is given by (b+13). For this reason, the last column 
of Table II lists the value of (6+13)/16 in each case. 

The values of y listed in Table II are all less than 
unity but not very much so. With the exception of Cu, 
it might be said that all values of y are of the order of 
0.1 or greater. Reference to Fig. 4 then suggests that 
the approximation wr=ws (i.e., that leading to D4) is 
probably the best of the three alternatives. 

The exceptional status of Cu (y=0.001) must be 
regarded with caution, since the last column shows 
(6+13)/16 for Cu to be only 1.5, and the neglect of 
association-dissociation is probably not justified. In 
fact, later it will be shown that an approximate treat- 
ment of association-dissociation yields a value for y 
which falls in line with the others. 

It will be noted that some values of (6+13)/16 are 
in the neighborhood of 3. It might seem as though this 
is not very different from 1.5, certainly not large enough 
to lead to so much more spurious a value of for copper. 
An analysis of the mechanics of getting at y using (5.5) 
and Fig. 5 shows that the difference between 3 and 
1.5 is sufficient to invalidate the use of the current ap- 
proximation. This is associated with the sensitivity of 
h(y)[(1+-)/y] to y when y becomes small (see Fig. 6). 

In closing, attention is drawn to the fact that the 
current approximation which depends upon fw7/w being 
very large would very likely be well suited to the self- 
diffusion of something like sodium in sodium chloride, 
the latter being doped with a divalent cationic impurity. 
The lattice of sodium ions in this salt is face-centered 
cubic, and the cation vacancies introduced with the 
divalent impurities are bound to the latter with energies 
of the order of W~—O.5 ev." Introduction of this 
value into (4.7) at temperatures of 600°K (where Na 
diffusion can be measured) yields 

B=2X 10°, (5.6) 
which is very high. If we assume ws ~w, then this is 
the value of Bwr/w and is to be compared with the 


© Harrison, Morrison, and Rudham, Trans. Faraday Soc. 54, 
106 (1958). 
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value of just a few hundred typical for the solutes in 
silver dealt with in Table II. 


6. CONTRIBUTION OF ASSOCIATION 
AND DISSOCIATION 


Although it is possible to neglect the associative and 
dissociative process in many systems, there remain 
important cases in which this cannot be done. In addi- 
tion to the example of Cu in silver discussed in the last 
section, the entire class of systems for which bd is nega- 
tive cannot be treated in the previous approximation. 
Therefore, in this section, an attempt will be made to 
take account of association-dissociation. 

As discussed in Sec. 4, the exact treatment of 
association-dissociation is very difficult and approxi- 
mations will have to be made. The results derived from 
this approximation will be equally valid for all systems 
(i.e., to those in which association-dissociation can be 
neglected as well as to those in which it cannot), but, 
where it is known that association-dissociation can be 
ignored, it is more desirable to use the approximation 
developed earlier in this paper as it is more exact. 

The first step involves the assumption that ws= © 
(y=). We know from the last section that a typical 
average for y is something like 0.3 so that this is not 
correct. On the other hand, the curve for D/Dz in 
Fig. 4 shows that at the most we can expect about a 
factor of 2 error. An error of this size is acceptable when 
the reduction in complexity which it permits is con- 
sidered. 

If ws is taken to be infinite, then a solute-vacancy 
complex may be regarded as a short of divacancy, i.e., 
the solute and vacancy exchange positions so rapidly 
relative to other occurrences that to all intents and 
purposes the vacancy may be regarded as permanently 
smeared over the two sites spanned by the complex. 
However, the tumbling frequency of the complex must 
now be taken to be w7/2 rather than wr because the 
vacancy spends only half the time at either end of the 
complex. With this point of view, many S and V con- 
figurations can be equated to one another and the 
number of simultaneous equations of the type (2.6) 
which need to be solved is reduced. 

Another assumption which shall be made is the fol- 
lowing. Consider all configurations in which a divacancy 
has one end on a given one of the twelve first shell sites. 
Then all of the configurations belonging to this cluster 
will be regarded as equivalent even though they occur 
in reality with different probabilities. It is evident that 
this device also reduces the number of simultaneous 
equations which need to be considered. 

Both assumptions act to reduce the effect of corre- 
lation, and therefore both introduce errors in the same 
direction. This means that the total error should be 
somewhat greater than the factor of 2 quoted above. 

The frequencies w4 and wp for association and dis- 
sociation must now be included in the development. 
Figure 7 will be helpful in understanding the various 
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configurations which need to be considered in treating 
the present problem. Parts (a), (0), (c), and (d) are 
four different representations of a tracer atom (solid 
circle) in the face-centered cubic lattice and its 12 
nearest neighbors. The tracer concentration gradient is 
still taken to lie in the x direction which in Fig. 7 is the 
[100] direction as shown. All configurations which are 
symmetrical with respect to the « axis can therefore be 
regarded as equivalent, i.e., they will all have the same 
probability of occurrence. 

In Fig. 7 the open circles are normal host atoms, the 
squares are free vacancies, the cross is a solute atom, 
and the thin solid rectangle is a vacancy-solute diva- 
cancy of the sort mentioned above. The meaning of a 
remains the same as before. All the configurations 
shown in Fig. 7 are capable of promoting the motion of 
the tracer. Figure 7(a) shows a free vacancy on the 
plane at x+a into which the tracer atom can jump at 
the frequency w. Since all positions on the «+a plane 
are symmetrical with respect to the x direction, they 
are all equivalent and shall be denoted by the symbol ». 
All positions for the free vacancy on the planes at x 
and x—a, respectively, are mutually equivalent for the 
same reason, and shall be denoted by v2 and 23. These 
are not shown in Fig. 7. 

Figure 7(b) shows a divacancy spanning two posi- 
tions on the «+a plane. In this configuration, motion 
of the tracer is possible when either end of the divacancy 
exchanges position with the tracer. The frequency 
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Fic. 7. Configurations in the face-centered cubic lattice. The 
filled circle is a host lattice tracer. Vacancies are represented by 
squares and solute atoms by X’s. Filled-in narrow rectangles are 
effective divacancies. 
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associated with this motion is w7/2. The factor of 4 
appears because, as discussed, the vacancy is regarded 
as smeared over the two sites of the divacancy, spending 
half of its time at each end. All positions of the diva- 
cancy on the x+a plane are symmetrically equivalent, 
and are assigned the symbol V;. Similarly, all positions 
of the divacancy in which it spans two sites on the 
x+a and «x planes, respectively, are assigned the symbol 
V». Configurations between the x and «—a planes are 
given the symbol V;, and configurations on the x—a 
plane, the symbol V4. 

Figure 7(c) illustrates a configuration in which only 
one end of a divacancy occupies a site among the 
tracer’s shell of nearest neighbors. In this case the site 
occupied lies on the x+a plane. Obviously there are 7 
other orientations for the divacancy in which it can 
remain attached to the same first shell site and not 
have its other end in the first shell also. These 7 orien- 
tations are really not symmetrically equivalent but, 
nevertheless, by our assumption we regard them as so. 
As the prototype of all seven orientations, we choose the 
one shown (directed radially away from the tracer) and 
assign it the symbol S;. There are 3 other symmetrically 
equivalent clusters associated with the «+a plane, and 
all of them are assigned the symbol S;. When the 
attachment is on plane at x the symbol S2 applies, and 
when it is on plane «—a we use S3. 

Configuration S; can facilitate the motion of the 
tracer only through dissociation of the divacancy, i.e., by 
escape of the vacancy from the first coordination shell 
of the solute atom. The frequency wp is associated with 
this motion. The factor 4 must also be included as the 
vacancy spends half its time at either end of the 
complex. Thus the equivalent frequency is wp/2. 

Figure 7(d) illustrates a fourth kind of configuration. 
Here the vacancy and solute atom both occupy nearest 
neighbor sites but are not adjacent to one another. 
Such configurations are denoted by the general symbol 
P. Independent of where the solute atom is located 
(except that it cannot be adjacent to the vacancy), the 
symbol P; is given to arrangements which have the 
vacancy on the x+a plane. P: is assigned when the 
vacancy is on the « plane and P3; when it is on the x—a 
plane. To each location of the vacancy there corre- 
sponds, as in the case of the S configurations, a cluster 
of 7 distinct orientations all of which are treated as 
equivalent. As in the case of the S’s, correlation is also 
lost by this device. The assumed prototype of P; is the 
one shown in the figure, i.e., all three particles lie in a 
straight line. The prototypes of P, and P3 are deter- 
mined by the same condition. 

Configuration P; can contribute to the motion of the 
tracer by having the vacancy jump to the center of the 
diagram. In so doing it enters the coordination shell of 
the solute atom and forms a divacancy. The frequency 
associated with this motion is w4. 

From the foregoing it is evident that when we come 
to discuss the net rates of formation of the various 2, 
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V, S, and P configurations, several frequencies are 
liable to be involved in any one equation. For example, 
a particular V configuration can be destroyed or created 
at the tumbling frequency w7/2. In addition it can be 
created at the tumbling frequency wr/2. In addition 
it can be created by association at the frequency w. 
and destroyed by dissociation at the frequency wp/2. 
Similar considerations hold for S and P configurations. 

We now want to derive the counterpart of Eq. (2.4), 
i.e., the equation for the flux density J(x) at the central 
site on plane x shown in all four parts of Fig. 7. Con- 


siderations of the same sort as those leading to (2.4) 
yield the following result, in which the necessary 
Taylor’s expansions have been carried out and in which 
the symbols denoting the various configurations have 
also been used to denote the probabilities of their 
occurrence. 
2w ag 
J (x)= 1m) - : 
a \ 8 
2wr : ; : taag 
+ (¥i— Vodt+(¥ 2 Va)—- 
a’ 11), 
7Wp taag 
“E (Si—S3)— 
2a? 1LV, 
l4w 1 ’ 
+- [ (Pi— Ps) —ag I, 
a’ 


(6.1) 


where a, Ns, and N retain the same significances they 
had before and 

g= (0/dx)(p,NsN,), (6.2) 
where, as before, p, is the fraction of sites occupied by 
independent tracers. 

Some discussion as to the manner in which g finds 
its way into (6.1) is worthwhile. Consider —ag/.\ 5 
which appears in the first brackets. By the earlier 
arguments of this paper, the sum of the probabilities 
of a given downstream configuration and its upstream 
counterparts is the sum of the probabilities of each 
computed from considerations of randomness, as though 
no correlation existed. Thus, 

VM+03=2p:N>, 
since p;V, is the random probability of 2 or v3. As in 
(2.4), the terms in J(x) contain differences between the 
probabilities of upstream and downstream counterparts 
less a times the derivatives of the sums of these respec- 
tive probabilities. On this basis it is understandable 
that in (2.1) the first brackets contain the derivative 

—}$a(0/dx) (01413). (6.4) 


Upon using (6.3) and (6.2), this is obviously 


(6.3) 


ao ao 
_ (Yj) -+ 23) = — 


2 Ox 


(2p.N,) 


2 Ox 
ao 
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The appearance of g in other brackets of (6.1) is 
based on similar considerations. The further counter- 
parts of (6.3) are 

Vit V.= (4, 11) piN .a, 

VotV3= (4/11) piN.a, 

Sit S3= (4/11) piN a, 

P\+ P3=2p.N.N>. 
The factor 4/11 appears for reasons similar to those for 
the appearance of 1/12 in Eq. (2.8). The chance of one 
end of a divacancy being placed on a given site equals the 
fraction of associated solutes. This is obviously N,a 
The other end of the divacancy has a choice of 11 other 
sites (one of the 12 neighbors is occupied by a tracer), 
so the chance of having the divacancy in just the 
required orientation is N,a/11. But the orientation 
could have been achieved starting with either end of 
the divacancy, so that its probability is 2N,a/11. 
Summing two such probabilities leads to 4N,a/11. 

Closer inspection will reveal that the sum S$,+-S; in 
(6.6) should really be set equal to (2/11+2/12)N,a, 
because in starting with one end of the divacancy rather 
than the other, in this case, a site already occupied by 
a tracer does not appear. However, in the interest of 
symmetry and in view of the smallness of the error in 
comparison to those created by the approximations 
already made, we have elected to ignore this refinement. 

Careful inspection now leads to a set of kinetic equa- 
tions similar to (2.6). The resulting equations are 

80;/Ot=wL7 piN +2014 202+03(x+a) — 120; ], 
00;/0t=wL7p.Nit 203+ 202+ 01(x—a) — 1223 ], 
AV ,/At= fw7[2V2+2V3(xt+a)+451—8Vi1 | 
+w4(2Pi1+2P2+10p;N.N»)—}wpn(14V,), 
OV 4/dt= der[ 2 V3t+2 Vo(x-— a)+4S3— 8V 4] 
+wa(2P3+2P2+10p:N.N )— Swp ( 14V 4), 
OV 2/dt= far Vi+2V2t- Va(x+a)t2S; 
+252—8V2]4+ws(10p.N.No+Pit Pe 
+2P3)— 3wp(14V 2), 
0 V3 = dior Vat2 Vst Vi(x—a)+25S;3 
+25.—8V3 ]+o4(10p:N.N+Ps 
+ P2+2P;)—4wp(14V3), 
AS ,/dt= 4wr[4$1+ (8/12) p:Na—8S1] 
+wal9piN Not 20,N.+ 2v.N, 
+ P3(x+a) ]— Sup ( 14S; ie 
OS3/dt= }w7[4S3+ (8/12) piN a—8S; ] 
+waL9p.NN +203N +202N, 
+P (x—a) ]J— Sw ( 14583), 
OP, /dt=w0(2P2+2P:+7piN.N»— 11P1) 
+ SwyS3(x+a)—oiPi, 
OP3/dt=w(2P2+2P3+7piN.N»— 11P3) 
+ 3wpS1(x—a)—orP3. 


(6.6) 
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The time derivatives are set equal to zero and the 
functions with arguments «+a and «—a are expanded 
in a Taylor’s series about x, only the linear term being 
retained. Then the second equation is subtracted from 
the first, the fourth from the third and so on. The 
results are 

v1—03= 2ag/11N,, 
— (4wr+7wp) (Vi-— V4) +2w7(Si—S3) 
+2w4(Pi— P3) = —4wiaag/11N,, 
= (3wr+ Twp) ( Vo- V3) +wr(Si—S3) 
—wa(Pi— P3) = — 2wiaag Lay}. 
— (2wr+7wp)(Si—S3)—wa(Pi— Ps) 
+2w4N,(v)—- %3)=— 2w aag, 
3p (51 —.S3) _— (Qw+w4 ) 
x (P\- P3) =—— 2wpaag 11.\ ve 


(6.8) 


The frequencies wp and w, refer to processes which 
are the inverse of one another, and since no gradient of 
solute exists, the net process must be in equilibrium. 
Thus wp and w, are related by the principle of detailed 
balance. The rate at which vacancies jump into a site 
in the coordination shell of an impurity is w;V,N, while 
the rate at which they leave this shell is wpaN,/12. 
Equating these rates gives 


wW4/WpD=a, 12N,=8/12, (6.9) 


which is contained in (4.9). However, (4.9), being two 
equations, says more than (6.9). It is based on the 
barrier scheme shown in Fig. 5. The same scheme will 
be employed in the current problem. Only the part of 
(4.9) contained in (6.9) is exact. We accept the remain- 
ing part because no further information is available 
and because it is a more or less traditional approxi- 
mation. Besides it is consistent with detailed balancing. 
If, as seems to be the case, the main force between a 
solute and vacancy is that due to the screened Coulomb 
potential,’ the approximation in Fig. 5 will have more 
validity. In any event, since it enters only into that 
part of the argument dealing with association and dis- 
sociation and since the latter process is only responsible 
for part of the over-all phenomenon, it can only intro- 
duce a partial error. 
Upon using (4.9) in (6.8) and defining 
B=28N wre’, (6.10) 
G=2N wa’, (6.11) 
A=ag/11, (6.12) 


Eqs. (6.8) can be solved for (Vi—V4), (V2—Vs3), 
(S,—S3), and (P;—P3). The results are 


Vi-V. [(5B+6G)(B+84G)+ (5B—3G)(B+13G)] 
Bd (B+21G) (10B+417G) 


’ 


(6.13) 


"L. C. R. Alfred and N. H. March, Phil. Mag. 2, 985 (1957). 
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(3B+84G) (10B+417G) 


Br 


Vo—Vs 2[(5B—6G)(3B+84G)+ (5B+3G) (13G—B) ] 


(6.14) 


Si S3 118G 


=, (6.15) 
B\  10B+417G 
Pi-P; 6[4B+155G] 


—, (6.16) 
r 10B+417G 


Furthermore, using (6.10), (6.11), and the first of 
equations (6.8), it is possible to express (6.1) as 


*\s" Bf. (Vi-V4) 
rom (°Y(Jenfls 
11 a’ 9G Br 
oy. 7 os 
)+ (4- ) 
3 BX 
7 (Pi— Ps) \ ]) Op, 
i (- IF : 
7 r Ox 


Also, using (4.12), we get 
Dy = (18/11)G. 


(6.17) 


(6.18) 


Using (2.19), (2.20), and (6.18) in (6.17) yields finally 


| B (Vi—V4)  (V2—V3) 
J(x)=—D, +4, (: ~ - ) 
9G Bd BY 
( —— 
‘ * BX 


(P\— P3) hae 
ek a 
nN | ax 


(6.19) 


where terms in V,’ have been neglected. It is evident 
from (6.19) that the diffusion coefficient D of the tracer 
is given by Dy multiplied by the expression in curly 
brackets preceding the concentration gradient. Thus, 
comparing with (4.18), we have 


B (Vi—V4) (Ve-V3) 
a 
9G Br BX 
7 2(S1:—S3) 7 (P:— P3) 
$e (- )+ (1 )-1s} (6.20) 
3 BX 9 r 


The terms in (6.20) which do not contain B/G as a 
factor are those in which the influence of w4 and wp 
appear. These will obviously be a small part of the 
whole when 

B/G=Bwr/w>>1, (6.21) 


a condition which merits comparison with (5.1) which 
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also specifies the conditions under which association- 
dissociation can be ignored. 

The inequality (6.21) can be subjected to more 
quantitative consideration as follows. Numerical in- 
spection of the values of (Vi—V4)/BA, etc., given by 
(6.13) to (6.16) shows that they are quite insensitive 
to the choice of B and G when the latter are in the 
range of interest for the present phenomenon. Thus, 
when B varies from 10~-" to 10-7 and G from 10-* to 
10~*, the variables (Vi— V4)/BA, etc., hardly vary. In 
fact the following is an excellent approximation: 


(Vi-—VatVe- V3)/BX =1.5, 
2(S:—S3)/BA ~0.10, 
(P\— P;)/Bd ~2.36. 


(6.22) 


Introduction of (6.22) into (6.12) yields 


b = [0.28 (Bwr/w) +16 ]—13. (6.23) 


The terms in square brackets are the ones which need 
to be compared, since the 13 is merely a consequence of 
geometry. It can be seen that if Bwr/w begins to exceed 
100 by very much, the 16 begins to be unimportant. 
Results computed using Table II and (4.19) indicate 
that Bw7/w usually lies between 200 and 400. 

If the 16 in (6.23) can be neglected, e.g., when (5.1) 
holds, then (6.23) reduces to a form identical with 
(4.19). In fact, if we set y= in (4.19) [since (6.23) 
has been derived on this assumption ], the numerical 
coefficient becomes 


0.306 h( * )=0.23, (6.24) 


which compares favorably with the 0.28 in (6.23). The 
difference between the two is a result of the loss of cor- 
relation inherent in the approximation made in (6,23) 
that the various configurations of a cluster are equally 
probable. Loss of correlation leads to a higher value of 
D and hence of 6. 

The origin of the factor (6+13)/16 used in Table II 
should also be clear from (6,23). 


7. TREATMENT OF EXPERIMENTAL DATA USING 
THE RESULTS OF SEC. 6 


Using our notation, Lidiard’s result’ for Ds including 
association-dissociation can be put in the form 


B+42G 
D, | 


“| 
8 L(y+1)B4-42G 


From this, we have 
6D s5(B+42G) 
; (7.2) 
b°+6B(7G—Ds) 


The procedure now involves determining G from D, 
and (6.18), and then B from measured values of 6 and 
(6.20). These values of B and G are then to be inserted 
in (7.2) along with the values of Ds for the determina- 
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tion of y. In connection with (6.23), the point was 
made that the values of (Vi—V4)/BA, (V2—V3)/BA, 
(.S;—S3)/BA, and (P,— P3)/X were insensitive to change 
over the range of B and G, typical of the phenomenon. 
The almost steady values of (Vi—V4)/BA, etc., given 
in (6.22) are very helpful in solving for B in (6.20) when 
b and G are known. One merely substitutes them in that 
equation and calculates an approximate B, and then 
substitutes the latter in (6.13) through (6.16) to get 
refined values of (Vi— V4)/BA, etc. These can be used 
again in (6.2) to produce a more exact value of B. Then 
(7.2) can be used to obtain y. The results of y obtained 
this way are listed in Table II as y’. 

The values of y’ are about three times as great as 
those for y. Our previous discussion had estimated an 
error of this sort due to the neglect of correlation in the 
current approximation. The average value of y’ seems 
to be about 0.5. It is to be noticed that now the value 
for Cu falls into line with the others. This lends support 
to the thesis that its exceptional behavior in the origina! 
y column was due to the inapplicability of the approxi- 
mation neglecting association-dissociation. 


8. SOLUTES WITH NEGATIVE VALUES OF b 


Nachtrieb, Petit, and Wehrenberg* have measured 
the self-diffusion coefficient of silver using Pd as a 
solute. They discovered that D satisfied a relation of 
the kind (4.18) with 


b 8.2, (8.1) 


apparently without any dependence on temperature. In 
addition, they noticed as an experimental fact that D 
could be expressed in a form independent of Vs as 


D=D(Tx/T), (8.2) 


where 7 is the melting temperature of the alloy of 
Ag and Pd for which the atom fraction of Pd is N's. 
Nachtrieb ef al. suggest that this relation stems from 
the fact that the same energetic considerations must be 
applied to those processes which loosen or tighten the 
lattice to produce greater or lesser concentrations of 


V; _ V, 2{24[ 1087+ 8(wt+wr) l(wr+ 7w)+[ 2167 +8 (2w7 —w) iT 12w7+fw)} 
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vacancies as apply to the loosening or tightening which 
hastens or hinders melting. In this case the solute 
provides the tightening in both instances. 

The present author is inclined to agree with this 
view, and as a matter of fact a fairly quantitative 
argument can be given on the basis of special models for 
the solution. The pursuit of this topic is not however 
within the domain of the present paper. It suffices to 
notice that if the conclusion is true, the key to the 
mechanism by which D is reduced with increasing N s 
must lie mainly with the manner in which 8/12=e—¥/*7 
differs from unity, rather than upon the ratio wr/w. 
That is, the phenomenon must be controlled by W, 
which is the work required for the formation of a 
vacancy next to a solute atom relative to the work 
required for its formation far from a solute. This 
quantity is an equilibrium parameter, and is connected 
at least qualitatively to the heat of melting. On the 
other hand, wr/w depends on kinetic considerations and 
need not have any thermodynamic relevance. 

We therefore assume that 


(8.3) 


WT ~~, 
and that 


p, 12 <1. (8.4) 


The first relation is necessary if the addition of solute 
is not to change D by frequency considerations, and the 
second is demanded in view of (8.3) if 6 is to be negative, 
i.e., the addition of solute must reduce the concen- 
tration of vacancies. Equation (8.3) as indicated is to 
be regarded as approximate. No very significant change 
in our conclusions would occur if it failed to be exact 
by as much as 50%. 

In view of (8.4), W is now positive, so that the coor- 
dination shell of a solute is now the region of a potential 
plateau for vacancies rather than a well. Instead of 
(4.9) we must now use (on the basis of the same addi- 


tion of energies) the relations 
w4=wB/12. (8.5) 


Wp=, 


This invalidates (6.13) to (6.16); returning to (6.8) 
and inserting (8.5), we obtain 


(8.6) 


BX { 24u7+ 42w)[ (4or+ 14w) ( 108+) = Bw } 


‘e— V3 {12[ 216wr+ 28 (wr—w) ](3w7 +7w)+[216w7r+,(2w7 —w) ]( 13w—1lw7)} 


3h (18w7+42w)[4wr+ 14w) (108+) — Bw] 


Si—S3 (14040+6w) 
Br — (12wp-+42w) (108+) —3u8 | 
PP, 


Br — [4wrt+140][108+6]— Bw 


2 48wr+ 155w | 


Because of (8.8), Eq. (6.20) must also be changed. 
The first term in brackets remains unchanged because 
it stemmed from a term in wr. However, here we write 
Bwr/w in place of B/G since we are not using B, G 
terminology. The second term arose from a term in 
wp and, since wp has now gone from 12w/8 to w, it must 
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be multiplied by 6/12. In the same way the third term, 
since it arose from a term in w4, must be multiplied by 
B/12 since w4 has gone from w to w8/12. As a result, 
we obtain 


(Vi-—V4) 


BI 1h Ree P3) 
- (8.10) 
Br 


78 
11 — 13, 
108 s 
The use of (8.5) in Lidiard’s’ expression for Ds yields 


BV ,a*| ws[ wr+7w/2 | 


Ds - 
3 lawttint Ye 2] 


; (8.11) 


If in this relation we use (8.3) and, furthermore, make 
use of the information available in Table II which 
places ws ~wr/2” on the average, (8.11) can be reduced 
to 

Ds= 3BN ,a*w7/20. (8.12) 
This relation is hardly dependent on the validity of (8.3), 
because wr+7w/2 is in any event considerably larger 
than ws, and this almost exactly cancels out of (8.11). 
In that case, the 3/20 in (8.12) would simply be replaced 
by 1/6, which is almost the same number. 

Combining (8.12) and (4.12) leads to the relation 


Bur /w= (21.8)Ds/ Dy. (8.13) 
Nachtrieb® has measured the ratio Ds/D, between 
1124°K and 1169°K for Pd in Ag and finds it to be 
0.123 with no apparent dependence on temperature. 
Introducing this figure into (8.13) gives us 


Bw7 WwW 2.68. (8.14) 


12 We use the average of y’ rather than y although the latter 
is considered more accurate. This is because in the present section, 
we are using the same approximation used in deriving y’ from 
experimental data. Thus, use of y’ may lead to cancellation of 
errors. 

13N. H. Nachtrieb (private communication). 
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Upon this assumption (8.3), this yields 


B ~2.68. (8.15) 


Equations (8.6) through (8.9) can now be evaluated 
using (8.3) and (8.15). As a matter of fact, since B is 
so small, negligible error is introduced by ignoring all 
terms in (8.6) through (8.9) which contain it as a factor. 
In passing, it should be remarked that in the present 
instance also, (Vi—V4)/BA, etc., are not too sensitive 
to the values of wr and w, just as in the case of Sec. VI 
where insensitivity to B and G was illustrated. Thus, 
any approximation contained in (8.3) will not quickly 
invalidate the following evaluation of (V,— V4)/BX, etc. 
We obtain 
(Vi— V4)/BA=0.41, 


(S:—S3)/BA=0.24, 
(Pi— P3) BA= 0.21. 


Substitution of (8.16), (8.15), and (8.14) into (8.10) 
yields 
b= —8.3 (8.17) 


’ 


which agrees with (8.1). The apparent lack of tem- 
perature dependence of 6 is partially explained on the 
basis of the present model. In the first place, most of 6 
comes from the — 13 in (8.10) which has no temperature 
dependence. The remainder of b depends on B= 12e~¥/*?. 
If W is sufficiently small, then 6 will not change much 
with temperature over the small range 988-1215°K 
investigated. Using (8.15) and assuming it, applied to 
1000°K, we get 


W=RT |n(12/8) 


With this value of W, B at 1200°K would be 3.41 if it 
were 2.68 at 1000°K, and 6 would only range from 8.3 
at 1000°K to 7.0 at 1200°K. 


3.0 keal. (8.18) 
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Nuclear spin-lattice relaxation times 7; and phase memory times T2 have been measured in 99.999; 
pure aluminum foil from 77°K to the melting point by the spin-echo method. At high temperature the line 
narrows due to self-diffusion, as previously observed by Seymour. The temperature dependence of the 
narrowing gives an activation energy of self-diffusion Ep of 1.4+0.1 ev. From the measured “narrowing 
temperature’ and Nowick’s theoretical estimate of Do, the same value of Ep is found. As predicted theo- 
retically, measurements show that 7; arises from interaction with conduction electrons and is inversely 
proportional to temperature from 1°K to 930°K. At the highest temperatures, an unknown line broadening 
mechanism is found which is believed to represent quadrupole coupling to strain fields of dislocations. 
The measurements were made feasible only through the use of a phase-coherent detection sytem, a des- 


scription of which is given. 


I. INTRODUCTION 


UCLEAR magnetic relaxation times are pro- 

foundly affected by atomic and molecular 
motions. The characteristic frequencies of atomic diffu- 
sion are often sufficiently rapid even in the solid phase 
to modify the line width. If the magnetic dipole inter- 
action nuclei dominates the line breadth, 
information can then be obtained concerning the 
diffusion process. Holcomb and Norberg! have experi- 
mentally determined the self-diffusion coefficients of 
lithium and sodium by magnetic resonance. The nuclear 
resonance of aluminum is also expected to exhibit 
diffusion effects the analysis of which should permit a 
determination of the self-diffusion constant. The con- 
ventional tracer methods have not yet been applied to 
aluminum owing to the lack of a suitably long-lived 
isotope. However, Nowick* has predicted that reason- 
able values for Dy and E appearing in the expression 
D=Doexp(—E/kT) for the diffusion coefficient are 
0.45 cm*/sec and E=1.43 ev. Seymour® has already 
reported the abrupt narrowing of the aluminum nuclear 
resonance near 300°C, which he attributes to diffusion 
and from which he determines Do= 10~**! cm?/sec and 
E~0.9 ev. However, as we shall discuss in Sec. II, the 
“narrowing temperature” indicated by Seymour’s data 
gives E~1.4 ev. By employing a pulse magnetic reso- 
nance apparatus which uses phase coherent detection, 
we have been able to extend Seymour’s measurements 
greatly. The nuclear spin relaxation time 7, and phase- 
memory time 7, have been determined up to the 
melting point, 660°C. The activation energy for self- 
diffusion obtained from the temperature dependence of 
the line narrowing as determined in this research is 
1.4+0.1 ev. Above 500°C, the line breadth is no longer 
dominated by the nuclear dipole couplings, reminiscent 


between 
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1D. F. Holcomb and R. E. Norberg, Phys. Rev. 98, 1074 (1955). 

2 A.S. Nowick, J. Appl. Phys. 22, 1182 (1951). 

3 E. F. W. Seymour, Proc. Phys. Soc. (London) A66, 85 (1953). 


of the cases of lithium and sodium where an extra 
broadening mechanism was also found. The spin-lattice 
relaxation times, 7), measured in this research together 
with low-temperature determinations of other workers 
are inversely proportional to the absolute temperature 
from 1°K to about 1000°K as expected for relaxation 
via the conduction electrons. The data are represented 
by 7:T=1.85+0.05 sec-°K. 

The results anticipated for aluminum are discussed 
in the next section. The relevant features of the phase 
coherent apparatus and the experimental methods 
employed are discussed in Sec. III. The experimental 
results and interpretation are presented in Sec. IV. 


II. THEORY OF TEMPERATURE DEPENDENCE 
OF LINE WIDTH 


Natural aluminum consists of the single isotope Al*’ 
which possesses a spin /= 3 with accompanying gyro- 
magnetic ratio y/2r=11.1X10" (sec oersted)“ and 
electric quadrupole moment Q=+0.156X10~** cm?.4 
Since the aluminum lattice is face-centered cubic, 
electric quadrupole interactions vanish unless the 
crystalline symmetry is disturbed by some kind of 
imperfection. Therefore, quadrupole effects will be 
omitted in the present discussion although evidence 
will be presented in Sec. IV which supports the view 
that the high-temperature data manifests a quadrupole 
interaction. Exclusive of possible quadrupole effects, 
the interaction with neighboring nuclei and with the 
conduction electrons is expected to account for the 
characteristics of the aluminum resonance completely. 

Both the observed line widths and the observed 
spin-lattice relaxation times, 7, are in general deter- 
mined by the combined effect of several processes. We 
assume that the observed spin-lattice relaxation rate, 
1/7), is simply the sum of the rates due to the separate 
processes. For our purposes it is most convenient to 
characterize line widths by specifying the phase 
memory time, T2. Several definitions of JT, appear in 
the literature. Our definition will be given in a later 


‘Hin Lew, Phys. Rev. 76, 1086 (1949). 
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part of the paper, but at this stage we may remark 
that 1/7. characterizes some sort of width. At suffici- 
ently high temperatures, our lines have Lorentzian 
shape. We shall assume that when the line width 
results from more than one process, all processes give 
Lorentzian shapes by themselves, and that the recipro- 
cal of the observed T, is the sum of the reciprocals of 
the T.’s from each process. 

For a Lorentzian line, the line width produced by a 
single interaction (the &th such interaction) can be 
written as the sum of two terms: 


(1 T2).= (1 To’) e+ (1 Ty’). (1) 


The first term on the right, called the secular term, 
arises from those matrix elements of the perturbation 
which are diagonal in the nuclear Zeeman representa- 
tion. The nonsecular term 1/7,’ results from processes 
which require an exchange of energy between the 
nuclear spins and their surroundings. The nonsecular 
term never exceeds the corresponding thermal relaxation 
rate, 1/T,. The significance of the two types of broad- 
ening has been discussed in the literature.°® 

The dominant coupling to the conduction electrons 
is via the magnetic interaction with their spin magnetic 
moments, through the so-called Fermi interaction.’ 
This coupling provides both a paramagnetic shift of 
the nuclear resonance frequency, the Knight shift, and 
a strong thermal relaxation mechanism. We are only 
concerned with the thermal relaxation and the accom- 
panying line breadth contribution. It has been shown!’ 
that (Te)er0ec=(Ti)etee, and that both are inversely 
proportional to the absolute temperature. Redfield® has 
observed 7,6 msec in aluminum at room temperature 
in reasonable agreement with theoretical expectations. 
In addition, his low-temperature measurements’ fit 
an inverse temperature dependence. Excluding other 
relaxation mechanisms we anticipate 7\~~2 msec near 
the melting point. 

Low-temperature line widths in solids are usually 
broad (of order several gauss) and independent of 
temperature. The broad resonances observed in most 
solids can often be completely accounted for in terms 
of the local field produced at one nucleus by the 
neighboring nuclear moments, w. For a neighbor a 
distance r away, the dipolar field is approximately u/r’, 
yielding a field of order one gauss for the nearest 
neighbor separation in aluminum. A precise description 
of the dipolar interaction is provided by Van Vleck’s 
theory of the second moment." The value calculated 
for aluminum is (AH*)=7.63 gauss? which is to be 


compared with the average of published room-temper- 


5 Bloembergen, Pound, and Purcell, Phys. Rev. 73, 679 (1947) ; 
hereafter referred to as BPP. 

6 R. Kubo and K. Tomita, J. Phys. Soc. (Japan) 9, 888 (1954). 

7 J. Korringa, Physica 16, 601 (1950). 

‘A. G. Redfield, Phys. Rev. 98, 1787 (1955). 

9 A. G. Redfield, Phys. Rev. 101, 67 (1956). 

0 J. H. VanVleck, Phys. Rev. 74, 1168 (1948). 
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ature values 10+1 gauss*."*.8 This discrepancy is 
perhaps not significant since second-moment measure- 
ments are very difficult. The important fact to note is 
that the room-temperature relaxation rate 1/7\~170 
sec! contributes negligibly to the line breadth 1/7, 
~22 000 sec. 

The dipolar broadening of the nuclear resonance can 
be greatly diminished at elevated temperatures by the 
increased rapidity of atomic motions. In particular, 
the motion of atomic diffusion can drastically alter the 
line breadth in solids. The explanation of motional 
narrowing was given by Bloembergen, Pound, and 
Purcell®> who described it by a one-parameter ‘noise 
theory.” Their result, which has proven exceedingly 
helpful in understanding much resonance data, is 


(1/ Ty y= (2 ‘r) (6a)? tan l(2r Ty. (2) 


where (1/7,’) is the secular line-width contribution, 
7 is the so-called correlation time describing the time- 
varying field, and éwo is the rigid lattice breadth in 
frequency. As a function of 7, Eq. (2) predicts two 
limiting dependences; for réwo>>1 the secular width is 
constant, and for réw<1 the secular width is propor- 
tional to the correlation time. An important feature of 
Eq. (2), of which use will be made below, is that the 
transition between the two cases is relatively sharp. 
The transition region spans approximately two orders 
of variation in 7 whereas the total range of 7 observed 
in an experiment may cover many factors of ten. 

It is often true that a pronounced change in line 
shape accompanies the narrowing phenomenon. Al- 
though a variety of shapes are found in the rigid lattice 
depending on such effects as crystal structure and 
orientation, lines become essentially Lorentzian when 
narrowed. The theory of the shape of the rigid lattice 
line has not been worked out for any but a few special 
cases. The Lorentzian shape of the narrowed lines has 
been explained. It is evident, therefore, that we must 
not treat Eq. (2) as being precise, encompassing as it 
does all cases of line width. Rather we should look on 
it as giving a semiquantitative description of the 
narrowing phenomenon. Kubo and Tomita® have exam- 
ined in detail the general problem of narrowing in 
magnetic resonance. They have obtained the BPP 
expression for all values of 7 for the particular model 
in which the rigid lattice shape is Gaussian and where 
1/T,’ is defined as the half-power width. 

The correlation time for the dipolar interaction is 
proportional to the mean time between elementary 
jumps of the diffusion process as has been shown by 
Bloembergen, Purcell, and Pound.® Random-walk 
diffusion theory” relates the jump time to the diffusion 
coefficient for a vacancy mechanism in an fee lattice 
according to 

r=a’/12D, (3) 

1! H, S. Gutowsky and B. R. McGarvey, J. Chem. Phys. 20, 


1472 (1952). 
12C. Zener, J. Appl. Phys. 22, 372 (1951). 
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in which a is the lattice constant and D the diffusion 
coefficient. Furthermore D should satisfy the Arrhenius 
relation 


D= Dy exp[—Ep/kT], (4) 


where Dy and Ep, the activation energy, are independ- 
ent of temperature and k is Boltzmann’s constant. 
From Eqs. (2), (3), and (4) we see that at low temper- 
atures or long jump times, the line width is independent 
of temperature and is equal to the rigid lattice value. 
At high temperature or short jump times, the line 
width decreases exponentially with increasing temper- 
ature. The division between high and low temperatures 
occurs when réwy™1. 

It has been found of much value to consider in some 
detail the location of the dividing temperature. To 
this end we make the reasonable assertion that at the 
onset of narrowing réwo is equal to a constant, b, for 
all materials with like lattice structure. With 
assurance, we may compare materials of different 
lattice structure, relying on the fact that the errors 
enter only logarithmically. Substituting from (3) and 
(4), we have 


less 


bwoa”/12D(T y) = b= (a*bwo/12Do) expLEp/Ty], (5) 


in which Ty is the “narrowing temperature.” The value 
of 6 which one should use clearly depends on one’s 
definition of the narrowing temperature. A convenient 
operational method for defining Ty is to extrapolate 
the exponential temperature dependence of the nar- 
rowed resonance towards lower temperatures and take 
the temperature at which it intersects the rigid lattice 
value. The consistency of this procedure checks very 
well for the lithium and sodium data of Holcomb and 
Norberg! where both Ep and Dp» are known. The 
lithium data yields 6=6.0 and the sodium data b= 5.7 
in which the factor 12 appearing in Eqs. (3) and (5) 
has been replaced by 8 since lithium and sodium have 
bee lattices. Having determined 8, it is possible to 
predict at which temperature a resonance will narrow 
given the activation energy, Do, and the rigid lattice 
breadth. Using Nowick’s theoretical values for alumi- 
num, namely, Dyp=0.45 cm*/sec and Ep=1.43 ev, we 
find Ty~330°C in good agreement with Seymour’s 
data. 

It is interesting to note that Seymour’s analysis of 
his data resulted in a much smaller value of Do than 
theoretically expected. This is undoubtedly another 
illustration of Nowick’s observation? that low experi- 
mental activation energies are always accompanied by 
low experimental Do’s. Nowick suggests that more 
reliable activation energies will in general be obtained 
by a single empirical determination of the absolute 
value of D than will be obtained from the relative 
changes in D observed over a small temperature range. 
The measured diffusion coefficient is converted to an 
activation energy by equating it to Eq. (4) into which 
a theoretical value of Do is substituted. The ‘‘narrow- 


AND 
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ing” temperature notion is merely a means of applying 
Nowick’s suggestion. 

The possibility of a nonsecular dipolar contribution 
is easily investigated. The corresponding thermal 
relaxation rate represents an upper limit for the non- 
secular line width. Torrey has developed a complete 
theory of the dipolar 7, considering in detail the effects 
of diffusion. The theoretical expression of Torrey is 


hel (I +1) W(k,y) 
(1/7) aip= 7.174 ; (6) 
wea k’ 


where k=0.74335 for the fcc lattice, y=wo7/2, and 
¥(k,y) is a dimensionless function which is tabulated by 
Torrey. For our purpose we simply need one value of 
y, namely Ymax= 90.2906. Evaluating (6) at 11 Mc/sec 
with the maximum value of y, we obtain (1/T))aip 
<2.90 sec. This is much less than the maximum 
electron relaxation rate of ~500 sec"! expected near 
the melting point. Consequently, even the observed 
T,’s should not reveal a dipolar contribution. 
Combining the secular dipolar contribution and both 
the secular and nonsecular electron contributions, we 
find that the observed line width in aluminum should 


be described by 
(1/T2)ovs= (1/T 2’) aip t+ ( 


over the entire range, that is, up to the melting point. 
[Strictly speaking, Eq. (7) is only an approximation 
except for the motional narrowing region. ] Further- 
more, we anticipate that (7) obs= (Tielec, also over the 
entire range. At low temperatures the line width is 
dominated by (1/72’)aip=22 000 sec. In the vicinity 
of 330°C the secular dipolar width should decrease 
rapidly until the line width is solely determined by 
(1/Ti)etee which equals ~500 sec near the melting 
point. It will be shown in Sec. IV that the data are 
consistent with this description except for the necessity 
of postulating an additional secular contribution, 
(1/T>’)z, which is constant over the temperature range 
investigated and which is equal to ~450 sec'. The 
consistency of this assignment is discussed in Sec. IV. 


III. EXPERIMENTAL METHODS 


The spin-phase memory time and thermal relaxation 
time were determined by means of the spin-echo 
techniques of Hahn.’ An important modification of 
pulsed resonance methods heretofore employed was the 
use of phase-sensitive detection of the nuclear signals, 
a technique made possible by employing phase-coherent 
rf pulses. For most of the measurements, the output of 
the phase-sensitive detector was fed to a gated inte- 
grating voltmeter quite similar to the boxcar integrator 
of Holcomb and Norberg.' The use of automatic track- 
ing of echoes by the integrator was convenient and also 


'3H. C. Torrey, Phys. Rev. 92, 962 (1953). 
"FE. L. Hahn, Phys. Rev. 80, 580 (1950). 
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eliminated possible errors in setting the voltmeter on 
the echo maximum. The use of a recorder following the 
integrator when response times were greater than a few 
seconds was an invaluable aid in obtaining the utmost 
from the data. All measurements herein reported were 
made at a frequency of 11 Mc/sec which necessitates 
an external field of 10 kilo-oersteds. An electromagnet, 
some details of which have been given elsewhere!® and 
which adequately met the stability requirements im- 
posed by the phase-coherent method, was used for the 
measurements. 


A. Phase Coherent Method 


The limitations of detecting transient nuclear induc- 
tion signals in the absence of an rf carrier become quite 
apparent when one encounters signals comparable to 
noise. Direct amplitude detection of the signals suffers 
principally for three reasons. The most important and 
fundamental limitation is that all integrating devices 
for improving signal to noise require that the noise be 
both positive and negative. If one is concerned with 
noise near, for example, 11 Mc/sec, one may well ask 
how plus and minus are defined. After all, any 11- 
Mc/sec voltage is both positive and negative. The 
answer to the question is that we must take an 11- 
Mec/sec reference. By comparison with it, we may 
distinguish cases where both references and “noise” are 
in step, hence positive (and thus negative) at the same 
time, from cases where the reference and ‘‘noise” are 
out of step, one being positive when the other is 
negative. That is, the plus or minus quality of noise 
has meaning only in terms of the phase of the noise with 
respect to a reference. If one uses an ordinary diode 
detector, and observes the output of an oscilloscope, 
one finds that the noise is all of one sign except when a 
coherent rf voltage is present, as for example, during 
the pulse of a large echo. If one puts the output of an 
ordinary diode detector into a boxcar integrator, the 
noise will average to zero as long as the echo is larger 
than noise. When the echo becomes comparable to 
noise, phase reference is lost, the noise becomes rectified 
(all of one sign) and in fact the signal now becomes 
randomly plus or minus. All attempts at integration 
then fail. Norberg and Holcomb! point out that the 
full potential of their boxcar integrator would only be 
achieved by initial phase-sensitive detection. The 
second difficulty with simple diode detectors is the 
nonlinearities which arise for small signals. The third 
difficulty is that even for large signals there is a correc- 
tion which must be applied because the “straight line” 
detector response does not pass through the origin. 

In the phase-coherent apparatus employed for the 
aluminum experiments, a stable continuously running 
rf oscillator supplies a cathode modulator and also 
furnishes a cw reference signal to the detector. The 


6R, T. 
(1956). 
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modulator output is power-amplified, and supplied to 
the sample coil to provide the nutating magnetic field, 
H. The nuclear signal induced in the sample coil is 
then amplified, added to the cw reference signal, and 
their sum is detected by a diode detector. The reference 
signal is adjusted to be in phase with the nuclear signal 
by varying the tuning of one or more intermediate tank 
circuits. Equality of phases was ascertained by insisting 
upon an induction decay which was symmetric with 
regard to slight shifts of the external field either side 
of resonance. 

The ‘requirements on magnet stability are easily 
examined. To do so, we write the output of the detector 
as 


V = B+4A (t) cos(yht—¢), (8) 


in which B and A are the respective amplitudes of the 
references and nuclear induction voltages at the de- 
tector, 4 is the deviation of the external field from 
resonance, / is the time measured from the terminus of 
the exciting pulse, and ¢ is the phase difference between 
reference and nuclear signal which if adjusted as 
described may be assumed to be zero. During a 7; 
run, an induction signal is measured at /=30-40 
microseconds. A 2% accuracy in determination of A 
required that cos(yht)=1 to within 2%. For aluminum 
nuclei a detuning 4<0.1 oersted is allowed. The 
stability requirements are much less severe for the 
spin-echo measurements. The same considerations 
which explain the echo formation also, in virtue of the 
m pulse, reveal that no net phase shift is produced by a 
static field detuning. On the other hand, a field drift 
of one milligauss in an echo time of three milliseconds 
would produce a 2% effect on the echo height. 


B. General Description of the Apparatus 


The over-all disposition of the electronics is shown in 
the block diagram of Fig. 1. The required sequences of 
pulses and triggers are produced by a generator in 
which the pertinent pulse spacings are derived from a 
calibrated variable audio-frequency source. The rf 
pulses produced in the modulator pass through a four- 
stage balanced power amplifier operating class C. The 
residual feed-through of the modulator is reduced to a 
tolerable level (a few hundred microvolts) in passing 
through the normally cut off class C stages. A symmetric 
rf bridge of which one arm contains the sample coil is 
employed to protect the receiver from the intense rf 
bursts and also serves to balance out the 100 microvolts 
residual feed-through. The peak-to-peak amplitude of 
the flipping magnetic field was 200 oersteds providing 
a m/2 nutation of the aluminum nuclear magnetization 
in times 26 ywsec. The tuned rf amplifier consists of 
four similar broad-band singly tuned stages. The ampli- 
fier has a band pass of ~200 kcps and an over-all gain 
greater than 10°. A good bridge balance results in a 
receiver unblocking time of ~12 usec as illustrated in 
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Fic. 1. Block diagram of the phase-coherent apparatus. 


Fig. 2. The receiver output is viewed directly on an 
oscilloscope and also goes to the synchronous integrator. 
rhe integrator was useful not only as a narrow-banding 
device but also to provide a convenient and precise 
meter reading of signal heights. Figure 3 indicates the 
available sensitivity at the highest temperatures. 


C. Rf Pulse Configurations 


rhe broad resonances in the rigid lattice and 
through the initial stages of narrowing were investigated 
by analyzing the free induction decay succeeding a 
single rf pulse which nutated the nuclear magnetization 


through 2/2 radians. The simple expedient of maxi 


Fic. 2. Oscilloscope display of the aluminum rigid-lattice Bloch 
decay. The sweep length is 270 microseconds. The 18-microsecond 
gap in the trace represents a 6-microsecond pulse and an unblock 
ing time of 12 microseconds. 


mizing the induction signal served to adjust the pulse 
duration properly. At least ten times the thermal 
relaxation time was always allowed for equilibrium to 
be established before each measurement. 

The preponderance of line shape data was obtained 
by using a sequence of two rf pulses, one of duration /, 
followed a time 7 later by one of length f:. The pulses 
were adjusted to give nutations of 7/2 and z, respec- 
tively. A pulse was said to give a m nutation if when it 
acted upon the spin system in equilibrium no induction 
signal ensued. The interval 7 is equal to the period of 
the audio-frequency mentioned in the previous section 
and could be varied continuously from 50 usec to 50 
milliseconds. Theory shows that the height of the 
induction signal occurring at 27 (the position of the 
spin echo) as a function of t= 27 is the Fourier transform 
of the absorption line and is to a large extent inde- 
pendent of the external field inhomogeneities. 

The thermal recovery of the spin system was investi- 
gated by applying a w pulse followed a time 7 later by 
a 4/2 pulse. The first pulse reverses the populations of 
the nuclear Zeeman levels (corresponding to a heating 
of the spin system to the corresponding negative 
temperature) while the second pulse is utilized to 
recovery of the nuclear 


determine the amount of 


magnetization at the various succeeding times. 
D. Sample and High-Temperature Probe 


Initial measurements were attempted on fine powders 
which, it was found, would sinter at temperatures above 
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450°C thereby rendering them useless. All data pre- 
sented below were obtained on samples consisting of 
1-mil foils which were 99.999 pure. Aluminum ribbons 
1-2 cm in length were placed upon a Pyrex ribbon 3 
mils thick and this combination was then wound onto 
a small hollow ceramic tube. The resulting cylindrical 
roll of nominally 1-cm o.d. fitted snugly into the rf coil. 
The hollow tube permitted a thermocouple to be placed 
at the center of the sample. 

The classical rf penetration depth in aluminum at 
room temperature and 11 Mc/sec is ~27 microns. 
Reasonably uniform penetration was obtained as 
manifested by the decay of the nuclear magnetization 
during the rf pulse. However, slight effects were 
discernible which appeared to be associated with the 
nonuniformity of the rf field. Specifically, the echo 
height was observed to vary slightly with a small 
detuning of the external field. A calculation following 
the methods of Hahn" revealed that a distribution in 
nutation frequency would produce such effects. The 
calculation also predicted that these spurious effects 
should decay with a characteristic time 7,*=1/yAH, 
where AH is the observed line width. Consequently the 
resonance was always artificially broadened for the 
echo runs, as can be seen in Fig. 3. 

The sample coil and heater were housed in a sealed 
copper tube 2 inches in diameter by 6 inches long. A 
plug of fire-brick material with a 1-inch bore 5 inches 
deep filled the copper housing and gave adequate 
thermal insulation. Fitting snugly into the bore was 
the heater consisting of a bifilar noninductive solenoidal 
winding of No. 22 Nichrome wire wound on a 3-inch 
length of thin-walled stainless steel tubing. One end of 
the housing was sealed and a flange with an O-ring 
groove was mounted on the other. A coaxial section 
consisting of a 4-inch length of thin-walled iconel tubing 
5-inch o.d. with a No. 22 copper wire as center conductor 
was fastened to the removable flange. The sample coil 
terminated the free end of the coaxial section. With 
the probe assembled the sample was located at the 
approximate center of the heater. The sealed probe 
when filled with dry nitrogen gas has been maintained 
at temperatures above 400°C for days without deteri- 
oration of its contents. Current for the heater was 
derived from storage batteries which held the tempera- 
ture to within 1 degree centigrade for periods of more 
than one hour. Chromel-alumel and copper-constantan 
thermocouples were employed for the temperature 
measurements. 


IV. RESULTS AND INTERPRETATION 


The aluminum data of most interest are summarized 
in Fig. 4. Measurements which are not included in the 
figure extend down to room temperature in addition 
to points at liquid nitrogen temperature and immedi- 
ately above the melting point. The rigid lattice reso- 
nance obtains below approximately 280°C. The initial 
stages of narrowing are characterized principally by a 
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Fic. 3. Oscilloscope display of a spin-echo sequence at 625°C. 
The echo times are 0.4, 0.6, 1.0, 2.0, and 3.0 milliseconds. 


change in shape. The rigid-lattice Bloch decay changes 
smoothly and continuously from the rigid-lattice shape 
below 280°C to an essentially exponential decay above 
360°C. Above 360°C the phase-memory time which is 
taken to be the time constant of the exponential decays 
increases sharply but levels off to an approximately 
constant value which is almost a factor of two less than 
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Fic. 4. High-temperature line width and thermal relaxation 
data in aluminum. The triangles correspond to second-moment 
determinations described in the text. 
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T,. This feature of the data is a clear indication of a 
line-breadth source in addition to the nuclear dipole 
and conduction electron interactions. The lack of 
complete narrowing, given by T.= 17), is reminiscent of 
the lithium and sodium data.! Measurements in the 
melt give T.»~T)~~2.1 msec. The observed thermal 
relaxation times follow a _ reciprocal temperature 
dependence throughout the range of experiment. 


A. High-Temperature Aluminum Line Width 


The rigid-lattice Bloch decay represents a pronounced 
departure from a Gaussian form. A “beat” which is 
clearly seen in Fig. 2 undoubtedly represents the same 
phenomenon observed in many solids by Lowe and 
Norberg.'* Below 360°C there is ambiguity concerning 
an appropriate line-width parameter with which to 
describe the resonance since the shape is changing. 
Figure 5 gives a vivid illustration of the manner in 
which the narrowing proceeds in its early stages. First 
the overshoot diminishes and also the initial slope 
begins to increase slightly as illustrated by the 297°C 
and 329°C data of Fig. 5. At approximately 325°C the 
entire decay is Gaussian but at slightly higher temper- 
atures the tail falls off less rapidly than a Gaussian. 
At 340°C two dependences can be seen in the decay. 
The initial portion varies as ? and the tail as ¢ on a 
semilogarithmic plot. Finally at 360°C the entire decay 
follows an exponential. The phase-coherent apparatus 
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Fic. 5. Bloch decays in the intermediate region. The amplitude 
of the free induction signal is plotted on a logarithmic scale 
versus #. The lines drawn through the experimental points yield 

‘2=48, 56, and 64 microseconds. The 48-microsecond line is 
repeated on the lower plots. 


‘6 T. J. Lowe and R. E. Norberg, Phys. Rev. 107, 46 (1957). 


AND 


CC. PP. serce ter 

together with the automatic echo tracking allowed the 
echo decays to be determined over almost two orders 
of variation in echo height. 

The coefficient of # in the moment expansion of the 
Bloch decay is }(Aw*),!® where (Aw*) is the mean square 
angular frequency deviation of the absorption. Hence 
the initial slope of the decay considered as a function 
of is directly related to the second-moment. The 
triangles of Fig. 4 represent second-moment determi- 
nations obtained from the straight lines drawn as in 
Fig. 5, using as a definition of 72 that 1/T2= ((Aw’))!. 
It should be noted that the initial portion of the decays 
cannot be observed due to blocking of the receiver. 
Obtaining the initial slope from these lines involves an 
extrapolation in which it is assumed that the initial 
portion of the decays follows a Gaussian curve. The 
value obtained for the rigid lattice second-moment by 
this procedure is 9.8+1.2 gauss*. Van Vleck’s" theo- 
retical expression yields 7.63 gauss®. By direct obser- 
vation of the absorption, Gutowsky and McGarvey 
obtained 10.5 gauss’, Seymour 11.2 gauss’? and 
Rowland 8.7 gauss’.’ To be sure there is some scatter 
in the values but all are significantly greater than the 
theoretical value. The narrowing proceeds as expected 
except for the extra broadening which ultimately limits 
the line width. The magnitude of the additional 
broadening is not sufficient to explain the above 
discrepancy in the rigid-lattice breadth although there 
is some uncertainty due to the grossly different line 
shapes. A contribution founded in a combination of the 
pseudo-dipolar and nuclear spin exchange interactions 
discussed by Bloembergen and Rowland" is consistent 
with the known facts. To a good approximation these 
interactions will narrow concurrently with the dipolar. 

Both Kubo and Tomita® and also Anderson'* have 
shown that the second moment should be unaffected 
by motion. Their proof is based on the introduction of 
a term 5, into the Hamiltonian to represent the kinetic 
and potential energies of the nuclei. 5C,, may now be 
incorporated into Van Vleck’s second-moment expres- 
sion 

h?(Aw*) = Trl (#1 ,—7 0)? ]/Tr(7,”), 


where /, is the total x component of nuclear spin, and 
5 is now the total Hamiltonian. Since 3C,, commutes 
with J,, it drops out of the expression for (Aw). 

In contrast to this view is the work of Pake and 
Gutowsky, Andrew and Eades," and others who have 
studied the effect of motion on the second moment of 
resonance lines. They compute the second moment by 
Van Vleck’s expression, but they modify the angular 
factors to take account of the motion. Thus, in the case 
of the coupling of a pair of nuclei undergoing rapid 
rotation, they use for the dipolar coupling the value 

‘7 N. Bloembergen and T. J. Rowland, Phys. Rev. 97, 1697 
(1955). 

18 P. W. Anderson, J. Phys. Soc. (Japan) 9, 316 (1954). 


1? For a good review, see E. R. Andrew, Nuclear Magnetic 
Resonance (Cambridge University Press, Cambridge, 1955). 
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Fic. 6. The secular dipolar width versus the reciprocal of the 
absolute temperature. The straight line corresponds to an acti 
vation energy En=1.41 ev. 


obtained by averaging over the rotation. Consequently, 
although 5C,, does not appear explicitly in their expres- 
sion for the second moment, in agreement with Ander- 
son, and Kubo and Tomita, it appears implicitly in the 
choice of angular variables. 

Over the range in which we feel the initial slope may 
be obtained reasonably reliably, we observe a decrease 
of approximately a factor of two in second moment, 
as illustrated in Fig. 5. Our results are therefore in 
agreement with the second view, and support the 
contention that the second moment is affected by 
motion. 

The activation energy for self-diffusion is obtained 
by fitting the narrowed dipolar width (i.e., in the 
Lorentzian region) to an exponential temperature 
dependence. The decomposition of the line width, 


(1/T 2) obs= (1 T2’)aip t+ (1 T.’).+(1 Lvohas (9) 


permits, as will be seen, the dipolar contribution to be 
determined over the range ~360°C to 500°C. The 
term (1/7T.’), represents a secular contribution of 
unknown origin which is assumed responsible for the 
fact that (Z»2).». does not narrow all the way to 7). 
Only the data above 360°C are utilized since only in 
this region is there no ambiguity in the line shape. The 
justification of Eq. (9) stems from the belief that 
T1)obs=Ti)elec, aS Supported by both the magnitude 
of T, and its temperature dependence. 

The «x interaction dominates the line breadth above 
~520°C. At these temperatures the dipolar term can 
be dropped from the right-hand member of (9). Hence, 
subtracting the 7, term from the observed width leaves 
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the secular contribution of the « interaction. In this 
manner it is found that (1/72’), is essentially inde- 
pendent of temperature with a mean value of (T2’), 
= 2.3 msec. It is assumed that the constancy of (72), 
is maintained in the region in which the dipolar width 
dominates the observed width. With this assignment 
the dipolar width can be determined by Eq. (9). The 
result of this procedure is summarized in Fig. 6 in 
which (1/72’)aip is plotted on a logarithmic scale 
versus 1/T. The accuracy at the highest temperatures 
is of course quite poor because of the large subtractions 
which are necessary. While there is scatter in the points, 
a reasonably good exponential temperature dependence 
is found in accord with theoretical expectations. The 
activation energy which is obtained from the straight 
line fitted to the points plotted in Fig. 6 is Ep>=1.4+0.1 
ev. The assigned uncertainty represents the scatter in 
the points and does not include possible uncertainties 
in the procedure. 

The subtraction which was applied to the 7, data of 
Fig. 4 in order to obtain Fig. 6 is quite large. However, 
there is no doubt that another line width contribution 
is present and must be taken into account. Two 
limiting assignments, (7'2’),= 2.70 and 2.15 msec, which 
seem to bracket the extra broadening, were also tried. 
The resulting data when plotted as in Fig. 7 yield 
activation energies of ~1.25 ev and ~1.53 ev, respec- 
tively. The 2.70-msec assignment (1.25 ev) leaves 
definite curvature in the plot. There is no consistent 
curvature with the larger subtraction. When only the 
electron 7; contribution is removed from the raw data, 
the initial slope indicates Ep2 1.25 ev and, of course, 
there is a pronounced curvature. 

Extrapolating the straight line in Fig. 6 to the rigid- 
lattice width of 2310* sec (not visible in Fig. 6) 
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Fic. 7. Typical decays of the transverse nuclear magnetization 
for the narrowed aluminum resonance. The straight lines represent 
(T2)obs= 265 and 1110 microseconds. 
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yields a narrowing temperature of 340°C. This is in 
excellent agreement with the value 330°C predicted in 
Sec. II on basis of the alkali-metal resonance data and 
Nowick’s estimates for Ep and Dp» in aluminum. 
Thus we have consistency in that the energy determined 
from the narrowing temperature agrees with the energy 
derived by the slope method. The activation energy for 
self-diffusion determined in this research is 1.40+0.1 ev. 

Recent quenching experiments on aluminum have 
been reported by Bradshaw and Pearson.” They obtain 
0.76 ev for, E;, the energy of formation of a vacancy 
which they determine from the dependence of the 
quenched-in electrical resistance on the quench temper- 
ature. They further interpret the annealing of the 
quenched-in resistance from which they obtain 0.44 ev 
for, E,, the energy of vacancy migration. Adding E; 
to E,, they get 1.2 ev for the activation energy of 
self-diffusion, a value which disagrees somewhat with 
the result of this research (1.4+0.1 ev) and likewise 
with Nowick’s prediction 1.43 ev. The reason for the 
disagreement is not at present known. DeSorbo and 
Turnbull*' have also reported on quenching experiments 
in aluminum. They give E,,=0.52 ev and E,;=0.79 ev 
for the respective energies as determined from their 
measurements, giving Ep=1.31+0.08 ev. Although 
our value is higher than theirs, the disagreement is 
not outside of the assigned errors and is probably not 
significant. 


B. Discussion of the Additional Broadening 


The decay of the transverse nuclear magnetization 
above approximately 450°C, as manifested by the echo 
decay, exhibits a slight departure from a simple 
exponential. Between 360°C and 450°C, only expo- 
nential decays were observed. The magnitude and 
nature of the difference is illustrated in Fig. 7 by the 
503°C data. The effect which is just barely resolved 


represents approximately one percent of the initial 


echo height, but was consistently present above 450°C 
and for this reason it is considered real. Since the 
deviation from an exponential was observed only in the 
region in which the line width is dominated by the 
extra broadening, it is assumed to be characteristic of 
the extra broadening. 

A spurious broadening caused by diffusion through 
external field gradients can be observed in an echo 
this effect 


modulates the echo envelope with a factor exp(—k?), 


experiment. It has been shown" that 
in which & is a constant which depends on the diffusion 
coefficient and the field gradients. Since such a term 
causes the echo amplitude to decrease more rapidly 


than a simple exponential, the opposite to that which 


2 F. J. Bradshaw and S. Pearson, Phil. Mag. 2, 570 (1957). 

2° W. DeSorbo and D. Turnbull, Bull. Am. Phys. Soc. Ser. II, 
, 262 (1957), and private communication. 

2H. Y. Carr and E. M. Purcell, Phys. Rev. 94, 630 (1954). 
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is observed, we can eliminate this as a possible expla- 
nation of the broadening. 

Surface effects can be easily dismissed as cause of 
the extra broadening. These effects depend upon 
appreciable diffusion across sample grains in times 
comparable to 7; and 7». Examination of etched 
99.99% aluminum foils which were used in this research 
revealed the average grain diameter to be ~30 microns 
(slightly larger than the foil thickness). The mean time 
for an atom to diffuse a distance L is t~}(L/a)?z, in 
which a is the lattice constant and 7 the mean time 
between jumps. Using r=10~* sec, appropriate for 
temperatures near the melting point on basis of the 
constants measured in this work, and L~30 microns 
yields ¢~10? sec whereas 7:.<7\~2.3 msec. It is 
concluded that the particle size is large enough to 
exclude surface effects in these experiments. Consistent 
with this conclusion is the fact that no additional 
broadening is observed in the melt, which is contrary 
to that which is expected for surface effects since the 
diffusion increases upon melting. 

The fact that (72), is independent of temperature 
suggests that the broadening is not motionally nar- 
rowed. It cannot be caused by inhomogeneous magnetic 
fields due to paramagnetic impurities because the spin- 
echo does not decay as a result of static magnetic field 
inhomogeneities. 

The remaining possibility is a coupling of the nuclear 
quadrupole moment to lattice strains produced by 
foreign atoms, vacancies, interstitials, dislocations, or 
elastic stress. 

One might suppose that just as the echo method 
causes a refocusing of static magnetic interactions, 
likewise it would refocus a static quadrupolar interac- 
tion. However, it is a simple matter to show that a 
m/2—a pulse sequence does not refocus a first-order 
static quadrupole broadening, and that in fact the echo 
envelope has the same shape as the free induction 
decay in a perfectly homogeneous magnet. 

In first order, a quadrupole interaction does not 
affect the frequency of the m= —} to m= +} transition. 
The other transitions are shifted. For the case of lattice 
strains which are not homogeneous, a distribution in 
shifts is present, giving rise to a line broadening.” The 
echo envelope, being the transform of the absorption 
line, will therefore have components which die out and 
a persistent component whose amplitude is 9/35 of the 
maximum induction signal. For our case, the rapid 
spin-lattice relaxation will greatly complicate the decay, 
but the general feature of a persistent tail at long times 
should remain. A quadrupolar coupling therefore seems 
to be a good possibility. Which of the possible sources 
of strain is responsible? 

The quadrupole interaction with vacancies has been 
discussed by Bloembergen.” He points out that one 
might see direct vacancy effects in metals only near the 


*3 N. Bloembergen, in Report of the Bristol Conference on Defects 
in Crystalline Solids, 1954 (Physical Society, London, 1954). 
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melting point where the concentration approaches 
perhaps ~10-*, The correlation time for a vacancy 
interaction is so short that (72) vae= (71) vac. Since only 
a T2 contribution was observed for the x interaction, 
a vacancy mechanism is effectively ruled out. 

Since the additional breadth was essentially constant, 
we assume that the responsible interaction is in its 
unnarrowed form. Accordingly the condition 


tell yee ae (10) 


in which 7, is the correlation time characteristic of the 
x interaction and (T,’),=2.3 msec, should hold up to 
the melting point. 

It is reasonable to assume that the x interaction 
varies from point to point in the sample, being positive 
in some places and negative in other. (Such would be 
the case for a quadrupolar coupling with dislocations 
or impurities.) If a nucleus were to diffuse a distance 
sufficiently great for the interaction to change sign, we 
have the possibility of motional narrowing. The time 
for a nucleus to diffuse such a distance, 2, would then 
be the correlation time 7, since the interaction would 
be coherent for shorter times. We find that 7, is given 
in terms of the lattice constant, a, and the mean time 
between jumps, 7, by 


L~}a?(r2/7). (11) 
From the narrowing of the dipolar width, we have 
7=10-* sec near the melting point. Combining (10) 
and (11) and substituting this value of 7 results in the 
inequality 

(L/a)?23X 10*. (12) 
We thus have an upper limit to the concentration of 
sources responsible for the extra broadening. The 
equality sign in (12) would correspond to the x inter- 
action being on the verge of narrowing at the melting 
point. 

A quadrupole perturbation due to the strain field 
surrounding a dislocation produces a line breadth 
(1/T 2’) ~dwais(a/L), where L is the mean dislocation 
spacing and dwais is the strength of the interaction for 
a nucleus adjacent to the dislocation. Substituting 
from (12) gives dwais= 10° sec which is easily satisfied. 
The experiments of Rowland™ on quadrupole effects in 
aluminum caused by foreign atoms indicate that 
several Mc/sec is not unreasonable for the nearest 
neighbor interaction. The strain near a dislocation is 
presumably of the same order or larger than that near 
a representative foreign atom. Condition (12) requires 
the dislocation density in the bulk of the sample to be 
less than ~5X 10" line/cm*. A larger nearest neighbor 
interaction which is eminently reasonable allows a 
corresponding smaller dislocation density. 

The dilution of sources dictated by (12), coupled 
with the short-range strain field surrounding a chemical 


* T. J. Rowland, Acta Met. 3, 74 (1955). 
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impurity, necessitates what we feel is an impractically 
large interaction strength in order to account for the 
extra broadening through foreign atoms. In particular, 
a nearest neighbor interaction dwenem2 10° sec is 
indicated. We conclude that dislocations are a likely 
candidate for the extra broadening. Long-range strains 
which might encompass entire crystal grains also fit the 
above picture. A partial relaxation of the strain could 
account for the decrease in line width upon melting. 
A systematic study of effects of strain and impurities 
on (T2), would be most interesting. 


C. Thermal Relaxation in Aluminum 


The nuclear spin thermal relaxation caused by the 
conduction electrons in metals has been calculated by 
Korringa’ and others. The relaxation rate which results 
from the Fermi contact term is 


(1/Ty)erec= (WkT/h)v2NAE)CEne, (13) 


in which vp is the atomic volume, V(E) is the density 
of states, Ey is the Fermi energy, Ey: is the hyperfine 
constant for the free atom, and C is the ratio of the 
electron density at the nucleus in the metal to the 
density at the nucleus in the free atom suitably averaged 
over the Fermi surface. According to (13), (T)etee is 
proportional to the absolute temperature. This de- 
pendence originates in the electron statistics and is also 
obtained for the 7; contribution which may be caused 
by the neglected terms of the Hamiltonian. The contact 
part of the electron interaction also gives rise to a 
paramagnetic shift (AH/Ho), called the Knight shift, 
of the metal nuclear resonance. As Korringa has 
shown,’ the Knight shift and electron 7, contribution 
are related: 


(T 1) etee(AH/Ho)?= (h/4akT) (Ye/¥n)’, (14) 


where y, and y, are respectively the gyromagnetic 
ratios of the electron and nucleus. The conduction 
electron Hamiltonian has been discussed extensively! °° 
with regard to the nuclear 7; contribution, the Knight 
shift, and the Korringa relation. 

The experimental accuracy was such that above 
300°C the thermal recovery could be observed over a 
time equal to five characteristic times. For the broad 
resonances below 300°C the precision of the T; data 
was limited by the accuracy to which the field could be 
set to exact resonance. No deviation from a pure 
exponential recovery was ever detected. The experi- 
mental relaxation times are summarized in Fig. 8. 
Included on the graph are low-temperature high-field 
determinations by Anderson and Redfield’® and by 
Hebel and Slichter?’ in addition to the results of the 
present research. It is immediately noted that 7; in 
aluminum quite accurately follows the predicted 

25 N. Bloembergen and T. J. Rowland, Acta Met. 1, 731 (1953 


26 A. G. Anderson and A. G. Redfield (to be published). 
27 L. C. Hebel and C. P. Slichter (to be published). 
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Fic. 8. Thermal relaxation time in aluminum versus the reciprocal 
temperature. The line describes (7,7) =1.85 sec °K. 
temperature dependence over the range ~1°K to 

~930°K. 

The absolute value of (T))ciee per se and relative to 
the Korringa relation has been reviewed recently by 
Redfield’ for aluminum. A general survey has been 
given by Pines.** Using the experimental Knight shift 
AH/H,=0.161X10," the Korringa relation predicts 
(T,;T)=1.50 sec °K. The straight line of Fig. 8 corre- 
sponds to (7,7)=1.85 sec °K. Ignoring correlation 
effects (both nuclear and electron), the Korringa rela- 
tion is expected to be a possible overestimate of the 
electron 7, since it neglects the other terms in the 
Hamiltonian which contribute to the relaxation but 
produce zero shift in cubic metals. Correlation effects, 
on the other hand, will cause the Korringa relation to 
predict low values of 7;.''5°5 The Korringa relation 
also yields lower 7,’s than empirically observed in 
copper**® and in lithium, sodium, and _ rubidium.' 
Measurements on metallic tin during the course of the 
present experiments gave T,=700+50 microseconds 

**D. Pines, in Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955). 
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at liquid nitrogen temperature, which also is larger 
than predicted by the Korringa relation. 


IV. CONCLUSIONS 


Extensive and precise data have been obtained on the 
high-temperature aluminum resonance. The line nar- 
rowing which occurs at 330°C and which has been 
previously reported and interpreted by Seymour*® has 
been re-examined in detail. Seymour determined an 
activation energy Ep=0.9 ev for self-diffusion in 
disagreement with Nowick’s prediction of Ep=1.43 ev. 
However, the “‘narrowing temperature” indicated by 
Seymour’s data is in accord with Nowick’s prediction. 
The 7, data obtained in the present experiments reveal 
an unexpected high-temperature line width which 
inhibits complete narrowing of the aluminum resonance. 
Fortunately, the additional line breadth manifests a 
simple temperature dependence, namely, it is constant. 
The activation energy determined by the temperature 
dependence of the narrowing dipolar width depends 
sensitively on the assignment for the additional line 
width. Two extreme assignments give Ep=1.25 and 
1.53 ev. The result of the present investigation is 
Ep=14+0.1 ev determined from the best fit of the 
narrowed dipolar width and from the narrowing 
temperature. 

Thermal relaxation times 7; measured in this 
research together with other determinations at very 
low temperatures indicate that 7; is proportional to the 
reciprocal of the absolute temperature from ~1°K to 
~930°K, with (7)T)=1.85 seconds-degrees Kelvin to 
within 4%. 

The feasibility and practicability of phase-coherent 
pulsed nuclear resonance techniques have been demon- 
strated. The phase-coherent techniques greatly extend 
the range of pulsed nuclear resonance methods hereto- 
fore employed and at the same time allow significantly 
greater precision. The success of the high-temperature 
aluminum experiments is in large measure a direct 
result of the coherent rf apparatus. 
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Theory of Ultrasonic Cyclotron Resonance in Metals at Low Temperatures* 


T. KJELDAAs, JR. 
Westinghouse Research Laboratories, Pittsburgh, Pennsylvania 
(Received August 25, 1958) 


The extent to which measurement of the propagation characteristics of circularly polarized acoustic 
shear waves as a function of a magnetic field applied parallel to the direction of propagation can reveal 
information about the band structure of metals is investigated theoretically. The interaction between the 
electrons and sound waves is treated classically and is viewed as taking place via an internal electric field 
and by scattering modified by the sound wave. The treatment is based on the combined solution of 
Boltzmann’s and Maxwell’s equations for a free-electron model. A simple physical picture involving 
cyclotron resonance is developed by means of which the treatment is extended to more general band models. 
The most striking results are obtained in case the mean free path is larger than the wavelength. Under 
these conditions, it is found that subject to certain restrictions, (1) absorption edges exist, the measurement 
of which can be related to the curvature of the Fermi-surface; (2) the shape of the Fermi-surface may be 
determinable from the shape of attenuation and dispersion curves within the absorption region; and (3) the 
cyclotron frequency may be measured. The results (2) and (3) may be dependent upon the simplifying 


assumption regarding the electron sound wave interaction. 


I. INTRODUCTION 

YCLOTRON resonance experiments have been of 

great value in exploring the band structure of 
semiconductors. When applied to metals, however, such 
experiments are faced with great difficulties mainly 
associated with the metallic skin effects. It thus seems 
natural to inquire to what extent the internal electric 
field associated with a high-frequency sound wave can 
be used for such experiments. 

The magnitude of these internal fields was calculated 
by Pippard! in his treatment of the attenuation of high- 
frequency sound waves in pure metals at low tem- 
peratures. His treatment demonstrates that the very 
large attenuations encountered under such conditions 
are in fact due to interaction with conduction electrons. 
On this basis, one would expect any magnetic field 
dependence of the energy absorption by the conduction 
electrons to be reflected directly in the attenuation. 
Such a strong magnetic field dependence of the attenu- 
ation was first found in experiments on tin by Bommel. 
The curve he obtained of the attenuation, A, versus the 
applied magnetic field, H, for the case of H perpendi- 
cular to the sound wave propagation vector, q, exhibits 
structure, which it has been suggested* is caused by a 
spatial resonance involving equality of the diameter of 
the electron orbit and one-half the sound wavelength. 
Similar results have since been obtained by others‘ and 
similarly interpreted. 

In the present work, a theory is developed in more 
detail than reported previously® for a configuration 
more closely related to the ordinary cyclotron resonance 
situation. The situation considered involves a shear 

* Based on a thesis submitted to the University of Pittsburgh, 
in partial fulfillment of the requirements for the degree of Doctor 
of Philosophy. 

1A. Pippard, Phil. Mag. 46, 1104 (1955). 

2H. E. Bommel, Phys. Rev. 100, 758 (1955). 

3A. B. Pippard, Phil. Mag. 2, 1147 (1957). 

4 Morse, Bohm, and Gavenda, Bull. Am. Phys. Soc. Ser. II, 


3, 44 (1958). 
5 T. Kjeldaas, Jr., Bull. Am. Phys. Soc. Ser. II, 3, 180 (1958). 


wave with q parallel to H. (Their common direction is 
taken to be the z direction.) The lattice displacement, S, 
and the resulting internal electric field, E, are thus 
perpendicular to the magnetic field. Except when 
otherwise stated, the entire discussion concerns circu- 
larly polarized waves. 

The main physical feature which characterizes the 
proposed experiment and distinguishes it from the 
usual cyclotron resonance experiment is the fact that 
the velocity of the electrons, v, on the Fermi surface is 
much larger than the speed of sound, c,. As a result of 
this, the time rate of change of electric field experienced 
by a conduction electron depends strongly on its ve- 
locity component in the direction of propagation of the 
sound wave; in fact the effective frequency, w,, is 
given by 

wWe=w(v,/c,+1), (1) 


where w is the applied frequency. It was shown by 
Pippard' that in the absence of a magnetic field, and 
for the electron mean free path, /, substantially larger 
than the sound wavelength, the attenuation of the 
sound wave is due to a group of electrons having a value 
of v, in a narrow range such that the electric field to 
which they are subjected is always in a given direction, 
i.e., such that w,.=0. In the presence of a magnetic field 
the projection of electron orbits on the xy plane are 
closed and repeated at an angular frequency, w,, called 
the cyclotron frequency. For electrons describable by 
an effective mass, m*, one has w.=eH/m*c. At a given 
value of magnetic field, there now will again be a group 
of electrons with a definite value of v, which can gain 
energy continuously from the electric field, namely 
those for which 

We=We=w(2,/C.+1), (2) 
unless the magnetic field is so large that Eq. (2) cannot 
be satisfied for any value of v, on the Fermi surface. 
Thus attenuation of the sound wave may be expected 
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for values of magnetic field such that 
c.+1), (3) 


where tv is the Fermi velocity. Moreover, from the 
nature of the variation with magnetic field in this 
region, information about the distribution of electron 
states over the Fermi surface should be obtainable. 

In Sec. III, we return to a demonstration of the 
utility of the absorption edges implied by Eq. (3) for 
determining the Fermi surface. In order to put the 
intuitive ideas discussed on a more substantial basis and 
to determine the sample purity required to obtain ade- 
quate resolution, we examine quantitatively in Sec. II 
the magnetic field dependence of the attenuation and 
dispersion of the sound waves for a free-electron model. 


w(—6/¢,+1)<w.<w(r 


II. FREE-ELECTRON MODEL 


The magnetic field dependence of the propagation 
characteristics is calculated by a procedure in which 
the electron-sound wave interaction is treated com- 
pletely classically. The calculation proceeds in three 


steps : 


(a) By means of the Boltzmann equation for the 
electron distribution function f, the electron current j 
is obtained as a function of the internal electric field, E, 
the lattice displacement velocity U (or lattice current 
density J), and the external magnetic field. 

(b) Maxwell’s equations are then used to eliminate 
the electron current, yielding a relation between E 
and J. 

(c) A force per unit mass, Fg, arises from the reaction 
of the electric field on the lattice and calls forth the 
attenuated and dispersion in question. 


The results obtained reduce at zero field to those of 
Pippard,' who obtained his results by kinetic considera- 
tions. In using a Boltzmann equation, we are extending 
to a magnetic field a procedure used by Holstein® who 
rederived Pippard’s results by this more generally 
understood technique. 

(a) The distribution function f equals fo+ fi, where 
fo is the Fermi distribution. The lattice displacement 
and quantities dependent upon it are taken to behave 
like e'4*-*'), so that 0/01— —iw, 0/0z2— ig. The re- 
laxation is taken to be by impurities with a charac- 
teristic time, 7, depending only on electron energy, and 
the collision term is written as 


af ‘ ) 
& y T ; 


where foU is a Fermi distribution centered on the lattice 
velocity U. One may make the expansion fp(U~ fo 
—mv-U(0fo/de). In the region gl>1, which is the one 
discussed in Sec. I, the more interesting physical results 


6 T. Holstein, Westinghouse Research Memo 60-94698-3-M17, 
1956 (unpublished). 
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are independent of 7 and of the postulate that the 
relaxation is to a Fermi distribution centered on the 
lattice velocity. Because the present interest is in 
effects independent of intensity, the Boltzmann equa- 


tion is linearized and becomes : 


0 fo 
— tw fi+,(ig) fi—e—(Ext2+ Eytr,) 


de 


eH Of, Of 1 ; Ofo 
— =( —1,- )-- (jitmy- 0 (5) 


mc Or, Ov, T 0€ 


which may be rewritten 


1—ir(w- 12q) Of: Of; 0 fo 
fr-w 57 -1—') =< ¥-T". (6) 


y i ” 
Ov; Ov, de 


where P= E—(m/er)U. Making the standard postulate 
of Gans’ that f;=2,X1(v,02,2,t)-+0,X o(v,v.,2,/) and going 
to circularly polarized components 


X+ = X,tiX,, | =f st ha 


ecc., 
one obtains the pair of equations 


eT (0 fo (73) te 
X+=—— 
1—17(w+tw,— 2.9) 


Going to polar coordinates in velocity space, integrating 
over azimuth and magnitude, and using the relation 
between Fermi velocity and electron density, one 
obtains 

j*=a0G*_E*— (1/00) J*], (8) 


2 d6 sin®6 
f 2 : (9) 
90 1—i7(wtw,— gro cos) 


oo=ne’r/m. 


where 


and 


(b) Maxwell’s equations become 


471 /C, \” 
2 
woX\¢ 


Eliminating 7* between Eqs. (8) and (10), one obtains 


J+/ 1 
| oe =e -(—- 1 )e ? 
ao \Gt 


1 


(10) 


(11) 


where 


g+=—_____— , 
1+7(w/4ma9G*) (c cP 


(c) The force on the ions per unit mass is 


m 1 
F(+=-— v+(—-1)Fiw' 
_ TM G+ 


7R. Gans, Ann. Physik 20, 293 (1906). 
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Here the last term arises from the action of the external 
magnetic field on the ions, 2,=eH,/Mc, where M is 
the mass of the ion. Since F4* is proportional to the ion 
velocity, the original assumption that the spatial de- 
pendence is of the form e‘% is in fact satisfied. Strictly 
speaking, the force on the lattice caused by the electron 
impurity scattering should be included. This can easily 
be done; however, it turns out to be negligible mainly 
because it depends on the difference of the electron and 
ion current. In the region of interest these currents 
almost cancel (@~1); outside of this region, moreover, 
the electric field force is dominant. In the interest of 
simplicity of presentation we therefore drop this term 
from the beginning. Upon substitution in the sound 
wave equation 


0°S+/dl = cp°0?2S*+/d2+F at, 


Q. mio f 1 B= ,3 
-—+4 ( — 1) , 
) Mo\G a 


one finds 


where a=ql. Direct evaluation of Eq. (9) yields 


1 ay 
eS a ae 


1 
+1 o(14 : -)-r 


where 
1 
r=—{tan“'[a(1+y) 
( 


2a 

1 tery)? 
p= in ), 

tov 1+a?(1—y)? 


G (H) =G" 


> re 


J+tan'La(1—y) ]}, 


v9) (1+w,/w), (—H). 


Y= (Cz 


1 


Figure 1 is a plot of the variation with y of the real 
part of (1/G*—1) for several values of a. The most 
striking feature is the existence of an absorption edge 
for large a, occurring at y=1. The value of the field at 
the absorption edge will be denoted by H4. Under con- 
ditions of present experimental interest 8~1. In the 
case of sodium, for example, for w= 10* sec~! a magnetic 
field of about 30 000 gauss would be required to change 
8 by 1%; while the absorption edges would occur at 
about 2500 gauss.* According to Eq. (12), Fig. 1 is 
therefore a plot of the attenuation as a function of the 
magnetic field, provided the attenuation per wavelength 
is small. 

In obtaining Eq. (13) we have taken g=w/cs, which 
again is a good approximation only if the attenuation 
per wavelength is small. The maximum of Re(1/G*+—1) 


5 At a certain large magnetic field ~10® oersteds, the real part 
of the denominator of 8 goes through zero. According to our 
equations this results in a resonant attenuation for one of the 
polarizations. 
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Fic. 1. Variation of Re(i/G*—1) as a function of y in the 
high-frequency region. This is equivalent to a plot of the attenu- 
ation versus magnetic field. 


occurs at y=0, and for this value of y, 1/G*~4a/3z, 
for a>1. The maximum attenuation per wavelength 
thus depends mainly on ion mass. In the case of sodium, 
g*—~qo(1+7/470) under these conditions. Inspection of 
Eq. (9) indicates that if the imaginary part of g multi- 
plied by / is substantially less than unity, no important 
corrections to Eq. (13) occur. Thus in Fig. 1 only the 
curve for a= 100 requires any modification in the case 
of sodium. Actually Eq. (9) may be integrated in terms 
of elementary transcendental functions for arbitrary g. 
From Eq. (12), g can then be determined by an iterative 
procedure in any case of interest. The validity of this 
correction is subject to some doubt, however, because 
when the attenuation per mean free path becomes large, 
surface conditions might be extraordinarily important. 
In particular, the effect of imposing surface boundary 
conditions on f; should be investigated to determine if 
there is anything ‘‘anomalous” occurring. Actually the 
main interest in the acoustic technique centers on the 
possibility of avoiding surface effects; therefore it is 
desirable to have a< 100. 

The dispersion arising from the electron interaction 
is an odd function of y, while the dispersion arising from 
the action of the external field on the ions is an odd 
function of H. The maximum change in ¢, occurs in the 
vicinity of the absorption edges. From Eqs. (12) and 
(13), one obtains, for a>>1, 


Ac, 1 mvo 1 
Max ; 
; 2 Moy 3 


which in the example of sodium equals 1/600. It should 
be noted that the change in speed for a (+)-polarized 
wave is very nearly oppositely equal to that for a 
(—)-polarized wave. 

For a plane polarized wave, this leads to a rotation 
of the plane of polarization by half the phase difference 
of its circularly polarized components. The effect is 
completely analogous to the Faraday effect, the direc- 
tion of rotation being independent of whether the 
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direction of propagation is parallel or antiparallel to H. 
Thus, upon reflection back to an original transducer, 
the change in polarization angle is doubled. In the 
example of sodium for w=10* sec~, one finds in the 
case H~H jy, that in a path length of one centimeter a 
phase change of ~7/2 takes place. The change in 
polarization is a function of H, being small for 
H\<|H4'|, and for |H|>|H4!. Depending upon the 
directional sensitivity at the transducer, extraneous 
“wiggles” may therefore be produced in curves of A 
versus H unless the change in the plane of polarization 
is specifically taken into account. Actually the attenua- 
tion of a (+)-polarized wave differs by a very slight 
amount from that for a (—)-polarized one, the frac- 
tional difference being c,/v. Thus, for extremely long 
path lengths the description in terms of plane polarized 
waves with a rotating plane of polarization breaks 
down ; the polarization becomes elliptical and eventually 
circular. In practice this effect may be neglected, since 
the amplitude is reduced by a huge factor before it 
becomes significant. The propagation characteristics of 
the (rotating) plane-polarized waves may be found 
from suitable combinations of Eq. (8). The attenuation 
now depends on the Re(1/G*+1/G~—2) and is sym- 
metric in H, its value is essentially the same as for a 
circularly polarized wave.’ The dispersion depends on 
Im[1/G++1/G-]; thus the change in velocity with 
field is smaller than for circularly polarized waves, by 
a factor of ~c,/v. The maximum fractional change with 
field of the speed is thus ~10-°. 

Returning to the discussion of circularly polarized 
waves, one finds from Eq. (12) that by measuring the 
attenuation and the speed of sound waves as a function 
of magnetic field, it may be solved for 


MV 1 \¢ 
im( ) 
Mey G+ a 
and for (mvo/Mco) Re(1/G*—1)(8/a) as a function of 
magnetic field. From the latter quantity the magnetic 
field at which y=0 can be determined, i.e., w, measured. 
It is possible, however, that this result is sensitive to 
the assumption that the electron-phonon interaction 
may be treated as taking place entirely via a macro- 
scopic electric field. In any case, a very high precision 
of measurement would be required. In the next section 
an examination is made of the information obtainable 
from absorption edge measurements, which according 
to Eq. (3) occur at y=+1. 


Ill 


The preceding results require important qualifica- 
tions and extensions before they can be applied to 


9M. S. Steinberg [Phys. Rev. 110, 772 (1958)] has inde- 
pendently calculated an attenuation coefficient for plane-polarized 
waves in a magnetic field. His value appears to be in agreement 
with ours. 
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analysis of measurements on real metals. The most 
important point to settle is the question of the extent 
to which the electron-impressed phonon interaction can 
in fact be viewed as taking place via a macroscopic 
electric field. The answer depends on the details of the 
electron-phonon interaction and will vary from metal 
to metal. No attempt will be made in this paper to 
investigate this problem from a theoretical viewpoint. 
From the fact that the measured” attenuation in tin 
agrees within a factor of 3 with that predicted by 
Pippard,! it appears plausible to conclude that for most 
normal metals at least a substantial fraction of the 
interaction takes place via the type of field treated. On 
this basis one expects that the absorption edges of the 
entirely free-electron theory will appear in most cases 
at least as regions of rapid change in attenuation with 
field. Hereafter we shall assume that the entire inter- 
action is of the electric field type and examine the con- 
sequences for somewhat more general band structures. 
The object is to obtain an understanding of the extent 
to which details of the field variation of A and c, may be 
related to details of the Fermi surface, and to provide 
a procedure for predicting results based on more general 
band models for cases where the assumption is satisfied 
well enough. The present discussion will be limited to 
the ‘‘absorption region,” i.e., |H|) <|H4', and to the 
case a>1. Actually we wish to put an upper limit on a 
of about 100 to avoid any complications of the type 
discussed following Eq. (13). When these conditions are 
satisfied, Re(1/G)>>1; thus collision drag effects may 
be neglected, and we may write instead of Eq. (8) 

=Zt+k (14) 
The quantity 2+ will be called the transverse magneto- 
acoustic conductivity, and the basic task of the present 
section is to calculate it. The discussion will be limited 
to the case of 8 ~ 1, which means that 7+ ~ —J+, so that 
Eq. (14) becomes E*+=—(1/2*)J*. Taking account 
also of the force of the external magnetic field on the 
ions, one obtains in the same manner as before 


ZQ. 


Z ne’ " 
g*)?= qo} 1+ = ot | : 15) 
M w+ 


Here Ze is the ionic charge, and the electron density 1 
equals Z times the ion density (Q,.=eH./Mc as before). 
From measurement of A(H) and c,(H), 2*(H) may be 
determined via Eq. (15). As will be indicated, the rela- 
tionship of 2+ to the band structure can in some im- 
portant cases be understood in detail by the intuitive 
methods of the introduction. 

To explain these more fully, Eq. (9) is first rederived 
by this procedure. In the entirely free-electron case 


~*+=o G*. For a group of free electrons, the field- and 


© W. P. Mason and H. E. Bémmel, J. Acoust. Soc. Am. 28, 930 
1956 
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frequency-dependent conductivity is given by 


ne*r 1 
3 (16) 
m 1+1(w-tw,)T 


In the acoustic case the frequency observed by an 
electron is Doppler-shifted as given by Eq. (2); ac- 
cordingly the conductivity due to a group of electrons, 
dn in number, having v, between v, and v,+d2,, is 


er 1 
d(ayG*)=dn ; 
m 1+i(we+w,)T 


From the relation dn= 3n(1—&)dé, where &=2,/vo, and 
from Eq. (2), this may be rewritten 

3 ne*r (1—&)dé 
dd ( ay )= 


4 m 1 {- (wrk Cs + Wr 


3 ff! (1—£)dé 
4J_,1+i(qvoé+wtw,)7 


for g=w/cs. Equation (18) is of course identical to Eq. 
(9). 

In the region of magnetic field in which the equation 
gvoé+w+tw,=0 has a solution, the solution is =. The 
denominator has a strong minimum at this point for 
a>>1. In evaluating Re(G*) the reciprocal denomi- 
nator may be treated as a 6-like function of con- 
stant area m/a, centered at =y, and of width 1/a. 
Thus Re(G+)~(32/4a)(1—y?) for 1—|y|>1/a, in 
agreement with Eq. (13). Now y ~H/Ha, thus 


3a H* 
(: a ) for <i 4°. (19) 
da i" 


NV+ 


By the same procedure which led to Eq. (19), 24 
may now be rederived for more general Fermi surfaces. 
We consider Fermi surfaces which consist of one or 
more surfaces of revolution about axes parallel to the 
k, axis. This is somewhat more general than is necessary 
to include overlapping bands each with spherical energy 
surfaces. Consider the expression" for the conductivity, 


Here dS is an element of area of the Fermi surface 
E(k)=¢, and 2;= (1/h)(0E/dk,). Thus 


(18) 


Re(Gt)= 


dS rv,1 
(20) 
hi 


eo 
f dS rv(1—&), where 
82h E=t 


The electrons on a plane perpendicular to the k, axis 
have the same cyclotron frequency and the same value 


Org =O yy, =F= 


A. H. Wilson, The Theory of Metals (Cambridge University 
Press, Cambridge, 1953), second edition, Eq. (8-2-6). 
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of v,. The element of area is now taken to be that 
formed on the surface between two such planes infini- 


tesimally separated. Accordingly one may write 


e dS rv(1—*) 
fe: a 
82h J pes 1+i(qv.etwtw,)r 


Integration over azimuth yields 
e f dé k,k,(1— &)*07 

4r?h J_,1+i(qvé+wte,)r 
or the sum of such expressions if more than one closed 
is involved. Here k?=k?2+h,?, and k, is the radius of 
curvature of the curve formed by the intersection of 
the Fermi surface and any plane containing the axis 
of revolution. In (22), the quantities k,, k,, v, w-, and 
r are regarded as functions of & Let & be the value of 
£ at which the imaginary part of the denominator 


: 
vanishes. The integrand is sharply peaked at £0, and 


(22) 


(23) 


a dé T 
J 1+ (qré+w-tw,)?z? gv(Eo)7(Eo,H) 


provided the variation of vr may be neglected in a 
range of £ equal to 1/qur1. Thus 


(e? 4argh )k, ( Ey) R, | Eo) ( 1 = £0") 2 \ 24) 
(or the sum of such expressions). Calculating w, by the 
Shockley” procedure, one obtains 


£, 
f0 


eH | 


cot (cos £9) 


(1— &?)! hqc k, 


The main point to be made is that the variation with 
field in the absorption region of Re(2*) is independent 
of any moderate variation of 7 with position on the 
Fermi surface or with magnetic field. The Fermi surface 
can be reconstructed from Eqs. (24) and (25) provided 
it consists of a single surface. The measurements yield 


Ek, hq 
k,k,(1—#)$= f(H) i( : ) 
(1—)* e 


Substituting k,=[ (1—&)!/& |dk,/dt, this becomes a 
first-order linear differential equation which may be 
solved for & as a function of k,. Noting that 

dk, dk » 


e/(i~ ey 
it is seen that an additional quadrature will yield k, as 
a function of k,. 

A serious reservation must now be made in addition 
to the one made at the beginning of this section. Equa- 
tion (22) has been derived by a method which is equiva- 
lent to a wave-packet-Boltzmann equation treatment. 


2 W, Shoc kley, Phy s. Rev. 79, 191 (1950 





1478 


The use of a Boltzmann equation treatment is question- 
able in the presence of a magnetic field, when w,7>1. 
The transverse magnetoresistivity predicted by such 
techniques is incorrect for large fields.” This failure can 
conceivably be attributed® to a magnetic field de- 
pendence of 7 however, and does not necessarily reflect 
on the applicability of the Boltzmann equation. It is 
possible that the main error from this source is simply 
the neglect of specific quantum effects. 

The case of completely general Fermi surfaces is not 
treated. It is easy, however, to gain a general idea of the 
results to be expected on a wave-packet picture if the 
surface is not one of revolution. In this case v, may vary 
along the orbit, and so may the rate at which the orbit 
is traversed. In general no electron on the surface can 
follow the direction of the electric field in detail. The 
internal electric field will not have a purely sinusoidal 
space dependence since its magnitude is almost exactly 
such as to cause the electron current to balance the 
positive-ion current. When all these nonsinusoidal 
effects are subjected to a spatial Fourier analysis, 
short-wavelength components are found. These lead to 
attenuation outside the fundamental absorption region, 
to a change in the details of the absorption inside this 
region, and to an increased diffuseness of the absorption 
edge. 

The general tenor of these remarks indicates that 
detailed interpretation of 2* will have value only when 
the deviation from a free-electron model is small or for 
gross band overlap. Reasonably well defined absorption 
edges probably exist somewhat more generally, and we 
now proceed to examine what one may hope to learn 
from their measurements. 

At the absorption edge w,/?,=w/c,, according to 
Eqs. (2) and (3). If now the Fermi surface is convex, 
and if 2, is an increasing function of k, up to the surface, 
the measured value of w,/v, is characteristic of a par- 
ticular point on the Fermi surface, namely the point 
whose normal is parallel to the field. Here w, is the 
limiting cyclotron frequency as orbits in k space shrink 
down to the point in question. The quantity w,/% 
depends on the differential properties of the surface at 


13 See, for example, R. G. Chambers, Can. J. Phys. 34, 1396 
(1956). 
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this point, and it may be demonstrated that 


Cc @:\* how \? 
x-—_(*) -(—-). 
CH 4? \v, ceH 4 

Here K is the Gaussian curvature, i.e., the reciprocal of 
the products of the principal radii of curvature at the 
point in question. Perhaps the simplest method of 
deriving Eq. (26) is to calculate the cyclotron frequency 
by the Shockley” procedure for an arbitrary field direc- 
tion for a general ellipsoidal energy surface, and to 
calculate K for this surface at the point where the 
normal is parallel to the field. An arbitrary surface is 
locally equivalent to an ellipsoid as far as second 
derivatives are concerned; therefore Eq. (26) follows 

generally from its validity for the ellipsoidal case. 

If it were possible to make the measurements for a 
variety of crystalline directions, it would be possible to 
map out the Fermi surface in some detail. Unfor- 
tunately, circularly polarized waves can propagate only 
along a fourfold (or higher) axis (or one with accidental 
shear-wave degeneracy). Thus in a cubic crystal the 
measurement is generally limited to propagation in the 
[100] direction. In this case the principal radii of 
curvature are equal and the measurement of H4 yields 
the radius of curvature. If the value obtained differs 
only by a small amount from the value of the Fermi 
momentum on a spherical-band picture, an idea of the 
shape of the Fermi surface should be obtainable by 
fitting the discrepancy to the lowest order Kubic har- 
monic. Measurement of K in some additional directions 
should be possible with the judicious use of plane- 
polarized waves. The main precaution to observe is 
that the distance of propagation be sufficiently small 
so that the phase deviation of the (+ )- and (— )-polar- 
ized components remains very small compared to X. 
The modes of a sound wave propagating in an arbitrary 
direction are not pure shear modes; thus analysis of the 
magnetic effects on longitudinal propagation charac- 
teristic will also be required to interpret measurements 
with such waves. 


(26) 
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The surface impedance at 1 kMc/sec of superconducting Sn has been investigated as a function of tem 
perature, 7, and of static magnetic field, 7, both longitudinal and transverse to the rf current. The following 
unexpected phenomena have been observed. The rf resistance, R, and the reactance, ¥, may each decrease 
with increasing H. A decreasing X and an increasing R may coexist. A variation of either the crystalline or 
static field orientation with respect to the rf magnetic field can change the sign of [R(H)—R(0)] and of 
[X (H) —X (0) ]. For T<2.0°K, both R and X are monotonically increasing functions of H. In this range of 
T, the approximation of a quadratic dependence for R on longitudinal and transverse H becomes increasingly 
unsatisfactory with decreasing T. The quadratic coefficient of the variation of X with longitudinal H also 
decreases with decreasing T, but the corresponding coefficient in transverse H increases, 1.2°K <T<2.0°K. 
The relation between these unexpected behaviors and previous experimental and theoretical studies is 


discussed. 


I. INTRODUCTION 


HE study of the high-frequency surface 
impedance! provides a_ powerful tool for 
investigating the electromagnetic properties of super- 
conductors.?* In particular, this technique can be 
applied to obtain detailed information on the behavior 
of a superconductor in a static magnetic field, H. 

The field dependence of the penetration depth, A, 
has been discussed theoretically’ on the basis of 
Pippard’s measurements as a function of H of the 
surface impedance, Z, at 9.4 kMc/sec in supercon- 
ducting Sn.*° These experiments have been instrumental 
both in demonstrating inadequacies of the London 
theory® and in introducing the concept of coherence 
in the superconducting electron wave functions. A 
qualitative explanation of the temperature dependence 
of the field variation of \ at 9.4 kMc/sec was given by 
the phenomenological theories of Pippard® and 
Bardeen.® The unsatisfactory quantitative agreement 
indicated the desirability of further investigations of 
the field variation of both R and_X. 

Results of previous experimental and _ theoretical 
studies suggested that both crystalline and _ static 
magnetic field orientation relative to the rf fields might 
be decisive in the determination of Z(H). In the case 
of Sn, the tetragonal crystal symmetry and the com- 
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Institute for the Study of Metals. 
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plicated Fermi surface render Z sensitive to crystalline 
orientation. Crystalline anisotropy effects in tin have 
been observed with H=0 (1) for R in the normal and 
superconducting states at 9.4 kMc/sec’? and 36 
kMc/sec’; (2) for X in the superconducting state at 
9.4 kMc/sec.’ 

Even for crystals with cubic symmetry and a spherical] 
Fermi surface, Ginsburg and Landau’ proposed that 
a marked difference in the observed magnetic field 
dependence of A might be expected, depending on 
whether H was parallel or perpendicular to the high- 
frequency magnetic field, H,. Because of the relationship 
between Z and X,°!° a corresponding magnetic field 
anisotropy is implied for R and X. 

The frequency, v=1 kMc/sec, was chosen mainly 
for convenience and for obtaining information on the 
v dependence of Z(H). Several factors suggested the 
desirability of selecting v<9.4 kMc/sec. To avoid 
complications in interpretation arising from the 
excitation of electrons across the energy gap in a 
superconductor,'! » was <KkT./h, where 
T.=transition temperature=3.73°K for Sn. In the 
determination of A(H) from measurements on X, 
corrections must be applied for the power dissipation 
by the normal electrons." These corrections depend 
on a detailed model for a superconductor, but can be 
made small by choosing y sufficiently low. Also, by 
working at v~1 kMc/sec, it was hoped to obtain 
information on the relaxation time for equilibrium of 
the electrons with the radiation field. A lower limit to 
v is set by the resonator technique itself. 

The measurements were performed on single-crystal 
wire samples. Provision was made for varying both 
the magnitude of H and the direction of H relative to 


chosen 
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H,. For the microwave resonant cavity used in the 
experiment, H; was excited tangentially to the sample 
in a plane normal to the wire axis; the principal di- 
rections of H were along the sample axis (longitudinal 
field) or perpendicular to it (transverse field). 

The experiment was originally designed to study the 
field dependence of Z in a transverse H, the direction 
used by Pippard.’ The appearance of an anomalous 
decrease” in X with increasing H suggested variation 
of the direction of H. The results of the longitudinal- 
field experiments are emphasized because of the 
relative simplicity in their interpretation. The trans- 
verse-H experiments are treated more qualitatively. 

The first part of the paper describes the technique. 
The second part deals with a presentation of the results 
on the four experiments: the variation of R and X with 
longitudinal and transverse H, using as parameters the 
temperature, 7, and the crystalline orientation. The 
results of the four experiments are then considered as a 
whole by examining the sources of error and by sum- 
marizing the characteristic features of the total problem. 
The concluding discussion relates the unexpected 
results to other experimental and theoretical investi- 


gations. 
II. EXPERIMENTAL METHOD 
A. Procedure 


The method used to measure the effect of H on the 
surface impedance of a superconductor as a function 
of T is similar to the microwave resonance technique 
introduced by Pippard at 9.4 kMc/sec.® The sample 
constitutes the central conductor of a coaxial resonator. 
The experimentally observed quantities, the changes 
in the Q and in the resonant frequency, », of the 
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Fic. 1. Comparison between the effective power transmission, 
P(v,H) at H=0 and H=H, with the maximum transmission, Po, 
occurring at a frequency vo. Observations are made by adjusting 
vy to », with H=0; P(»:,0)= fPo(0), where 0< f<1. (For maxi- 
mum sensitivity, /~0.75.) H is then applied and f;Po(H) is noted. 
Measurements are repeated at v2 on the other side of the resonance. 
Values of Po(0), Po(/7), and (v2—v;) are also recorded. From these 
data [vo(H)—vo(0)] and [Q(H)—Q(0)] are determined. 


12M. Spiewak, Phys. Rev. Letters 1, 136 (1958). 
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resonant cavity, can be directly related to changes in 
R and X of the sample.' In obtaining changes in R 
and X from the measured quantities, no detailed model 
for a superconductor is invoked. 

The determination of changes in R and X depends 
on the fact that the effective power transmission, P, 
of the resonator as a function of frequency, v, follows 
a Lorentzian line shape for the sample in either the 
normal or superconducting state with H20. P(yv) is 
obtained from the experimentally observed power 
transmission after correcting for the variation with y 
of the input power to the resonator. The Lorentzian 
character of the resonance was verified directly at the 
beginning of every actual experimental run by plotting 
P(v) in detail. 

For H=0, the temperature variation of R and X at 
1 kMc/sec in superconducting Sn is determined from 
changes in Q and vo between the normal and super- 
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Fic. 2. Schematic diagram of an apparatus for the detection of 
small changes in the surface impedance of a superconductor. 
Measurement is made of the power transmitted by the resonator 
as a function of frequency. The power input to the resonator is 
monitored at the power-level tuned detector. The two condensers 
in the diagram pass microwaves but filter lower frequencies. 


conducting state.!:7"° Individual resonance curves are 
studied since the width of the superconducting reso- 
nance is generally <[vos—von]. The quantity 
[vyos—von] denotes the change in vo associated with 
the expulsion of magnetic flux from the skin depth 
during the transition to the superconducting state. 

A determination of the field dependence of Z at 
constant T requires greater sensitivity, since the effect 
is small at 1 kMc/sec, the width of the resonance being 
>[0(H) — »0(0) ]. By switching H on and off, as shown 
in Fig. 1, the small changes in Q and vp associated with 
H are found. This technique, developed by Pippard to 
study small changes in X,5 minimizes the effect of 
frequency drift in the oscillator and temperature 
variation in the resonator. At low 7, where the line 
width becomes narrow, a variation in Z corresponding 
to AX~0.2 A can be resolved. (For Sn, A500 A at 
T=0°K.*) 

The field variation in Y, [Y(H)—X(0)], is directly 
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proportional to the corresponding change in v». How- 
ever, to determine changes in R, changes in the ‘un- 
loaded” Q of the resonator, Qo, must be found.” Since 
Qo depends on & (£ being the power transmitted by the 
resonator at resonance), the field variation of € must be 
established also. An interpolation formula is constructed 
for £(H) by determining Qo for H=0 and for some large 
H, H<H., where H,.=critical field. (It is convenient 
to choose H at ~0.9H, for the case of longitudinal H, 
and, because of demagnetization effects, just below 
0.5H. for transverse H.) Correction for power losses 
extraneous to the sample need only be applied in the 
determination of the T dependence of R, since these 
losses are independent of H and since the H dependence 
measurements only involve the differences [R(H) 
— R(0) }. 
B. Apparatus 

Conventional equipment and techniques were gen- 
erally employed.’ However, care had to be exercised 
to attain the required high sensitivity. 


Fic. 3. Schematic diagram 
of the resonator. 




















Small changes in Z were determined from power and 
frequency measurements on the apparatus illustrated 
schematically in Fig. 2. Represented on this diagram 
are the microwave resonator circuit, the power moni- 
toring circuit, and frequency measuring equipment. 
The resonant cavity was immersed in a liquid helium 
bath and surrounded by two magnets which produce 
H (not shown). 

The essential features of the resonator are shown in 
Fig. 3. Illustrated in Fig. 4(a) are the directions of 
longitudinal and of transverse H relative to H,, the 
rf magnetic field. The direction of the rf electric current 
in the sample, j1, is also indicated. 

The sample, A, a thin single-crystal wire slightly 
shorter than 4/2, \ being the wavelength, was made 
the central conductor of an open circuited coaxial 


OF 


SUPERCONDUCTING Sin 


Fic. 4.(a) Directions of the magnetic 
field, 7, and electric current, 7, in the 
resonator relative to the wire direction 
(dashed line). The subscripts 1, L, 7 refer 
to high frequency, static longitudinal, and 
static transverse, respectively. (b) Field 
superposition in longitudinal H. (c) Field 
superposition in transverse H. Demag 
netization effects transform the applied 
field Hr into a local field Hy’ directed 
along //;. 


en of 


Hy H, 


(c) 


resonator. (See Fig. 3.) A specimen diameter of 50-100u 
proved small enough for confining a sufficiently large 
fraction of the power loss to the sample itself, thereby 
obtaining the required sensitivity. Surrounding the 
sample was an oxygen-free, high-conductivity copper 
tube, B, 10 in. long and 1.5-in. i.d., which served as the 
outer conductor of the resonator. Power input and 
output was provided by two identical cupro-nickel 
coaxial transmission lines, C and C’. The inner con- 
ductors, E and £’, terminating in identical beryllium- 
copper coupling loops, D and D’, short-circuited the 
transmission lines to B. To minimize reflections pro- 
duced by coupling to the resonator, a three-meter 
section of highly attenuating coaxial cable was intro- 
duced at the top of the cryostat for both the input and 
output terminals of the resonator.’ Vacuum isolation 
of the resonator assembly from the helium bath was 
provided by a copper vacuum jacket. Mechanical 
isolation was achieved through suitable shock mounts, 
both internal and external to the helium Dewar vessel. 

The sample assembly, F, (see Fig. 3) was inserted 
into the resonator through a brass tube, H, with the 
vacuum joint made by a sliding O-ring seal at the top 
of the apparatus (not shown). Both rotational and 
linear motion of the sample with respect to the reso- 
nator axis was possible. The linear motion permitted 
variation of &, needed to extrapolate Q(&) to Qo. The 
rotational motion provided variation of the crystalline 
orientation relative to transverse H for a given sample. 

The sample was cemented with polystyrene cement 
into two fused quartz rings which served as cross 
members for a sturdy hairpin-shaped fused quartz 
bridge, G, readily detachable from the rest of the 
sample assembly. This design of the quartz. bridge 
eliminated the presence of large quantities of dielectric 
material in positions of high electric field, thereby 
minimizing the microwave losses. 

18The importance of this precaution had been stressed by 


T. E. Faber and A. B. Pippard, Proc. Roy. Soc. (London) A231, 
337 (1955). 
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TABLE I. Description of the samples. 


Sample Material Diameter (yu) 


Sni Vulcan 62 
Sn2 Vulcan 70 
Sn3 Zone-refined (Tiller) 61 


Thermal contact between the sample and the helium 
bath was achieved through exchange gas, using gas 
pressures low enough to avoid condensation of liquid 
helium in the resonator. Room-temperature radiation 
was limited by two copper radiation shields. Thermal 
stability of +0.001°K was required for measuring 
changes in Z, particularly near T,. Electronic tempera- 
ture regulation was used." 

The microwave oscillator, employing a 2C40 triode, 
supplied power from 870 to 1150 Mc/sec. Frequency 
stability of one part in 10’ could be maintained for 
several minutes, the time required for measurements 
at a given H and T. Long-term frequency stability over 
several days was a few parts in 10° Fine frequency 
tuning was accomplished by the projection of a fused 
quartz rod into the oscillator resonant cavity. The rod 
was driven by a micrometer head calibrated in units 
of 10~* in. Two quartz rods were employed: one with a 
resolution of 200 cps over a 3-Mc/sec range, and the 
other resolved 20 cps in a 300-kc/sec range. 

The output from the low-temperature resonator 
assembly, or alternatively from the power monitoring 
circuit, was fed to a tuned detector, in which the 
microwave power was rectified by a 1N21B crystal 
diode. The resulting dc current was recorded as a 
deflection on a galvanometer. The sensitivity of the 
detection scheme was governed by that of the gal- 
vanometer, which was 3.3X 10® mm/ya under ordinary 
operating conditions. The proportionality between the 
power input to the diode and the rectified current was 
verified by a detailed determination of P(v) for the 
resonator. 

Standard techniques were employed in measuring v 
(see Fig. 2). A coaxial wave meter was used for ob- 
taining absolute values of vy to +0.1%. Frequency 
differences, however, could be detected to a few parts 
in 10°, by mixing two microwave signals to produce an 
rf voltage, v’<5 Mc/sec. This rf signal could then be 
compared with the 10- and 50-kc/sec harmonics from a 
frequency standard. In practice, the frequency differ- 
ences were recorded as divisions on the micrometer 
head of the fine tuning control, which was calibrated 
in units of 10 or 50 kc/sec. 

The -transverse-field magnet was in the form of a 
pair of 15-in. i.d. Helmholtz coils mounted outside the 
cryostat, homogeneous to +0.5% for 18-cm travel 
along the axis of the resonator. Longitudinal H was 
generated by a solenoid mounted inside the nitrogen 


4H. S. Sommers, Jr., Rev. Sci. Instr. 25, 793 (1954); W. S. 
Boyle and J. B. Brown, Rev. Sci. Instr. 25, 359 (1954). 


Orientation 


6(100) vo (Mc/sec) 


973.4 
985.1 
971.8 


B(110) 


10 55° 
20 4” 
10 37° 


Dewar vessel of the assembly, and was 
homogeneous to +0.3% over 20-cm travel. By super- 
position of these fields arbitrary directions of H could 
be achieved. Measurements to determine the field 
homogeneity were made at the position of the sample 
both at room temperature and helium temperatures. 
Further refinements on field homogeneity were un- 
necessary since the errors introduced by the rf field 
were of comparable magnitude. No compensation or 
correction for the earth’s field was made. 


cryostat 


C. Samples 


The samples were prepared by casting tin into 
filamentary fused quartz tubes which were later passed 
through a sharp temperature gradient to produce the 
single-crystal wires. The fragility of these thin samples 
necessitated their remaining in the quartz tubes during 
the course of the experiments. Pippard’s work’ on 
larger diameter tin wires (0.25 to 1.0 mm) had shown 
that specimens surrounded by a quartz sheath yielded 
the same values for Z as free electropolished samples. 
Two of the tin samples used in this investigation were 
prepared from a Vulcan tin ingot (99.98% pure); a 
third sample was prepared from a higher purity ingot, 
zone-refined from spec-pure Vulcan tin.’® 

The tin wires in the thin quartz sheaths were fabri- 
cated in a high-vacuum furnace. The actual casting of 
the tin was accomplished by forcing a column of the 
molten metal into a fine capillary quartz tube with 
clean helium gas. The capillary tubes were drawn from 
1-mm bore fused quartz tubes and were cleaned by 
heat treatment at 500°C in high vacuum. 

Since field penetration studies in superconductors 
emphasize the surface conditions, the estimates of the 
bulk purity which were made by spectroscopic chemical 
analysis and low-temperature dc resistivity measure- 
ments are of limited interest. These estimates did, 
however, establish that the bulk purity of the least 
pure sample was comparable to that used in other 
high-frequency studies on superconductors."” Because 
of the large ratio of surface area to volume and because 
of the proximity of the quartz to the tin surface, the 
surface impurities may exceed the bulk impurities by 
some undetermined amount. Therefore, no quantitative 
comparison is possible between the effective purity of 
the various samples used. 

There were several indications that there was no 

16 Kindly supplied by Dr. W. A. Tiller, Westinghouse Research 
Laboratory. 
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binding between the quartz and Sn surfaces, although 
small amounts of local adhesion were possibly present. 
Such adhesion could introduce strains through differ- 
ential thermal contraction in cooling to helium tem- 
peratures. A sensitive test for these strains is the meas- 
urement of the field dependence of the surface resistance 
itself, at low 7, since local strains tend to precipitate 
the formation of regions in the normal state. In order 
to avoid strains through mounting and cementing the 
samples in the sample holders, special fixtures were 
devised. The reliability of results obtained with these 
samples is assessed in the discussion of errors. 

The crystalline orientation of the samples was de- 
termined by a standard back reflection Laue method. 
The angles used to specify the crystallographic orien- 
tation of the tetrad axis, a, and of the dyad axis (100), 
8, relative to the wire axis follow the convention of 
Fawcett.® 

A summary is given in Table I of the relevent in- 
formation on the three tin samples used in this study. 


III. THE SURFACE RESISTANCE 
A. General Remarks 


The variation of R in a superconductor with H is 
expected to be an even function of H and to be mono- 
tonically increasing, slowly for small H and then very 
rapidly as the normal state is approached. Since, on 
the basis of the two fluid model of superconductivity, 
it is the normal electron assembly which contributes 
to R, then as T is lowered, the magnetic field is expected 
to be less effective in increasing R. 

An unexpected and unexplained effect was reported 
by Pippard for R in superconducting Sn at 9.4 kMc/sec.® 
For 3.0°K< T<3.63°K, R(H) was observed to decrease 
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Fic. 5. Relative variation of R at 1 kMc/sec in superconducting 
Sn (sample Sn1) with longitudinal 4. Results for Q(/) are similar 
in the region, 1.2°K<7T<3.55°K. As h — 1, Q increases rapidly 
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Fic. 6. Relative variation with T of R at 1 kMc/sec in super 
conducting Sn (Sn1) at constant longitudinal #. The lower curve, 
h=0.75, represents the quadratic field dependence for 1.8°K <7 
<3.55°K. Contributions from quartic and higher power terms are 
important at s=0.90 and also for T<1.8°K on the curve h=0.75. 
For high 7, the T dependence of Q is governed by the more rapid 
decrease with T of r(0) than r(k); however, at low 7, the 7 
dependence of r(i) supplies the major contribution. 


with increasing transverse H. (The transition tempera- 
ture, 7,.=3.722°K.) No detailed discussion of R at 9.4 
kMc/sec was given, either as a function of H or T. The 
appearance” at 1 kMc/sec of an anomalous decrease 
in both R and X with increasing H gave further impetus 
to a systematic study of R(#). 

A discussion of R(#) as a function of T involves the 
T dependence of R(H=0), previous investigated in 
superconducting Sn at various frequencies.7:°."16 Just 
above 7, the surface resistance in the normal state, 
Ry, is independent of 7. The temperature variation of 
r=R/Ry at 1 kMc/sec, H=0, is similar to that given 
by Pippard for r at 1.2 kMc/sec.” In this range of », 
the scale factor relating r for a given crystalline orien- 
tation of Sn is v'.!7 Just below 7., R falls rapidly with 
decreasing 7. At still lower T, both r and (dr/dt) are 
small and are monotonically decreasing (e.g., r=0.01 
at T~~3.0°K at 1 kMc/sec). The measurements indicate 
that R- 0 as T— 0 at 1 kMc/sec. In contrast with 
the monotonic temperature dependence characteristic 
of R(H=0) for all crystalline orientations, a compli- 
cated variation with T is encountered in the field- 
dependent term, [7(H)—r(0) ]. 


B. R in Longitudinal Field 


The interpretation of the measurements of R in 
longitudinal H is relatively simple, since H is uniform 
along the sample (demagnetization effects being 
absent) ; therefore, this experiment is presented first. 

Typical curves for R on sample Sn1 (see Table I) in 
the superconducting state are shown at constant T 
upon variation of longitudinal H (Fig. 5) and at 
constant reduced magnetic field, 4=H/H., upon 
variation of T (Fig. 6). For convenience, the field 


16 Blevins, Gordy, and Fairbanks, Phys. Rev. 100, 1215 (1955); 
R. E. Glover, III, and M. Tinkham, Phys. Rev. 108, 243 (1957). 

17M. D. Sturge, Conférence de Physique des Basses Températures, 
Paris, 1955 (Centre National de la Recherche Scientifique and 
UNESCO, Paris, 1956), p. 563. 
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variation of R is expressed by plotting the difference 
[r(h)—1r(0) ]=Q(h) vs h. Thus, in the normal state, 
Q(h>1)=[1—r(0) ], which differs from unity by <1% 
for T7<3.0°K. Although the functional form of the 
field plots exhibit only small experimental scatter (see 
Fig. 5), the measurements are subject to large system- 
atic errors in scale (see Fig. 6), since the determination 
of the scale factor involves the absolute measurement 
of a small difference. These errors are accentuated at 
high 7, so that the difference between 2 and 2/[1—r(0) ] 
is less than the experimental error for 1.2°K<T 
<3.55°K. In fact, for 3.55°K<T<T,, these errors 
become so large that this range of 7 is inaccessible for 
the experiment summarized by Figs. 5 and 6. 

The following statements summarize the behavior 
of R at i kMc/sec for Sn1 as a function of T and of 
longitudinal H. 


(1) R increases monotonically with increasing H. 

(2) R is only weakly dependent on H. For h<0.9, 
2<1%. 

(3) Q(h) is also weakly dependent on T (particularly 
in comparison with results obtained for other crystalline 


and magnetic field orientations). 

(4) As T— T,, h becomes less effective in increasing 
R. For T2T,, 2 has no meaning. 

(5) As T decreases below 2.0°K, 2 approaches a 
nonzero value with (02/0T),->0 for 4=0.75 and 
h=0.90. 

(6) For 1.2°°K<T<3.55°K, Q(h) cart be approxi- 
mated by a quadratic term A sh* for h<tnox. 


The temperature dependence of the quadratic 
coefficient, Ax, and of the range of validity of the 
quadratic approximation, Amax, is shown in Fig. 7. For 
2.00°K<T<3.4°K, Ax is relatively insensitive to 
variation of 7. However, as T decreases from 2.0°K 
to 1.2°K, Ax is diminished by a factor of ~4. Two 
alternative curves are suggested by dashes in the region 
where A, varies slowly with 7, since large errors are 
involved in the determination of 4A,;. Reasons for 
encountering the largest experimental errors in the 
longitudinal-field experiment on R are considered in 
the discussion of errors. In the limit 7 — 0, a possible 
extrapolation A; — 0 is indicated. The results on Sn1 
show the quadratic approximation to become poorer 
as T decreases from 2.0°K to 1.2°K. Speculations on 
himax for T<1.2°K are also included in Fig. 7 (dashed 
curves). 

These results on R can be related to the two-fluid 
model of superconductivity. Power dissipation (or R) 
is associated with the normal electron assembly. As T 
decreases below 7,, the normal electron concentration, 
ny, decreases and, therefore, so does R. In fact, the 
theory predicts that R-0 as T— 0 (since ny —> 0), 
in agreement with the observations at v=1 kMc/sec, 
H=0. Moreover, for small but finite 4, Q(4) — 0 (or 
at least becomes very small) as T — 0, as is implied by 
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Fic, 7. Lower curve: temperature dependence of the quadratic 
coefficient, A,, of Q at 1 kMc/sec in longitudinal h (see text). 
Since the errors in A, for Sn1 are large, two alternate curves 
(dashes) are suggested for 2.0°K S75 3.2°K, a range of T for 
which @ is relatively insensitive to 7. In the limit T — 0, a possible 
extrapolation A; — 0 is indicated. Upper curve: temperature 
dependence of imax (see text) associated with 4;. Two possible 
extrapolations are suggested for Amax as T — 0. 


the extrapolation of 4, —0 as T— 0. The results 
illustrated in Fig. 7 suggest that a value of 420.5 is 
needed to rearrange the normal and superconducting 
electron populations sufficiently to create measurable 
losses. On the other hand, for 2 to be measurably large 
at low 7, a substantial change in the electronic con- 
figuration is required. In fact, for 7<1.2°K, a measur- 
ably large 2 implies that [r(h)/r(0) ]> 2. 

Because of the decrease in Jax With T for T7<2.0°K, 
the temperature plot corresponding to h=0.75 in Fig. 
6 does not correspond to a quadratic field region in the 
low-T limit. On the other hand, contributions from 
quartic and higher power terms are significant for 
almost the entire range of T in the curve of h=0.90. 

The smallness of the field dependence of R in longi- 
tudinal # persists upon variation of the crystalline 
orientation. However, significant differences in the 
detailed behavior occur from one sample to another. 
A comparison of Q(/) at 1 kMc/sec is shown in Fig. 8 
for three Sn samples (crystalline orientations given in 
Table I) with 7~3.55°K, or reduced temperature 
t=0.950+0.001. For both Sn1 and Sn2 a monotonic 
increase in R with h is observed and the field plots are 
quadratic for h<0.85. The quadratic coefficient, A 1, 
depends on 7, on crystalline orientation, and also, 
perhaps, on sample purity. 

In contrast with the results on Snl and Sn2, an 
unexpected decrease in R with increasing / occurs for 
Sn3. This decrease in R will be referred to as anomalous. 
Even in the case of Sn3, the field plot for 2 is quadratic 
for h<0.4, with the quadratic coefficient (A 1)3;<0. In 
magnitude, (47):<|(Az)s\<(Az)o. Since Q(h>1) 
=[1—r(0)]>0, the anomalous decrease in R is ac- 
companied by a minimum in 2. Thus, in the range of 
h for which the minimum in Q occurs, a dependence on 
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h more complicated than quadratic prevails. The 
observation of an anomalous decrease in R is considered 
one of the important results of this investigation. 

The crystalline anisotropy effects observed for finite 
H may be related to anisotropy effects reported for 
R(H=0) at 9.4kMc/sec’? and at 36 kMc/sec$ in normal 
and superconducting Sn. The variation of the surface 
conductance, 2, in normal Sn is related to changes in 
the curvature of the Fermi surface. Values of = at 36 
kMc/sec for the orientations of Sni, Sn2, and Sn3 are 
78, 64, and 53 ohm, respectively.* The corresponding 
values for R(H=0) at 9.4 kMc/sec in superconducting 
Sn are ~12.5, 13.5, and 18.0 (arbitrary units), respec- 
tively. It is, perhaps, not surprising that Q(h) at 1 
kMc/sec shows more similarity between Sni and Sn2 
than between Sni and Sn3. It is not clear why (A z)3;<0 
or why (Az)o>(Az); rather than (Az):>(Az)2. 
Because of differences in sample preparation between 
Sn1, Sn2, and Sn3 (see Table I), some of the apparent 
orientation effects may be connected with differences 
in the bulk purity of the samples. Until experimental 
data on other crystalline orientations are available, 
and until the effect of crystalline purity on Q is deter- 
mined the detailed features of the field dependence of 
R will be obscure. 


C. Rin Transverse Field 


Several factors complicate the transverse-field ex- 
periments to make comparison with the longitudinal- 
field case difficult. These complications are connected 
with the demagnetization effects and with the super- 
position of dc and rf magnetic fields. Nevertheless, the 
measurements on the variation of R with transverse 
H are :valuable. A qualitative comparison between R 
in longitudinal and transverse H for the relatively 
simple crystalline orientation of Sn1 implies that Q is 
more strongly dependent on the direction of H than is 
expected solely on the basis of demagnetization and 
field superposition effects. Since the transverse-H 
experiment is complex, this discussion aims to empha- 
size general characteristics. The more complicated 
problem of an arbitrarily directed H is not presented 
here. 

Because of demagnetization effects, the observed R 
and Q in a transverse external field H represent an 
average over a range of local fields with magnitudes 
between 0 and 2H and directed along H;. (These 
averages are designated by R and Q,.) Although, in 
principle, a quantity 2’, associated with a unique value 
of transverse H, can be computed from a knowledge 
of the angular dependence of {24,, the process is laborious 
and has not been carried out for the general case. Such 
a computation is practicable only if it is possible to 
treat Qs as independent of sample rotation about the 
resonator axis. Preliminary measurements on sample 
rotation cast some doubt on the validity of this approxi- 
mation. However, this approximation is useful for 
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Fic. 8. Relative variation of R at 1 kMc/sec with longitudinal 
h for three Sn samples (crystalline orientations given in Table I). 
The anomalous effect in R corresponds to 2<0. The relative 
magnitude and sign of Q for these samples depends on the reduced 
temperature, ¢. 


obtaining qualitative information. In particular, for a 
quadratic dependence of Q4 on applied H, a short 
calculation gives [Q’(H)/Qy(H)]=4. It should be 
noted that since H; is excited tangentially to the sample 
surface, no demagnetization effects are present. 

Differences in the dynamic superposition of H, on 
longitudinal and transverse H [see Figs. 4(b) and 4(c) ] 
cause 2’ and Q to be nonequivalent quantities. The 
determination of the relation between 2’ and Q is 
complicated by crystalline anisotropy effects and by 
relaxation of the electrons in the rf field. By using a 
specific model for a superconductor in a magnetic field, 
an estimate for (Q’/Q) can be obtained. (See Sec. VI.) 

In Fig. 9, Qy at 1 kMc/sec is shown as a function of 
transverse # for Snl, h<0.6. At higher h, hysteresis 
effects associated with the intermediate state occur. 
The thinness of the wire samples inhibits the formation 
of the intermediate state for 0.5< 450.7, a result also 
found by Pippard.® In Fig. 10 the corresponding tem- 
perature variation of Qa at constant external transverse 
h is illustrated. 

The significant differences between the field variation 
of R in longitudinal and transverse 4 are summarized 
by the following points. 


(1) For a given crystalline orientation, 2 may change 
its sign, magnitude and functional form as H changes 
from longitudinal to transverse. 

(2) A stronger field dependence generally occurs in 
transverse H. (Fur example, note the difference in 
scale between Fig. 5 and Fig. 9.) In particular, the 
anomalous decrease in R tends to be about one order of 
magnitude greater than in longitudinal A. 

(3) In contrast with the monotonic field variation 
in longitudinal 4, two mechanisms are operative in 
transverse h. One, strongly temperature-dependent and 
dominant at high 7, causes R to decrease with increasing 
h; the other, prevailing at low 7, causes R to increase 
and has relatively weak temperature dependence. 
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Fic. 9. Relative variation of R at 1 kMc/sec in superconducting 
Sn (Sn1) with transverse 4. The anomalous behavior in R (i.e., 
Q~4 <0) is characterized by a relatively strong variation of Qa, 
with # and 7, as is seen in the curves for 7=3.653°K, 3.611°K, 
3.543°K. Since Qa — [1—r(0)] as h — 1, the anomalous behavior 
in R must give a minimum in Qa. At T=3.653°K, (Qty) min=—7 .7%. 


Evidence for the existence of these mechanisms comes 
from the minima appearing in the field plots of Fig. 9. 
As T decreases, these minima diminish in magnitude 
and occur at lower values of 4. (This discussion is also 
pertinent to Sn3 in longitudinal 4.) 

(4) The functional form of 2,4 for Sn1 is more com- 
plicated in transverse than in longitudinal /. In par- 
ticular, for 3.35°K<7T<T., the anomalous behavior 
in R is present. The field plots are quadratic for small 
h, with Av, the quadratic coefficient, being <0; but, 


as the minimum in {,() is approached, the field 


dependence becomes more complicated. For 2.0°K ST 


<3.35°K, the quadratic approximation is applicable 


for Amax™™0.5; and Ar is essentially independent of 7 


for 2.5°K<7<3.35°K. As T decreases below 2.0°K, 
the quadratic approximation becomes increasingly 
unsatisfactory with quartic and higher power terms 
dominating. In fact, the decrease of Ar and of Jinx 
with decreasing T in the low-temperature limit is more 
pronounced than for the corresponding quantities in 
longitudinal H. The effect of quartic and higher power 
terms is emphasized in Q«4 by the strong contribution 
from small regions in local fields near 2H. 

(5) A strong T dependence for 2, in transverse H 
is associated with the anomalous decrease in R. An 


almost vertical slope is encountered in the temperature 
plots of Fig. 10 for 3.5°K<T<T,. 


To isolate the two mechanisms which are operative 
on R for Sn1 in transverse H, a plot is presented in Fig. 
11 of the T dependence of the quadratic coefficient of 
0’, Ar’, at 1 kMc/sec. The branch A7’<0 illustrates 
the strong temperature dependence of the anomalous 
effect in R, while the branch 47’>0 shows compara- 
tively weak dependence on T. The region of validity 
of the quadratic approximation for 2’ is shown by the 
two branches of /max on the upper curve. The effect of 
crystalline anisotropy associated with the rotation of 
the sample about the axis of the resonator has been 
neglected in the determination of Q’ from Q,. A com- 
parison of Fig. 7 with Fig. 11 emphasizes the differences 
between longitudinal and transverse H with regard to 
the magnitude of the field dependence of R and to the 
appearance of the anomalous behavior in R. (For 
example, note the difference in scale between Fig. 7 
and Fig. 11.) However, for the branch of the curves, 
Ar’>0, both A; and Aj’ are roughly independent of 
T for 2.5°K< T<3.3°K and decline with decreasing T 
for T<2.0°K. These similarities are qualitative only, 
since in the temperature-independent region, (A 7’/Az) 
~6.7+0.9 while at T=1.2°K, (Ar’/A1L)=2. The 
extrapolation A7’ > 0 as T — 0 is also suggested, with 
Ay’ diminishing more rapidly than A, as T decreases 
below 2.0°K. 

In transverse, as in longitudinal H, the variation of 
crystalline orientation gives rise to significant differ- 
ences in the detailed behavior of R(/#). A comparison of 
(2x, in transverse H is made in Fig. 12 for Sn1, Sn2, and 
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Fic. 10. Relative variation with T of R at 1 kMc/sec in super 
conducting Sn (Sn1) at constant transverse h. The curve, h=0.25, 
represents the quadratic field dependence for 1.7°7KS7<3.4°K. 
Outside this range of 7, higher powers in / are important. The 
curve h=0.50 represents the quadratic h dependence for 2.2°K ST 
S3.2°K and nonquadratic behavior for other 7. The strong T 
dependence of the anomalous effect in R is seen for 3.4°K ST <T.. 
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Sn3, ¢=0.951+0.001. For all three samples an anoma- 
lous decrease in R is exhibited. These curves are not 
intended necessarily to imply that all orientations yield 
Q~<O in transverse H. Preliminary results on an 
indium sample, a=0.5°, 6 unspecified, show no anoma- 
lous effect in transverse H, although results on another 
indium sample (a=88°, 8=26°) do show this effect. 
That Qy tends to be most negative for Sn3 and most 
positive for Sn2 is compatible with the results for 
longitudinal H shown in Fig. 8. 


IV. THE SURFACE REACTANCE, X 
A. General Remarks 


By analogy with metals in the normal state whether 
described by the theory of the classical or the anomalous 
skin effect, the variations of R and of X in a super- 
conductor with an external parameter (such as H) are 
expected to be related to each other. Physically, the 
electromagnetic energy stored in the surface layer of a 
metal depends on the dissipation mechanisms charac- 
terizing that material. That the field variation of R 
and of X in a superconductor can be very different at 
given v and T is a surprising result. 

The variation of Y in a superconductor with H is 
expected to be an even function of H, and to increase 
monotonically with H, slowly for small H and then 
rapidly as the normal state is approached. Prior to the 
present study, information on the 7 dependence of 
the field variation of X, [X(H)—X(0)], was limited 
to observations by Pippard at 9.4 k Mc/sec in transverse 
H. It was found that X(H)>X(0) and that [Y(//) 
— X(0)] does not vanish as T— 0.° 
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Fic. 11. Lower curve: temperature dependence of the quadratic 
coefficient, A7’, of 2’ at 1 kMc/sec in transverse h (see text). 
Different 7 dependences characterize the two branches of A 7’; 
branch A 7’<0 corresponds to the anomalous decrease in R with 
h and Af’>0 to increasing R. The possible extrapolation of 
Ar’ — 0as T — Ois indicated by the dashed curve. Upper curve: 
T dependence of hmax associated with the two branches of A 7’. 
The extrapolation of /max — 0as T — Ois suggested by the dashed 
curve. 
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Iic. 12. Relative variation of R at 1 kMc/sec with transverse 
h for three Sn samples (crystalline orientations given in Table I). 
The anomalous decrease in R differs in detail for these three 
samples. 


This observed behavior at low T is in conflict with 
the London theory which assumes that the super- 
conducting electron wave functions are independent 
of H, so that as T— 0 and ny — 0, the electromagnetic 
properties of the superconductor cannot depend on H. 
A modified two-fluid model has been presented by 
Bardeen*® in which the superconducting electron wave 
functions are permitted a perturbation in H. Nonzero 
values for [X (H)—X(0)] are then possible for T=0. 
A second-order calculation 


perturbation gives a 


quadratic field dependence of X and of \ which can 
be fitted qualitatively to Pippard’s results at low 7.°.° 
Measurements of the field dependence of X at 1 
kMc/sec yield unexpected behaviors regarding vari- 
ation both with 7 and with H. 

As in the case of R, studies of ¥(H) involve the T 
dependence of X (H=0). Investigations at 1.2 kMc/sec” 
and at 9.4 kMc/sec’ show, in agreement with the two- 
fluid model, that X « (1—/*)~ for the reduced tempera- 
ture, /, sufficiently small so that dissipative mechanisms 
for the normal electron assembly can be neglected. 
(For example, at 1 kMc/sec this relation would apply 
for ¢<0.9.) A more complicated T dependence charac- 
terizes the field variation of Y, [X(H)—X (0) ]. 

The resonance technique which is used here to study 
X (H =0) determines directly only changes in XY between 
the superconducting state (#7=0) and the normal state 
(H slightly greater than H,). Denote these changes in 
X by AX=[X(0,7)—X(H>H., T)]<0. Since X in 
the normal state, Xw, is closely temperature inde- 
pendent for 7<T,, measurement of the T dependence 
of AX yields both Xy and the T variation of X(H=0). 
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The results for the field variation of X are conven- 
iently presented by plotting Z=[X(h)—X(0)]/ANX 
vs h. In the normal state == —1. The expected increase 
in X with H yields =<0, while the anomalous decrease 
in X is represented by Z>0." Instead of =, variables 
referring only to the superconducting state could have 
been used. Because of the complexity of the observed 
field variation of X, there is some advantage to pre- 
senting the data in a form closest to the experimental 
observations. 


B. X in Longitudinal Field 


—_ 


Results for the temperature dependence of = at 1 
kMc/sec in constant longitudinal #4 are presented for 
Sni in Fig. 13. The corresponding field plots for = at 
constant T have been presented previously.” A com- 
parison between the field dependence of R and of X 
for a relatively simple crystal orientation (Sn1) can be 
made using these results on X (4) and the corresponding 
curves for R(h) in longitudinal h. (See Fig. 5 and Fig. 
6.) 

The characteristic qualitative behaviors (1-6) de- 
scribed for R at 1 kMc/sec in longitudinal H apply also 
to X for Sn1 in the superconducting state (with suitable 
transcription of R— X). Certain differences, however, 
appear, particularly in the functional form of = as 
compared with that of 2 for T<2.0°K. 

For a wide range of 7, the variation of = with 
longitudinal # can be approximated by a term — B,j}* 
for h<hmax. The temperature dependence of the 
quadratic coefficient, B;, and of the range of validity, 
Amax, is illustrated for Sn1 in Fig. 14. Whereas A y falls 
by a factor ~4 between 2.0°K and 1.2°K, B, decreases 
only by ~35% in that tempeature range. Also, the 
departures from the quadratic field dependence at low 
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Fic. 13. Relative variation with T of X at 1 kMc/sec in super- 
conducting Sn (Sn1) at constant longitudinal 4. For T21.6°K, 
the curve 4=0.75 represents the quadratic field dependence. 
Contributions from higher power terms are emphasized at lower 
T and in the curve h=0.90. The dashes suggest the decreasing 
effect of kh on X in the limit T — T.. 
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T are less pronounced in © than in Q (see curves of 
hinax vs T in Figs. 7 and 14). The measurements indicate 
that at T=1.2°K, (0B,/0T),>0 and probably also 
(0?B,/dT*),>0. On the other hand, the third law of 
thermodynamics requires that (0B,/0T),—0 as 
T— 0. Thus, important information is contained in 
the inaccessible temperature range, O°K<7<1.2°K. 
The suggested extrapolations of Bz, to T=O0°K (see 
Fig. 14) show that it would not be inconsistent with 
the measurements to have B, ~0 as T— 0 and to 
have a quartic field dependence of X (or A) near 
T=0°K. Although the available information is at 
present insufficient to determine the generality of the 
results of Fig. 14 for other crystalline orientations, it is 
significant that for at least one sample there are 
departures from the simple quadratic approximation 
used in previous studies.*~* It should be emphasized 
that negligible experimental error is introduced in the 
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Fic. 14. Lower curve: temperature dependence of the quadratic 
coefficient, Bz, of —Z at 1 kMc/sec in longitudinal 4. In the 
limit T — T,, the decreasing effect of h on X is indicated. In the 
limit T — 0, extrapolations of B,, to zero and nonzero values are 
presented. Upper curve: T dependence of /max associated with 
B,. Two possible extrapolations are suggested for Amax as T — 0. 


determination of the scale factor of Z, in contrast with 
q) 

Another difference between 2(/) and =(/) is related 
to the temperature at which (Q)max and (2)min occur 
(see Fig. 6 and Fig. 13). (Z) min generally tends to be at 
higher T than does¢(Q)max with the temperature differ- 
ence depending on h. (For example, AT~0.2°K for 
h=0.90 while AT~0.6°K for h=0.75.) However, in 
both cases the extrema are shallow and broad. 

The very large slope of = as T— T, indicates that 
the temperature dependence of X is stronger than the 
field dependence in this limit. If [X¥(4,7)—X(0,T) ] 
«(T—T,)" and AX « (T—T,)”, then an infinite slope 
for = as T— T, would imply that 0<(n—m) <1. 

The effect of crystalline orientation on = in longi- 
tudinal H is illustrated in Fig. 15 at :=0.950+0.001. 
The corresponding curves for 2 are found in Fig. 8. 
The monotonic increase in X with h, representable by 
a quadratic term, occurs for both Sn1 and Sn2. How- 
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ever, a stronger variation of = with / is found for Sn1 
than for Sn2 in contrast with the behavior of 2 shown 
in Fig. 8. This result indicates that the quantitative 
correlation between R(hk) and X(h) may be sensitive 
to crystalline orientation or perhaps to sample purity. 
For Sn3, the anomalous decrease in both R and X 
occurs with increasing longitudinal 4. The behaviors 
of R and X in Sn3 also have other characteristics in 
common. Corresponding to the Qmin, a maximum is 
found for Z with both extrema at h~0.85. A quadratic 
field dependence satisfactorily describes both anomalous 
behaviors for small 4. However, as T is lowered below 
~3.3°K, the anomalous decrease in X is accompanied 
by an increase in R [or more generally (0R/0H)r and 
(0X/0H)r have opposite signs.] This unexpected 
effect is discussed further in connection with the 
transverse-field experiments which emphasize _ this 
uncorrelated behavior. 
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Longitudinal h 
Fic. 15. Relative variation of X at 1 kMc/sec with longitudinal 
h for three Sn samples (crystalline orientations given in Table I). 
The anomalous effect in X corresponds to =>0. The relative sign 
and magnitude of = for these samples depend on the reduced 
temperature, f. 


C. X in Transverse H 

Significant differences also exist in X(H) for Sn1 
depending on the relative directions between H and 
the rf field, H;. Complications associated with de- 
magnetization effects in the transverse-field experiment 
and with differences in the superposition of H and H, 
again make quantitative comparisons to the longi- 
tudinal-field experiment difficult. On the other hand, 
the unexpectedly large qualitative differences between 
X(H) in longitudinal and transverse H demand 
attention. 

The discussion of the demagnetization effects in 
connection with R in transverse H is equally applicable 
to X (H). The observed averages of X and Z are denoted 
by X and Z,,. The quantity associated with a unique 
value of transverse H is designated by 2’. 
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Fic. 16. Relative variation with T of X at 1 kMc/sec in super 
conducting Sn (Sn1) at constant transverse 4. The curves h=0.25 
and h=0.50 both correspond to a field dependence of Za, more 
complicated than simple quadratic. 


On the other hand, differences in the dynamic 
superposition of H and H, for transverse and longi- 
tudinal H affect X (H) and R(#) unequally. Crystalline 
anisotropy and electronic relaxation effects also com- 
plicate the relation between =’ and &. In Sec. VI, an 
estimate is made for (=’/Z) on the basis of a two-fluid 
model applied to the field superposition argument of 
Ginsburg and Landau. 

Results for the temperature dependence of Z», at 
1 kMc/sec in constant transverse / are presented for 
Sni in Fig. 16. Typical field plots relating to these 
curves have been presented previously. Because of 
hysteresis effects occurring at higher /, data are pre- 
sented for applied h<0.6. 

The characteristics (1), (2), and (3) of Sec. III C 
are also applicable for comparing X (//) in longitudinal 
and transverse fields, with the appropriate transcription 
R— X. However, there are two important and un- 
expected differences between the field variation of R 
and X. One involves the temperature range for which 
the anomalous decrease in R and in X occurs, and the 
other concerns differences in the functional form of the 
field dependence. 

Although the anomalous effect in R is absent for Sn1 
in transverse H with T$3.3°K, the corresponding 
effect in XY persists for T at least as low as 2.1°K. These 
results need not be considered in contradiction with 
the Kramers-Kronig relation, but merely imply that 
there exist frequencies at which the anomalous behavior 
in R is not accompanied by a corresponding behavior in 
X. Such a case was, for example, found by Pippard at 
9.4 kMc/sec in transverse 4, 3°KS 7S 3.63°K. Oppo- 
site signs for [R(h)—R(O)] and [X(h)—X(0)] at 
constant T have also been observed at 1 kMc/sec for 
Sn2 and Sn3 in transverse / and for Sn3 in longitudinal 
h. The detailed manifestation of this effect depends on 
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Fic. 17. Lower curves: temperature dependence of the quadratic 
coefficient, Br’, of —=’ at 1 kMc/sec in transverse / (solid curve). 
Different T dependences characterize the two branches of Br’. 
Curve (a) (branch Br’>0), following the left-hand scale of 
ordinates, is determined from the data on Sn1 for 1.2°KST 
<2.5°K. Curve (b) (branch Br’<0), following the right-hand 
scale of ordinates, corresponds to the anomalous decrease in X 
with 4. The dotted-dash curve (c) illustrates the 7 dependence 
of Br’ at 9.4 kMc/sec (Pippard®), following the left-hand scale of 
ordinates (see text). Upper curves: T dependence of /imax. Curve 
(d) corresponds to By’ in curve (a) and curve (e) to Br’ in curve 


(b) 


crystalline orientation and on the relative direction of 
H and A. 

The functional form of Z, is generally more compli- 
cated than of the corresponding 24. There is no ac- 
cessible range of T for which a quadratic approximation 
satisfactorily describes Z, (or =’) for Sn1 in transverse 
H. Nevertheless, there are some quadratic aspects of 
=,. For T sufficiently low so that the anomalous 
behavior in X is suppressed, or sufficiently high so it is 
dominant, the quadratic approximation for Za, is 
applicable with /,.x.=0.3. For intermediate 7, the field 
dependence of Zs, lacks this simplicity. In the normal 
state Z,=—1. Thus, if Z,>0 for some range of h 
(corresponding to the anomalous effect in X), there 
must exist a value of /, /o, for which Za, is a maximum. 
As T decreases, the magnitude of both /o and Za,(ho) 
decreases. Since the functional form of Za, is complicated 
by the presence of these maxima, the parameters 
h=0.25 and h=0.50 of the temperature plots of Fig. 
16 cannot be associated with either a quadratic or a 
nonquadratic field dependence. Furthermore, the 
curves of Z4 vs T (Fig. 16) differ from the corresponding 


plots in the other three experiments, since Za in 


transverse /: shows no extrema as a function of T. 
Although the functional form of Zs is complicated, 
the quadratic approximation for transverse h can be 
applied to analyze the temperature dependence of both 
the anomalous and low-temperature phenomena. Thus, 
a comparison can be made with the other three experi- 
ments at 1 kMc/sec and with X in transverse h at 9.4 
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kMc/sec. In Fig. 17, is illustrated the 7 dependence of 
the quadratic coefficient of (—Z’), Br’, and of the 
corresponding region of validity of the approximation, 
h<Nmax. The effect of demagnetization is taken into 
account by applying the London equations to an 
isotropic medium to obtain Br’=3}Br, where Br is the 
quadratic coefficient of Zs. The two branches of By’ 
are related to the two mechanisms operative on X (H): 
curve (a) to X(H) increasing monotonically with H, 
and curve (b) to the anomalous decrease in X(H). 
[ Note that the scale for (b) is a factor 10 greater than 
that for (a). | Curve (a) is not determined for T>2.5°K, 
since the anomalous behavior is too large to permit the 
two mechanisms to be isolated. In fact, for 7<2.5°K, 
the persistance of the anomalous decrease in Y intro- 
duces a systematic error in the determination of the 
branch Br’>0, the apparent lowering of curve (a) 
being accentuated with increasing T. Plots of Jinax 
corresponding to (a) and (b) are given by curves (d) 
and (e), respectively. 

A comparison between X in transverse / at 1 and at 
9.4 kMc/sec is possible only for the mechanism causing 
Br’>0. For this purpose, the dotted-dashed curve (c) 
for Br’ at 9.4 kMc/sec is included in Fig. 17. Curve (c) 
is obtained from Pippard’s data® on [A(H.) —A(0) ]/A(0) 
(or equivalently on LX’ (ht) —X (0) ]/[X (0)A?]) through 
(1) multiplication by the 7-dependent term, [X (0) 
AX ] for Sn1 at 1 kMc/sec, and (2) dilation of the scale 
to obtain a fit with curve (a) at 2.0°K. Although 
Pippard’s measurements do not extend below T=1.7°K 
and curve (a) is confined to 7<2.5°K, it is significant 
that the two curves show a similar 7 dependence. 
Since the systematic error in curve (a) tends to empha- 
size the decrease in By’ with increasing 7, it is expected 
that the T dependence of Br’ at 1 and at 9.4 kMc/sec 
is yet more similar than is seen by comparing curves 
(a) and (c). The change in scale by a factor 2.0 might 
be attributed to differences in frequency and in crystal- 
line orientation. The salient feature is that curves (a) 
and (c) both yield (0B7’/dT),<0 down to the lowest 
accessible temperatures. The disagreement between 
this result and the corresponding behavior in longi- 
tudinal # demands attention. 

In contrast with the crystalline orientation de- 
pendence observed in the other three experiments, Zx, 
in transverse H shows a similar anomalous behavior 
for all three samples at ‘=0.951+0.001 as is seen in 
Fig. 18. The quantitative dependence of Zs on crystal- 
line orientation (and, perhaps, also on sample purity) 
is sensitive to temperature. 

On the basis of these three orientations, there is 
insufficient evidence to conclude that Z,4>0 always 
occurs in transverse H. In a preliminary investigation 
on the indium sample a=0.5°, 6=unspecified, no 
anomalous decrease in XY was found in transverse H, 
although a small anomalous effect occurred in longi- 


tudinal H. 
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Fic. 18. Relative variation of X at 1 kMc/sec with transverse h 
for three Sn samples (crystalline orientations give in Table I). 


V. ERRORS 


Although the experimental method is sufficiently 
sensitive to observe the small changes in the resonance 
line associated with H, systematic errors limit the 
accuracy of the experiment. It is felt that these errors 
affect the quantitative aspects of the problem, but not 
those qualitative characteristics which have been 
emphasized, particularly the sign of 2 and =. The 
maximum resolution of the experiment, corresponding 
to A\~0.2 A, was attained at low T. 


errors connected with the 


Systematic 
involve the effect of impurities, strain, and imperfect 


samples 


surface conditions. Efforts were made to minimize 
these errors. Evidence that the samples were adequate 
to yield meaningful results is provided by agreement 
with previous results on R and XY for H=0, metal- 
lurgical experience from previous investigations,’:° low 
surface resistance in the superconducting state at 1.2°K 
for H20, reproducibility of results on a given sample 
from one run to another, and reproducibility of results 
after annealing out cold work (on Sn2). Since the effect 
of bulk purity on 2 and = was not studied in detail, it 
is not known whether Sni and Sn2 are commensurate 
with Sn3. 

A particularly serious systematic error could result 
if the application of 4 to superconducting material 
could produce normal inclusions. The microwave 
experiments on R in the limit of low T indicate that 
the observed changes in Z(h) are connected with the 
superconducting _ state, (04,/0T), and 
(0A 7’/dT),, are both >0, and since A, and 47’ become 
very small in this limit of 7. The formation of normal 
material would depend on h, but not on T. 

Errors associated with the microwave technique 
involve distortions in the resonance line due to fre- 
quency-dependent fluctuations in T, H, and in the 
power level of the resonator. By limiting the input 
power, distortions caused by H; and by the microwave 
heating of the sample could be adequately reduced, 


since 
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but with increasing difficulty for 0.96<‘<1.00. The 
strongly attenuating cable leading to the resonator 
sufficiently decreased the effect of frequency-dependent 
reflections associated with the coupling mismatch. 

Geometrical misalignment of the sample in the 
resonator could lead to systematic errors depending on 
the sensitivity of the results to small differences in the 
direction between H and H;. For example, supposing 
that the anomalous behavior in R and X could only 
occur in transverse H, then a small tilt of the sample 
could yield an apparent anomalous behavior in longi- 
tudinal H. The experimental design limits the geo- 
metrical misalignments to <2° tilt and to <1 mm 
off-axis (radius of outer conductor in resonator=1.9 
cm). Evidence that the actual misalignments do not 
invalidate the measurements depends on the repro- 
ducibility of the results (1) from run to run, and (2) 
from different mountings of a given sample in either 
the same or in different sample holders. 

Measurements of = can be made more accurately 
than of Q2. A small error in the absolute determination 
of Oo at H=0 and at H=H could result in a large error 
in scale factor for 2, though only affecting the functional 
behavior slightly. These errors in scale factor are most 
pronounced at high 7 because the relative changes in 
the line widths between H=0 and H=H are smallest 
(see Fig. 6). Larger errors are associated with the 
measurements in longitudinal / than in transverse h. 
First of all, the effect of the static field is generally 
smaller in longitudinal # so that greater sensitivity is 
needed for its detection. Additional errors in the 
longitudinal-/ experiments are introduced by the small 
mechanical vibrations resulting from the bubbling of 
the liquid nitrogen refrigerant for the solenoid. For 
these reasons, the largest errors are encountered for R 
in longitudinal / and the smallest for Y in transverse h. 


VI. DISCUSSION 


The results of these four related experiments show 
that there are two classes of phenomena affecting the 
surface impedance at 1 kMc/sec of a superconductor 
in a static magnetic field. 

One class deals with the “anomalous” behaviors in 
R and in X and the relationship between the two. R 
and X may each decrease with increasing H and a 
decreasing R need not accompany a decreasing XY. By 
changing the crystalline orientation or the relative 
direction of H to H,, these anomalous effects can be 
made to vanish. These effects predominate at high T 
and are strongly dependent on T (and probably also on 
v). At least for small h, the field variation of R and X is 
quadratic for the anomalous behaviors. At present, it 
is not known whether these phenomena are charac- 
teristic of the superconducting electrons, themselves, 
or of the normal electron current, which is modified 
by the presence of the superconducting electrons. 
Although behaviors tend to be 


these anomalous 
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emphasized in transverse H, it is felt that sufficient 
evidence is available to support their occurrence in 
longitudinal H, also. 

The second class of phenomena deals with the low- 
temperature effects which are relatively insensitive to 
v. Theoretical interest is focussed on the functional 
dependence of R(h,T) and X(h,T) in the limit of low 
T, since the perturbation of the electron assembly by 
the static field is least difficult to treat when the elec- 
trons are almost entirely in the ground state. 

Characteristic of the low-temperature phenomena is 
the monotonic increase of R and YX with #4, and the 
weak field dependence of R and X. The available data 
suggest that the functional form of R(h,T) and X(h,T) 
is more complicated than was anticipated. For example, 
[R(h)—R(O0)] cannot be described satisfactorily by 
only a quadratic term in / in the limit of T— 0; and 
the field variation of X is yet more involved. For the 
crystalline orientation of Sn1, the quadratic coefficient 
of [X(h4)—X(0)] is found to decrease with decreasing 
T for 1.2°°K<7T<2.0°K, while the corresponding 
coefficient in transverse / increases. Furthermore, it 
would not be inconsistent with the longitudinal-field 
data to have the quadratic coefficient of X (4) approach 
zero as T — 0. Also of interest is the observation that 
as T increases, the quadratic approximation for 
longitudinal # becomes more applicable. 

From the point of view of the static field, this pre- 
sentation has been limited to two principal directions, 
longitudinal and transverse to the rf current. Because 
of the large number of variables already present, it is 
not felt that a discussion of H arbitrarily oriented with 
respect to H, is appropriate at this time. It is believed 
that the longitudinal-h experiment is the clean-cut, 
quantitatively significant Although previous 
studies were carried out in the transverse field,® future 
experiments are likely to emphasize the longitudinal 
field because of the absence of demagnetization and 
electronic relaxation effects. 

On the other hand, the transverse-field experiments 
are of qualitative value with regard to both anomalous 
and low-temperature behaviors. It is likely that the 
change in both sign and magnitude of 2 and © upon 
varying H from longitudinal to transverse is connected 
with the dynamics of the anomalous effects. Also 
significant is the difference in the crystalline orientation 
dependence of R(H) and X (#) in transverse and longi- 
tudinal H. The transverse-field experiments have also 
served as a guide to finding the anomalous effects in 
longitudinal H. Furthermore, the work of Ginsburg 
and Landau’ suggested that by studying the field 
variation of Z for different directions of H, information 
could be obtained on the time required to establish 
equilibrium between the electrons and the rf field. 

The Ginsburg-Landau argument® emphasizes the 
difference in the observation of Z(H) according to 
whether H is parallel or perpendicular to H;. The 
resonator technique directly examines the rf flux 


case. 
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changes, Ag, which occur in the skin layer of the 
superconductor as H is applied. In longitudinal H for 
H|>>|H,| [see Fig. 4(b) ], Ag is caused only by the 
field variation of the penetration depth, A. Thus, the 
field variation of Z and of X are directly observed in 
the longitudinal-field experiment. If, however, the 
electrons can follow the rf field, then the field modu- 
lation in transverse H [see Fig. 4(c) ] also contributes 
to Ag, through the time variation of \. Thus, the 
measurements in transverse H yield an apparent field 
variation for Z which is too large by an amount de- 
pendent on the relaxation time, r. 

An approximate relation between the transverse- 
and longitudinal-H experiments can be obtained on the 
basis of the London two-fluid model, assuming that 
the electrons follow the rf fields exactly. Suppose that 
corrections for demagnetization have been applied to 
the observed A, R, and X in transverse H to yield \7’, 
R,’, and Xr’. (Denote the corresponding variables in 
longitudinal H by the subscript Z.) By assuming, 
further, an isotropic medium and a quadratic field 


dependence for A, the Ginsburg-Landau argument gives? 


Ar=NN(1+ «H”), 

\r’=\9(1+3€H?), 
where A°=\(H=0) [mot to be confused with 
Ao=A(T=0) ]. According to the London model for a 


superconductor with H=0, the surface impedance, Z, 
is connected to A by!” 


(1) 


Z=R+iX=N2eidw L(+ 


in which 
p= (1+4A1/6")2, 


and 6’ is the classical skin depth appropriate to the 
normal electron concentration, my. As the normal state 
is approached, #y increases to m while 6’ decreases to a 
value denoted by 6. Over almost the entire temperature 
range (e.g., ¢<0.9), w<1. Therefore, Eq. (2) can be 
approximated by 
X~8rvn, 
R, Ry™2X*, (66"). 


By combining Eq. (1) and Eq. (3), a relation between 
=, and =,’ follows immediately as 

_= = BiH, 

—Z7'= Br'H?=3B_H", 


(4) 


where Bp, =eX(0,T)/AX. However, the corresponding 
relation for 2 depends on the field variation of my and, 
therefore, also of 6’. If, in the London model, (ny/n) 
is interpreted as (l1—ms/n), ms being the supercon- 
ducting electron concentration, with (2s5/n)= (Ao/A)?, 
then!§ 


18T), Shoenberg, Superconductivity (Cambridge University 


Press, Cambridge, 1952), second edition, Chap. 6. 
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Qr = A pi’. 
Or’ =A7'H?=3A _H’, 


with 
A,={R(0,T)/Ry}{3¢ +-2[ ns ny |Le(T)— (0) J}. 


It should be observed that since R(0,7) — 0 as T— 0, 
Eq. (5) implies that also A, + 0 as T— 0. 

Since A, and B, are different functions of €, electronic 
relaxation affects R and XY unequally. Thus, a different 
T dependence for A, and By, can be expected. Further- 
more, a more quantitative comparison between the 
longitudinal- and transverse-field experiments would 
probably yield (A7’/A1) and (Br’/B,) differing from 
one another and from the value 3. It should be empha- 
sized that the extension of the London theory for H=0 
to relate R and X to A in the presence of H is not 
justified. This model is used in the same spirit of 
approximation as the use of the London equations to 
correct for demagnetization or as the neglect of crystal- 
line anisotropy effects. 

Since the anomalous behaviors in R and X are also 
strongly dependent on the relative orientations of H 
and H,, this discussion on the de and rf field super- 
position is only applicable to the experimental results 
at low T. At 1 kMc-sec, the observed ratios (47’/A 1) 
and (B,y’/B,) are generally greater than the estimated 
value of 3, ranging up to about 7. However, if v were 
too high for the electrons to follow the rf fields exactly, 
then the Ginsburg-Landau argument could give values 
<3 for these ratios; i.e. 1<(A7’/Ax), (Br’/B1) <3, 
where the value 1 corresponds to the electrons not 
following the rf fields at all. 

There are yet other differences between the four 
quadratic coefficients and the ratios between them for 
Sn1 at 1 kMc/sec. 


(1) For R(#/) there is a temperature range, 2.5°K 
<7TS3.3°K, in which A, and Ay’ are relatively in- 
sensitive to JT. However, for 7<2.0°K, both A, and 
Ar’ decrease as T with (dAr’/dT 
> (dA1/dT). 

(2) For the temperature-insensitive region, (A7’, A; 
=6.7+1.0, which exceeds 3. However, for T7S2.0°K, 
(Ar’/A,) diminishes with decreasing 7, reaching a 
value of ~2 at T=1.2°K, suggesting that relaxation 
by the electrons may become less important for R at 
low T. 

(3) For X(H), (dBr’/dT) and (dB,/dT) 
opposite signs in the range of T, 1.2°K 7's 2.4°K, for 
which the positive branch of By’ can be evaluated. (See 
Figs. 14 and 17.) The result (3) for Y is opposite to 
that given in (1) for R. 

(4) For 1.2°KS7T<2.4°K, (Br'/B; 
with decreasing 7, while (A7’/A 1) is decreasing. An 


decreases, 


have 


is increasing 


order of magnitude estimate for (Br’/B,) is found from 
(Br’/B,)=5.0+0.7 at T 
than 3. The magnitude of (Br’/B,,) appears dependent 


1.2°K, which again is larger 


OF 
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on crystalline orientation. That (Br’/B_) is increasing 
with decreasing 7 might suggest that relaxation effects 
for X become more important at low T in contrast with 
the results on R. 

The available information is insufficient to speculate 
whether the opposite signs between (dBr’/dT) and 
(dB,/dT) and between’ [d(Br’/B,)/dT] and 
[d(Ar’/Ax)/dT ] persists at still lower temperatures. 
It is likely that factors other than electronic relaxation 
are needed to account for the different T dependence 
of the four quadratic coefficients. 

The experiments at 1 kMc/sec differ from Pippard’s 
work at 9.4 kMc/sec in several essential ways. At the 
higher frequency, measurements were made only in 
transverse H and on tin samples of unknown crystalline 
orientation and grain size. The anomalous behavior 
was reported for R only, although no detailed account 
of the variation of 22 with #4 and T was presented. The 
available data suggest that the anomalous behavior 
in R persists down to lower T at 9.4 kMc/sec than at 
1 kMc/sec, although the magnitude of the effect tends 
to be larger at the lower v. On the other hand, if an 
anomalous behavior in X is present at 9.4 kMc/sec, it 
is of much smaller magnitude than at 1 kMc/sec. These 
remarks constitute evidence for the dependence of the 
anomalous effects on v. In this connection, it is note- 
worthy that the occurrence of these effects is associated 
with (6yv/A) having a magnitude of order unity, where 
dy is the rf skin depth for the normal electrons with a 
concentration my in the limit of the extreme anomalous 
skin effect. At 9.4 kMc/sec, the anomalous behavior 
in R corresponds to 2.25 (6n/A): 


< 2.5, compared with 
(6v/A) $4.2 at 1 kMc/sec; the anomalous behavior in 
X occurs for (6y/A) $6.6. 

At present no quantitative discussion of the py 
dependence of the low 7 effects can be given because 
longitudinal field data are available only at 1 kMc/sec. 
However, a qualitative comparison between the trans- 
verse-field experiment on X is possible for 1.2°K<T 
<2.4°K as is illustrated by the curves (a) and (c) of 
Fig. 17. Curve (c) is obtained by transforming Pippard’s 
plot® of (AX/A)=[A(.)—A(0) ]/A(O) vs T to a plot of 
=’(H.-) vs T, using a value of AX appropriate to Sn1 
at 1 kMc/sec. At 9.4 kMc/sec the variation of X with 
transverse H can be expressed as a quadratic function 
of H, for all T with 420.5; however, at the lower v, the 
quadratic approximation is only applicable for 40.32 
[see curve (d) ]. On the other hand, the quadratic 
coefficients, Br’, at the two frequencies [curves (a) and 
(c) | exhibit a similar T dependence, differing by only 
a scale factor [i.e., Br’(v=1 kMc/sec)/Br'(v=9.4 
kM« 2.0]. The effects of electronic relaxation, 
demagnetization and crystalline anisotropy could 
account for a difference in scale of this magnitude 
without requiring that the field variation of A be 
dependent on » for this range of v. 

Although the effect of a longitudinal H was _ not 
studied in detail at 9.4 kMc/sec, Pippard reported no 
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detectable difference in (A\/A) between the two prin- 
cipal directions of H.'° If the electrons do not establish 
equilibrium with the radiation field, then a meaningful 
comparison can be made between Pippard’s results in 
transverse H and experiments at 1 kMc/sec in an 
arbitrarily oriented static field. A comparison with the 
longitudinal H dependence of = for Sn1 leads to large 
qualitative differences over the entire range of 7, and, 
in particular, over the region of T, 1.2°KS752.4°K, 
for which qualitative agreement is obtained between 
the transverse-H studies on X. It is surprising that the 
functional dependence of By, is highly sensitive to », 
while By’ is relatively independent of v. Since the field 
variation of is more closely connected to the longi- 
tudinal-H experiment, it would be reasonable to expect 
that if any B coefficient is frequency dependent, it 
would be Br’ rather than B,. This discussion of the 
results at the two frequencies indicates the need for 
further experimental work to establish the functional 
form of = at low 7, with particular emphasis on 
longitudinal H. 

The phenomenological treatment of a superconductor 
in a magnetic field due to Pippard,* though qualitatively 
successful in explaining the results at 9.4 kMc/sec near 
T., does not fit the data at the lower v. Into the Gorter- 
Casimir two-fluid model is introduced a coherence 
distance, a, over which no spacial variation of the order 
parameter, w, is allowed. The application of the equi- 
librium condition to the Gibbs free energy, G, 


NP 
[w+2(1—w)!]- 


Sr 87 


aH 
G=-—-- 


yields a field-dependent order parameter, w(/), deter- 
mined by 
[A(O)A? ] 


[1—w(0) I 
[1—w(h)]) 


O= i 


Jal w(h) }} 


where A(0) and w(0) refer to A=0. Physical solutions 
to Eq. (7) exist only for A(k) 2A(0), at constant /, with 
the equality sign corresponding to an infinite coherence 
distance. Thus, this model does not apply to the 
anomalous behaviors in R and X. This result is not 
surprising since the free energy does not explicitly take 
account of the rf fields, G being independent of v. It is 
more unexpected that the model does not seem to 
apply to Sn1 in longitudinal H, for which A(h)>A(0); 
i.e., the measurement of Z in longitudinal H shows a 
decreasing field dependence as T— T,, while Eq. (7) 
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predicts an increased field variation in this limit. It is 
felt that the high-T phenomena at 1 kMc/sec involve 
transport processes which must be considered in detail. 
Perhaps, for v sufficiently high so that the electrons 
cannot follow the rf field, » becomes unimportant and 
the static model given by Pippard again becomes 
applicable. 

Bardeen’s phenomenological treatment,® which was 
qualitatively successful in explaining the low-T results 
at 9.4 kMc/sec, also does not seem to apply in its 
present form to the data at the lower frequency. This 
model assumes that the superconducting electron wave 
functions, themselves, are changed by the field. The 
smallness of the field dependence of \ at 9.4 kMc/sec 
suggested to Bardeen the use of perturbation theory. 
Second-order perturbation theory is sufficient to give 
quadratic terms in the field variation of X. 

The experimental picture at 1 kMc/sec suggests that 
changes be made in the assumptions put into a low- 
temperature theory. First of all, the quadratic coefh- 
cient of = for Sn1 in longitudinal H decreases with 
decreasing 7, T<2.0°K, and the quadratic approxi- 
mation, itself, becomes less valid in this limit. Secondly, 
it is not clear that the effect of H is small. Although Q 
becomes very small as T decreases below 2.0°K (see 
Figs. 6, 7, 10), it is worth emphasizing that [R(H) 
—R(0)]/R(O) is not at all small compared with unity. 
For example, the quadratic coefficient A, for Sni at 
1.2°K is ~0.12% representing an increase in R of about 
a factor of 2 over R(O). From this point of view, the 
application of perturbation theory must be made with 
caution. 

The need for further clarification of the experimental 
situation is indicated. To study the anomalous effects 
in R and X, it is suggested that emphasis be placed on 
the v dependence of Q2 and 2. Investigations on other 
crystalline orientations would be fruitful with particular 
emphasis on simple crystal orientations such as (1) 
a=0°, (2) a=90°, B=0°, (3) a= 90°, B=45°. The effect 
of the addition of small amounts of impurities on the 
anomalous behavior of R and X may prove significant. 
Systematic studies are needed to establish the functional 
form of 2 and & in the limit of low T. 
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Effect of Pressure on the Infrared Absorption of Semiconductors*t 
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Measurements have been made of the effect of hydrostatic pressure upon the intrinsic infrared absorption 
of germanium, silicon, and tellurium in the pressure range 1-2000 atmospheres. In germanium the variation 
with pressure of the lowest lying conduction band minimum, (111), is found to be (7.31.5) X 107 ev/at mos. 
It is suggested that the variation with pressure of the next highest conduction band edge, (000), has a value of 
(1143) X10~® ev/atmos. The shift of the infrared absorption edge with pressure in silicon is small and is 
toward smaller energy, amounting to about —2X10~® ev/atmos between 1 and 2020 atmospheres. The 
sign and magnitude of the pressure coefficient in this material are in agreement with the results of 
Warschauer, Paul, and Brooks. For tellurium both E,1, the energy gap corresponding to light polarized 
perpendicular to the c-axis of the crystal, and E,,;, the energy gap for polarization parallel to the c-axis, 
decrease as the pressure is increased. It appears that E,, decreases more rapidly with pressure than E41. 
The mean pressure coefficient of E,1 is — (2.20.4) X 1075 ev/atmos. For E,1, the mean pressure coefficient 
is —(1.8+0.3)X10~> ev/atmos. The measured pressure coefficients are used to calculate the thermal 
dilation term in the equation for the change of the energy gap with temperature for each material. The 
electron-lattice interaction term appearing in this equation is then deduced. In silicon these two terms are 
of opposite sign with the electron-lattice term dominant. In germanium the electron-lattice interaction effect 
accounts for 75% of the effect of temperature on the energy gap. For tellurium the two effects are almost 
equal in magnitude but of opposite sign. 


1, INTRODUCTION gap change with pressure by purely electrical experi- 
ments. Thermal excitation promotes electrons to the 
lowest lying edge in the conduction band. Therefore, 
if a material possesses another conduction-band edge 
somewhat higher in energy, it cannot be studied under 
ordinary circumstances” by electrical measurements. 
On the other hand, optical excitation of carriers, 
provided transitions of electrons to these states are 
allowed, offers a method of investigating these higher 
lying bands. This is the case in germanium for the (000) 
conduction-band minimum and in tellurium for £,,;, 
the energy gap corresponding to radiation polarized 
parallel to the c axis of the crystal. 

Another aspect to these experiments was furnished 
by the evidence" that in polar semiconductors and in 
CdS the temperature variation of the energy gap, 
(0E,/0T)p, cannot be accounted for solely in terms of a 
thermal expansion of the lattice. It is necessary to 
include a term which represents the explicit temperature 


ECENTLY the techniques! of high pressure have 
been applied to a variety of solid-state problems. 
In semiconductors most of the work has been directed 
towards deducing the variation with pressure of the 
forbidden energy gap,?-* density of states effective 
masses,’~* and mobilities.’*:'" The experimental proce- 
dure has been to measure the pressure-induced changes 
in the conductivity, Hall coefficient, and magnetoresis- 
tance of the various semiconductors. In this paper we 
shall present measurements of the pressure variation 
of the intrinsic infrared absorption of germanium, 
silicon, and tellurium. Experiments of this type were 
first reported in 1954, and almost simultaneously, by 
the groups working at Purdue University," Harvard 
University, and the University of Pennsylvania.” 
In some cases it is not possible to study an energy 
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dependence of the energy gap arising from the electron- 
lattice interactions.!®!* Thus, a change in temperature 
effects the energy gap by altering the lattice constant 
and further introduces a perturbation in that the 
excited electrons interact with phonons and produce a 
shift in the electronic energy levels. We have measured 
the pressure coefficient of the energy gap, (0E,/0P)r. 
This variation with pressure of the energy gap can be 
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Phys. Rev. 73, 749 (1949). 

18H. Y. Fan, Phys. Rev. 78, 808 (1950); Phys. Rev. 82, 900 
(1951). 

16T, Muto and S. Oyama, Progr. Theoret. Phys. (Kyoto) 5, 
833 (1950). 


241 (1949); A. Radkowsky, 
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used to obtain the contribution of thermal dilation 
to the temperature coefficient of the energy gap, 
(0E,/dT)p. Using the known value for (0E,/0T)p and 
the measured value of (0E,/0P)r the electron-lattice 
interaction term can be deduced experimentally. 


2. EXPERIMENTAL 


A. Apparatus 


The pressure vessel consisted of a steel cylinder with 
provision to accommodate a 14-inch diameter ram at 
its top, synthetic sapphire windows and a manganin 
wire pressure gauge. Pressure on the ram was generated 
by a commerically available hydraulic pump (Black- 
hawk, Model P76), capable of producing a maximum 
pressure of 670 atmospheres. Pressure multiplication 
was achieved by having the ram act upon a 3-inch 
diameter piston. 

In the initial phases of this work a conventional-type 
piston intensifier! with 7-head and packing utilizing the 
unsupported area principle was used. With this piston, 
pressures approaching 5000 atmospheres were attain- 
able, the limit being set by the hydraulic pump. 
However, the }-inch diameter bore which.accommodates 
the piston expands with use, making necessary the 
inconvenience of regrinding the bore, piston, and piston 
head. It was found that a simpler piston head could be 
used satisfactorily up to about 2500 atmospheres. 
This was a solid stainless steel cylinder with three 
(-rings fitted in annular grooves spaced 3 apart along 
its length. The piston, too, was made of stainless steel. 
This was convenient inasmuch as the piston and the 
head can be machined rather quickly, they need not be 
hardened and the bore does not have to be reground. 
Nevertheless, this reduced pressure range was still 
sufficient for these experiments. 

The direction of the optical beam was transverse 
to the 3-inch bore of the pressure vessel. A sample 
holder consisting of a brass cylinder was made to fit 
snugly in the transverse hole which the light beam 
traversed. One end of this cylindrical sample holder 
had a base with two holes of identical aperture in it. 
One of these holes was covered by the sample under 
investigation, the other serving as a reference for the 
intensity transmitted by the sample. The pressure 
vessel was mounted securely on a sliding baseboard 
which provided for translational motion in a direction 
perpendicular to the light beam. In this fashion the 
light could be made to fall on the sample or on the 
reference hole. This apparatus thereby furnished a 
simple, accurate method for performing sample in— 
sample out transmission measurements with the sample 
mounted within the pressure vessel. 

The pressure gauge was a 300-ohm manganin wire 
coil which was calibrated by determining its resistance 
at 2068 atmospheres, the pressure of transition of 
water from ice I to ice III at —23°C." 


17 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 47, 441 (1912). 
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The hydrostatic fluid to be used in an experiment of 
this type must satisfy rather stringent requirements: 
(1) it must be transparent in the near infrared, (2) it 
must be chemically inert to rubber, steel, sapphire, and 
the sample under investigation, and (3) it must transmit 
pressures hydrostatically up to several thousand 
atmospheres. The fluids used in these experiments were 
Freon-113, (CCl;F3), produced by duPont and one of 
the 200 series of silicone oils manufactured by Dow 
Corning. The silicone oil chosen had a viscosity of 20 
centistokes and could be used over the pressure range 
realized with the pressure bomb. The undesirable 
feature of Freon-113 is that it freezes at roughly 1200 
atmospheres, thereby setting an upper limit to the 
hydrostatic pressure attainable with it. The high- 
pressure seals at the sapphire windows and at the 
pressure gauge plug were provided by neoprene O-rings. 

The optical apparatus which was assembled for the 
tellurium experiments consisted of a Beckman mono- 
chromator equipped with a rock salt prism, Nernst 
glower, and Perkin-Elmer radiation thermocouple 
detector. Because of the order in which the experiments 
were performed, this system was also used for the 
germanium work. For silicon a Beckman DU mono- 
chromator using a tungsten bulb as source and a dry-ice- 
cooled PbS cell (Eastman Kodak) as a detector was 
used. 


B. Sample Preparation 


All the samples used in these experiments were 
ground and polished by the author. The samples were 
mounted following the method of Dash and Newman.!® 
The sample was ground using various grits of car- 
borundum until the desired thickness was obtained. 
Germanium and silicon were polished on pitch laps 
using successively grade A and grade B Linde alumina. 
The mechanical properties of tellurium create several 
problems because of its softness and brittleness. It was 
mandatory, therefore, to use nothing coarser than 
No. 400 grit and to proceed with the grinding very 
slowly. Also a 50% beeswax—50% resin lap was used 
for the first stage of polishing. The final polishing was 
done on a canvas cloth drawn taut over an optical 
flat. By using these techniques, optically flat tellurium 
samples of 0.025-cm thickness could be prepared. Each 
sample was checked for flatness by placing an optical 
flat in contact with its surface and observing the shape 
of the fringes produced by a sodium vapor lamp. The 
thickness of the sample was determined with a 0.1 mil 
per division micrometer caliper. For further experi- 
mental details the author’s thesis! should be consulted. 

3. MEASUREMENT PROCEDURE 

For each material studied the entire range of absorp- 
tion coefficients was determined from transmittance 

18 W. C. Dash and R. Newman, Phys. Rev. 99, 1151 (1955). 


9L, J. Neuringer, Ph.D. thesis, University of Pennsylvania, 
1957 (unpublished). 
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measurements on a single specimen. Taking into 
account multiple reflections, the expression for the 


absorption coefficient, u(£), is 
1 [1—Ro(E)} 
u(E) =| InRo(/)-+ cosh ) puns (CE) 
d 2Re T(E) 


where T(E) is the measured transmittance, Ro(E) is 
the reflection coefficient at a single sample-air interface, 
d is the specimen thickness, and E£ is the incident 
photon energy. The values to be substituted for Ro(£) 
in the case of germanium and silicon were derived from 
Briggs” measurements of the index of refraction by 
minimum deviation. For tellurium, Ro(Z) was computed 
from Hartig’s* dispersion curves for both directions 
of polarization of the incident radiation. Because of the 
method of averaging used in deriving the equation for 
the absorption coefficient, its magnitude at the ex- 
tremely low values may be in error by a few percent” 
but this does not alter the general results to any 
appreciable degree. 

In order to determine the pressure variation of the 
absorption coefficient three basic experiments must be 
performed, since the sample is surrounded by the 
hydrostatic fluid whose index of refraction in the 
infrared is unknown. In Experiment 1 the transmittance 
of the sample is measured in its mounted position 
within the pressure vessel with the sapphire windows 
and their retaining plugs in place in the absence of any 
hydrostatic fluid. From these data the absorption 
coefficient is calculated from Eq. (1). This represents 
the atmospheric pressure data. Experiment 2 is the 
same as Experiment 1 except now the hydrostatic 
fluid has been added. Equation (1) for the absorption 
coefficient is solved for R(£), the reflection coefficient 
of a single sample-fluid interface at atmospheric 
pressure. This quantity is then determined by substitut- 
ing the measured transmittances of Experiment 2 and 
the absorption coefficients derived from Experiment 1. 
Experiment 3 is the high-pressure experiment and it is 
assumed that R(£) is independent of pressure. The 
absorption coefficients calculated from Experiment 3 
represent the high-pressure data. 

Other effects which may arise at the elevated pressures 
are changes in the geometry of the vessel and changes 
of index of refraction of the fluid. The former might 
increase the optical path through the fluid by introduc- 
ing more of it, but this would cancel out, as would any 
possible defocussing effects, because of the symmetry 
and the method of performing the measurements. 
To the author’s knowledge there is no experimental 
data on the variation of the index of refraction with 
pressure of nonpolar liquids at infrared frequencies. 
The only information of this sort available are some 
measurements of Danforth® in the range 1-12 000 


*” H. B. Briggs, Phys. Rev. 77, 287 (1950). 

1 P, A. Hartig and J. J. Loferski, J. Opt. Soc. Am. 44, 17 (1954). 
2 F, Stern (private communication). 

% W. E. Danforth, Jr., Phys. Rev. 31, 1224 (1931). 
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Fic. 1. Effect of pressure on the optical absorption of germaniun 

atmospheres of the pressure variation of the dielectric 
constant of several fluids, among them carbon disulfide. 
At a frequency of 3000 sec! and at 30°C he found an 
increase of 8% in the dielectric constant for 1000 
atmospheres. At 2.0 microns this corresponds to a 
decrease of R(E) by less than 1% for 1000 atmospheres, 
assuming that the refractive index of the sample does 
not change. This is insignificant as soon as the sample 
starts absorbing even to a slight degree. Furthermore, 
the transmittance of the fluid at the elevated pressure 
relative to atmospheric pressure was very nearly unity, 
so that certainly no striking effects are noticeable. 
Nevertheless, it would be very desirable, and in fact 
necessary, to know exactly what the pressure variation 
of the refractive index of the fluid and sample are, in 
order to place the optical experiments on more accurate 
ground. 


4. RESULTS 


A. Pressure Experiments 
(1) Germanium 

‘The sample used was a p-type single crystal with a 
resistivity of approximately 35 ohm-cm and was 
provided by the Philco Corporation. It had a thickness 
of 0.0127 cm and parallel faces. Its surfaces were flat to 
better than one wavelength of sodium light. Freon-113 
was used as the hydrostatic fluid to a maximum 
pressure which was well below its freezing point. 
In Fig. 1 the absorption coefficient is plotted semi- 
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logarithmically against incident photon energy at 
atmospheric pressure and at pressures of 637 and 1061 
atmospheres. It is seen that increasing the pressure 
causes the curves to shift to larger photon energies. 
This shift does not appear to be constant over the entire 
range of absorption coefficient. Above 100 cm™ the 
shift is somewhat larger. This is in agreement with the 
data of Fan, Shepherd, and Spitzer" although they do 
not discuss this portion of the absorption edge in their 
paper. 
(it) Silicon 

The motivation for the pressure experiment on 
silicon arose from the divergent results obtained by 
two groups of investigators. Warschauer, Paul, and 
Brooks* found a value of about —2X10~* ev/atmos 
for the shift of the absorption edge, whereas Fan, 
Shepherd, and Spitzer" measured +5X10~* ev/atmos 
which is not only different in magnitude but opposite 
in sign. The latter result is surprising in view of the 
resistivity measurements as a function of pressure 
Performed by Taylor® and by Paul and Pearson® 
which indicate that the energy gap decreases at a rate 
of —1.510~* ev/atmos. 

In our experiments the sample was a p-type single 
crystal with a resistivity of about 50 ohm-cm furnished 
by the Philco Corporation. It had a thickness of 0.021 
cm. Silicone oil was the hydrostatic fluid used in this 
experiment. The lowest pressure at which a systematic 
shift over the entire wavelength range of the absorption 
edge was observed was at 2020 atmospheres. The shift 
in silicon has been remeasured by Paul and Warschauer”® 
using a grating monochromator and the value so 
deduced is —1.3X10~® ev/atmos. Our results are 
shown in Fig. 2, where transmittance is plotted against 
incident photon energy at atmospheric pressure and at 
2020 atmospheres. The transmittance at the latter 
pressure is taken with the fluid at 2020 atmospheres as 
reference, indicating that the observed displacement 
of the curves is a property of the silicon and not the 
fluid. This experiment was repeated on many separate 
occasions and each time the sample was removed from 
the pressure vessel and the vessel itself taken out of 
the optical beam before repeating the experiment. 
Furthermore, a lead sulfide cell was used as the detector 
making it possible to close the slit to 0.035 mm. Accord- 
ing to the manufacturer’s claims the monochromator 
should have a resolution of 0.008 ev at this slit setting. 
Because the shift is so small we have purposely refrained 
from applying all the corrections previously described 
which are required to convert the data to absorption 
coefficient. It is seen from Fig. 2 that the high-pressure 
curve has moved to smaller photon energies indicating 
that the energy gap decreases as the pressure is increased. 


** Warschauer, Paul, and Brooks, Phys. Rev. 98, 1193 (1955). 

*5 J. Taylor (unpublished). 

26W. Paul and D. M. Warschauer, J. Phys. Chem. Solids 5 
102 (1958). 
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(111) Tellurium 

Tellurium crystallizes in an unusual hexagonal 
structure,” the atoms being arranged in spiral chains 
which are oriented along the ¢ axis of a hexagon. The 
adjacent chains are held together weakly as manifested 
by the ease with which single crystals cleave along a 
direction parallel to the c axis. The anisotropic character 
of its crystal structure further betrays itself in the 
magnitudes and signs of the thermal expansion coeffi- 
cients and compressibilities. Thus, heating or exerting 
pressure on tellurium causes it to expand in a direction 
parallel to the c axis and contract in the plane of the 
a axis. 

Tellurium and selenium are the only elemental 
anisotropic semiconductors whose properties have been 
studied experimentally.’ Recently, they have received 
considerable attention from a theoretical point of 
view.?9 

The samples used in these experiments were grown in 
this laboratory by D. Long and were p type. Their 
resistivity measured parallel to the ¢ axis was 0.3 
ohm-cm. The sample used for‘the pressure experiment 
on £,,, was 0.035 cm thick and that used for E,, was 





T(E) TRANSMITTANCE 








120° 


E, INCIDENT PHOTON ENERGY (ev) 


Fic. 2. Effect of pressure on the transmittance of silicon. 


27 A. von Hippel, J. Chem. Phys. 16, 372 (1948). 

*8'V. E. Botton, Science 115, 570 (1952); J. J. Loferski, Phys. 
Rev. 93, 707 (1954); A. Nussbaum, Phys. Rev. 94, 337 (1954); 
R. S. Caldwell and H. Y. Fan, Phys. Rev. 94, 1427 (1954); 
L. J. Neuringer, Phys. Rev. 98, 1193 (1955). 

*H. B. Callen, J. Chem. Phys. 22, 518 (1954); J. R. Reitz, 
Phys. Rev. 105, 1233 (1957); R. Asendorf, Bull. Am. Phys. Soc. 
Ser. II, 2, 147 (1957). 
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0.031 cm thick. For the former Freon-113 was used as 
the hydrostatic fluid, and for the latter, silicone oil. 
The incident radiation was polarized by means of 
five unsupported films of amorphous selenium about 
50 microns thick mounted so that the radiation to be 
polarized was incident on the films at Brewster’s angle. 
This construction is described by Elliot e¢ al.” The 
c axis of the sapphire windows was not perpendicular 
to the face, thereby introducing a rotation of the plane 
of polarization of the incident radiation upon passage 
through the window. For this reason it was first 
necessary to determine the proper orientation of the 
windows relative to the sample and polarizer. For 
radiation polarized parallel to the ¢ axis of the crystal, 
the results are shown in Fig. 3 at 1 and 1095 atmos- 
pheres. The results for radiation polarized perpendicular 
to the ¢ axis are given in Fig. 4 at atmospheric pres- 
sure and at pressures of 425 and 778 atmospheres. It is 
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Fic. 3. Effect of pressure on the optical absorption of tellurium for 
radiation polarized parallel to crystalline ¢ axis. 


seen that the energy gaps for both directions of polari- 
zation decrease as the pressure is increased. 


B. Temperature Experiments 


Using a metal cryostat equipped with rock salt 
windows, the dependence of the absorption edge upon 
temperature was investigated. This was measured 
between 90°K and 400°K in silicon and in tellurium 
for both directions of polarization of the radiation. 
In both materials it was observed that as one proceeds 
towards low temperatures the absorption edge moves 
towards larger energy, the energy gap increases as the 
temperature decreases. The mean temperature coeffi- 
cient of the energy gap which was deduced is listed in 
Column 4 of Table I. 


% Elliot, Ambrose, and Temple, J. Opt. Soc. Am. 38, 212 (1948). 
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Fic. 4. Effect of pressure on the optical absorption of tellurium for 
radiation polarized perpendicular to crystalline ¢ axis. 


5. DISCUSSION 
A. Pressure Coefficient 


An expression relating the linear absorption coeffi- 
cient, u(Z), to the energy gap, effective masses, and 
other parameters of a given material has been derived 
by Bardeen, Blatt, and Hall.*! They have split up the 
problem of absorption near the edge into two separate 
direct and_ indirect transitions 
from the valence band to the conduction band. The 
first of these is characterized by the selection rule that 


processes electronic 


the wave vector of the electron remains unchanged and 
corresponds to a transition from FE, to E.o, the (000) 
conduction-band minimum, in Fig. 5. 

Bardeen ef al.*' have shown that it is possible to 
have a phonon-aided optical transition such that the 
energy difference is E,—£E,, the phonon 
supplying the extra momentum required to scatter 
an electron from a point near k=0 to the (111) conduc- 
tion-band minimum. 

Near the threshold the absorption coefficient for 
direct electronic transitions, E,— Eo, 
(hw—hw,)* where hw is the incident photon energy and 
he, is the threshold absorption energy corresponding 


electronic 


varies as 


to the separation between the (000) conduction-band 
minimum and the top of the valence band. Examining 
Fig. 1, 
very much above 100 cm 
curves is greater for u4> 100 cm™. Strictly, the threshold 
for the uw’ dependence upon £, characteristic of direct 


we observe that while our data do not extend 
| the displacement of the 


transitions, does not start until ~~ 10* cm™ in germa- 
nium, as is evidenced by the work of Dash and 
Newman.!® Their data indicate that below n= 10* cm 
there is a very sharp and rapid decrease in absorption 
coefficient, so that the horizontal displacement with 

31 Bardeen, Blatt, and Hall, Proceedings of the Conference on 
Photoconductivity, Atlantic City, 1954, edited by R. G. Brecken- 
ridge, B. R. Russell, and E. E. Hahn (John Wiley and Sons, 
Inc., New York, 1956), p. 146. 
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TABLE I. Experimental results of the optical pressure coefficients for germanium, silicon, and tellurium. 


Temperature 
coeff. of 
energy gap 
(0E,/dT)p 
(ev /deg) 


44X10 


Pressure coeff 
of energy gap 
(0E,/dP)r 
(ev/atmos) 


Conduction 
band 
minimum 


(111) 


Material 


(7.341.5)K 10 

(8+1)K10 % 

4.0X 10% 

(1143)K10°* 

13X 10-® 

10 10-* 
-210°§ 

5X 10° & 

-1.3X 10-4 
(1.8+0.3)« 10° 
(2.2+0.4) 10™5 


Germanium 
~—4 X10 * 
4.5X104 


Silicon 


4x10 
-4X10°% 


Fellurium 


* See reference 11 

» See reference 32. 

© Deduced from data ir 
1 See reference 26 


‘ See reference 18 

{M. E. Straumanis and 
« P. W. Bridgman, Proc 
» P. W. Bridgman, Proc 


iret 


temperature of their curves in the range of uw just 
above 100 cm™ is not drastically different from the 
shift at the direct transition threshold. We would like 
to speculate that pressure data might follow the same 
pattern. In the absence of published pressure data 
for the true yw? region we shall assume that the shift 
of the curves in Fig. 1 for 14> 100 cm™ is characteristic 
of the (000) conduction-band minimum in germanium. 
The scatter of the data points is somewhat large and 
at the highest absorption the curves tend to bend over 
and flatten out. This is probably due to the fact that 
at these wavelengths 1/yu is very much smaller than 
the specimen thickness and long-wavelength light of 
spurious origin is being transmitted. At these low 
pressures we tend to think that the apparent nonlinearity 
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Fic. 5. Energy band contour of germanium along (111) and (100) 
axes in k space, showing possible optical transition. 


Electron-lattice 
interaction term 
(0E,/dT)v 
(ev/deg) 


—3.4X 10 


Isothermal 
compressibility 


Thermal 
expansion 
coeff. a 
(deg) 


76X10" 


Dilation term 
—(a/xr) (@E,/dP)r 
(ev /deg) 


—1xi0o-“* 


KT 
(atmos) ~ 


17 1.24 10-% 


~—1.6K 10" ~—2.4X10" 


12.45X 10° * 0.98 X 107% 0.310" -4.8X104 


Tg 


6X 10% 
7.2% 10-% 


—11<X10-5 
—4.2X10°5 


4.1410 
2.75X 10-® 


E. J. 
. Am. 
. Am. 


Aka, J. Appl. Phys. 23, 330 (1952). 
Acad. Arts Sci. 60, 305 (1925). 
Acad. Arts Sci. 77, 187 (1949). 


in the shift is likewise spurious. Nevertheless, we would 
like to suggest that the (000) conduction-band minimum 
moves relative to the valence band at a rate of about 
+ (1143) X10-%ev/atmos in germanium. This isin good 
agreement with the value obtained from the data of Fan 
et al.’ and the value deduced indirectly by Paul and 
Warschauer® from the change in shape of their absorp- 
tion curves. 

With respect to the pressure variation of E.—E,, 
the situation is not as clear cut. The equation for the 
absorption coefficient near the threshold for indirect 
transitions derived by Bardeen, Blatt, and Hall,* 
assuming that the transition at k=0 is allowed, is 


— Ff, 


’ 


AM,?(2N,4+1)(m.m,)} (horthw,— Ey)?(E« 
hw( E.o— E.)? 


p(k) = 
(2) 


where A is a constant assumed not to vary with pressure, 
N, is the number of phonons excited, m, and m, are 
the density of states effective masses of the valence 
band and conduction band, respectively, M, is the 
matrix element for the interaction of electrons with 
phonons of wave vector 8s, fw is the incident photon 
energy and fw, is the phonon energy. The plus sign 
associated with hw, is to be used for phonon destruction 
and the minus sign for phonon creation. The thermal 
energy gap corresponds to E,= £.—E£E,. In germanium 
the energy band structure such that (E.o—E,) 
<(E.—E,)<(E.0o—E,) at atmospheric pressure and 
room temperature with (E,— E,) =0.65 ev and (E.o— E,) 
=(.80 ev. If the transition at k=0 is not allowed then 
the absorption coefficient is given by 


BM 2(2N,+1)m,(mm,)} (hwthw,— E,)* 
u(k)= ~ = - 
(E.o— E.)? 


is 


, (3) 
where B is a constant assumed to have negligible 
pressure variation. 


SW. Paul and D. M. Warschauer, J. Phys. Chem. Solids 5 
89 (1958). 


’ 
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Paul and Warschauer® have measured the shift of 
the absorption edge of germanium as a function of 
pressure up to 7000 atmospheres for 1<y<70 cm™. 
They observed a change of shape of the absorption 
edge with pressure and, therefore, in order to correlate 
the pressure variation of u(#) in a unique way with a 
change in (Z,—£,) they extrapolated to .=0 on both 
aw) and au! versus hw plot. It is interesting that while 
a law of the form of Eq. (3) yielded a better straight 
line than Eq. (2), the pressure coefficient of the energy 
gap determined from either law, using extrapolation 
to n=0, was about the same amounting to +4x10-® 
ev/atmos. This is to be compared to +5X10~* ev/ 
atmos found from the resistivity data of Paul and 
Brooks.‘ Paul and Warschauer” conclude that on the 
basis of pressure coefficient alone one cannot choose 
between a yw! or u! law. 

We have attempted to fit our data to Eqs. (2) and 
(3) and find that neither give very straight lines 
over the range 1<p<50 cm™, although the yu! depend- 
ence is the better of the two. By careful extrapolation 
to u=0 on a plot of (uhw)! versus hw we find the 
mean value of the pressure coefficient of (E.—£,), 
the (111) conduction-band minimum, to be + (7.31.5) 
X10-® ev/atmos. Fan et al." likewise find no shape 
change to 1000 atmospheres. They deduce a value of 
7.5X10~§ ev/atmos from the horizontal shift necessary 
to superimpose the curves of a (uhw) versus hw plot 
(a procedure valid if there is no shape change). 

Our data do not cover as extensive a pressure range 
as that of Paul and Warschauer. Further we do not 
observe the shape change of the absorption edge which 
must be present and which arises from the pressure 
dependence of (E.o—E.) and (E.o—£,). The reason 
for this may be seen from the following considerations. 
At any pressure, P, and near the threshold of absorption, 
we may write from Eq. (2) 


(hw— b,”) (Fo 
(hw)? p~ 
(Eo— E,) 


where A corrects for the pressure variation of (E.0— £,) 
and (E.o—£E,) and is given to first order by 
A=6(E.o— Ey) /2(E.0— Ev) —6(Eeo— Ee) /(Eeo— Ee), (4a) 


with 


oP 


For 6P= 1000 atmospheres, (0/0P) (E.o— E,) =11X 10~* 
ev/atmos, and (0/0P)(E.0.—E.)=6X10-* ev/atmos, 
we obtain AY—0.3. This implies that to observe a 
change in slope at 1000 atmospheres would necessitate 
the experimental accuracy in w to be much less than 


ABSORPTION 


OF SEMICONDUCTORS 1501 
6%, which is difficult to attain in these experiments at 
present. An estimate similar to this for a law of the 
form of Eq. (3) indicates a somewhat less stringent 
limit on the accuracy required of the absorption data. 
It is therefore felt that had we been able to proceed to 
higher pressures, a shape change would have been 
detected. However, it does not necessarily follow thata 
pressure coefficient deduced from such data after the 
manner of Paul and Warschauer would agree with 
theirs. The change of shape of the absorption edge with 
pressure only serves to decrease the slopes of yu! or yu! 
versus hw lines, leaving the intercepts, from which the 
energy gap variation is ascertained, unchanged. 
Consequently, the discrepancy between our results as 
well as Fan ef al." and those of Paul and Warschauer 
need not be due to the lack of higher pressure data 
and presumably would persist even if our experiment 
had been extended in pressure. It is interesting to note 
that while our result for the pressure coefficient of 
(E.—E,) is roughly 40% gereater than the resistivity 
data,‘ that of Paul and Warschauer is smaller than the 
resistivity data by about 20% for both a yw! and yu! 
dependence. If it is difficult to think of a physical 
mechanism which will yield a pressure coefficient, 
deduced as above for an optical energy gap, larger than 
a thermal one, the degree of difficulty is no less in 
explaining why it should be smaller. We feel, therefore, 
that because proceeding to higher pressures would not 
alter our result, our value is equally valid as that of 
Paul and Warschauer and can be taken to be an energy 
gap chang: 

In deducing the pressure coefficient by extrapolating to 
u=0, it has been tactitly assumed that hw, has negligible 
pressure variation. It is possible to obtain an order-of- 
magnitude estimate of its pressure dependence by 
examining the variation of 6p, the Debye temperature. 
For this purpose we use the Griineisen relation connect- 
ing the Griineisen constant y, to the molar specific 
heat at constant volume, C,, the isothermal compres- 
sibility, x, the volume coefficient of thermal expansion, 
a, and the molar volume, V,,: 


y¥=aV »/kpCy= —d(In@p)/d(InV). (5) 


Substituting the appropriate values into (5), we find 
dw,/w,=d0p/@n=01% for a pressure of 1000 atmo- 
spheres. Now dE,/E,=1% for 1000 atmospheres, so 
that we may neglect the effect of a variation of phonon 
energy with pressure over the range in which our 
experiments were performed. 

The negligible variation of @p with pressure gives us 
some measure of confidence in the assumption that 
N,, the number of phonons excited, remains essentially 
constant with pressure, if in the expression for V, we 
substitute hw, = k6p. 

The other terms in (2) which may effect the shape of 
the absorption edge are (m.m,)! and M,’. Information 
about the quantity (m,.m,)! can be obtained from the 
experiments of Smith’ and of Benedek, Paul, and 
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Brooks.’ The work of Benedek, Paul, and Brooks 
indicates that the shape parameter K = m,/m;, decreases 
by roughly 2% for 1000 atmospheres, where m, is the 
longitudinal effective mass and m, the transverse 
effective mass of the conduction electrons. By assuming 
that the elastic constants are pressure independent, 
they have concluded that m, decreases while m;, 
increases. If we assume as a crude first approximation 
that the percentage changes of m, and m;, with pressure 
are the same, then m,.!~ (mm/)! increases by roughly 
0.5% for 1000 atmospheres. Smith has deduced that 
the effective mass of the high mass holes increases by 
0.2% in 1000 atmospheres. The change in the effective 
mass of the low-mass holes was found to amount to 1.6% 
in 1000 atmospheres. Thus (m.m,)' is not expected to 
exhibit a very strong pressure dependence in this 
experiment. It is not clear at present how one should 
estimate the pressure dependence of M,°. The values of 
the pressure coefficient of the (111) minimum and 
(000) minimum are given in column 3 of Table I. It 
is seen that increasing the pressure causes the (000) 
minumum-valence band separation to increase more 
than the (111) minimum-valence band 
separation. 

Examining Fig. 2 we notice that to 2000 atmospheres 
the absorption edge of silicon does not exhibit a shape 
change. Because of the smallness of the pressure effect 
we have not converted the transmittance data to a 
u versus hw plot. This lack of shape change is in agree- 
ment with the work of Paul and Warschauer’® carried 
out to 8000 atmospheres and using a grating as the 
dispersing element. In the absence of a shape change, 
the pressure coefficient for silicon was arrived at by a 
horizontal shift of the higher pressure curve of Fig. 
2. Our result, in agreement with that of Paul and 
Warschauer, indicates that the pressure coefficient in 
silicon is small and negative. 

Since there is no theory giving the explicit depend- 
ence of u(£) upon the basic crystal parameters of 
tellurium and because the curves appear parallel to 
within the fairly large experimental error, we have 
deduced the pressure coefficient of E,,, and E,, from 
the data of Fig. 3 and Fig. 4 by shifting the curves 
horizontally. As may be seen by referring to Table I, 
the pressure coefficients of both energy gaps are one 
order of magnitude larger than for silicon and about 
twice as large as for germanium. Further, it appears 
that E,, decreases more rapidly with pressure than 
E,,,. This latter aspect is interesting in the light of 
the band structure proposed by Reitz.” 

In calculating the energy bands of tellurium, Reitz 
first considered the crystal structure with 90° bond 
angles in the chain, thereby obtaining three p bands 
each of which was triply degenerate. This degeneracy 
is removed and further splitting of the p bands is 
produced when the crystal is stretched out along the 
c axis to the proper bond angle. The resultant energy 
band scheme is shown in Fig. 6, where there are three 
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separated groups of p bands. The lower and middle 
group of p bands are filled; the upper p group and 
d bands are empty. The optical transitions of electrons 
correspond to transitions between the middle p group 
and one of the conduction bands whose edges occur at 
k.=1/c. The symbols next to the arrows indicate 
whether the transitions correspond to radiation polarized 
parallel (|) or perpendicular (1) to the crystalline 
c axis. It is seen that the energy gap at k.=2/c is 
smaller for radiation polarized perpendicular to the 
c axis, in agreement with experiment. 

The compressibility of tellurium is such that it 
expands along the c axis and contracts perpendicular to 
this axis. Increasing the pressure thus causes an increase 
in the bond angles between adjacent bonds in each 
chain, thereby producing a decrease in the energy gap. 
Assuming that the transitions are p— #, we find with 
the aid of Table I in Reitz’s paper, that the change in 
E,, is given by 


AE, = —2Aw(c—2r+7°/o), (6) 


where Aw is a measure of the change of bond angle and 
o and @ are the values of certain energy integrals. 
For £,,, we obtain 


AE, = —2Aw(o+n—27"/c). (7) 


From the theoretical considerations of Reitz, 7 is a 
negative quantity and is smaller in magnitude than 
o. It can then be shown that AE,,>A£g,,, which is in 











Fic. 6, Energy band contour of tellurium along the z axis in 
k space, showing possible optical transitions. 
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qualitative agreement with our experimental result. 
Further, if indeed the dominant effect of pressure upon 
the energy gap arises from a change in bond angle, 
then (6) and (7), together with the experimental values 
of AEg,/AP and AE,,,/AP, could be used to ascertain 
o and wr. This would necessitate a calculation of Aw. 
In the absence of knowledge of Aw, the ratio ¢/m can 
be determined. Proceeding in this fashion, we find 
o/m=16. It might actually be that o/z is not really this 
great because our value for 0F,,/0P is an average value 
of the shifts between 1 and 425 atmospheres and 
between 425 and 778 atmospheres, the shift exhibiting 
a nonlinearity. A larger value of AF,,/A£,,, would in 
fact produce a smaller value of ¢/m. Reitz in his paper 
takes ¢/m=3 in part of his discussion. It would appear 
that more data at several pressures would be helpful in 
the case of tellurium in arriving at a more accurate 
value of AE,,/AE,; and of o/z. 


B. Relation to Temperature Dependence of E, 


The energy gap of a semiconductor is found to change 
with temperature. This cannot be accounted for solely 
by the dilation of the lattice and it has been necessary, 
in order to explain this discrepancy, to assume an 
explicit temperature dependence of the energy gap 
which comes about from the interaction between 
electrons and lattice vibrations. It can easily be shown 
that the temperature coefficient of the energy gap, 
(0E,/0T)p, may be written as 


(0E,/0T) p= (0E,/0T) y—(a/kp) (OE,/0P)r, (8) 


where a is the volume coefficient of thermal expansion 
and x» is the isothermal compressibility. The first term 
of (8) gives the direct dependence of the energy gap 
upon the temperature (electron-lattice interaction 
effect) and the second term represents the thermal 
dilation effect. Each of these are listed in Table I for 
germanium, silicon, and tellurium. The temperature 
coefficient of the (000) minimum was taken to be 
~—4xX10-* ev/deg as seems to be indicated by the 
data of Dash and Newman.'* 


6. SUMMARY 


A technique for measuring the change with hydro- 
static pressure of the intrinsic optical absorption of 
semiconductors has been developed. By allowing almost 
simultaneous comparison of sample transmission with 
that of the hydrostatic fluid at any pressure and wave- 
length, several of the usual sources of error associated 
with this type of measurement are eliminated. To 
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improve the accuracy, the pressure dependence of the 
index of refraction of the sample* and of the hydrostatic 
fluid must be known. Further, measurements should be 
made on a family of samples of varying thickness, the 
data of each specimen spanning a portion of the 
absorption edge. By working in the low-transmission 
range of each sample, say 0.01<7(E)<0.1, and by 
overlapping the data of successive specimens, the errors 
arising when 1/u>>d and 1/yu<d will be minimized. 

The pressure coefficient of the energy gap has been 
determined from the shift of the absorption edge with 
pressure in tellurium, silicon, and germanium. In 
tellurium £,,>£,), and therefore E,, can be studied 
only by optical means. The motion of £,, with pressure 
has been The results for tellurium are 
consistent with the energy-band calculations of Reitz, 
although it would be profitable to extend the range of 
the data both in absorption coefficient and in pressure. 
The ratio of the pressure coefficients of F,, and Eg,, 
in tellurium have been used to determine experimentally 
the ratio of certain energy integrals occurring in 
Reitz’s calculations. For silicon, our results are in 
agreement with those of Paul and Warschauer, the 
pressure coefficient of the energy gap is small and 
negative. In germanium we deduce a pressure variation 
of the (111) conduction-band minimum which is in 
qualitative agreement with the resistivity data. It is 
suggested that the (000) minimum moves about twice 
as rapidly with pressure as the (111) minimum although 
the evidence for this is not completely unequivocal. 
A suggested experiment, therefore, is the study with 
pressure of the absorption coefficient in germanium 
for u(EZ)>>100 cm™ in order to gain precise information 
on the motion of the (000) band edge. 

From the measured pressure coefficient the explicit 
dependence of the energy gap upon temperature has 
been determined, apart from the dilation effect. 


ol served. 
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Nuclear spin-lattice relaxation times have been measured in normal and superconducting Al from 0.94°K 
to 4.2°K, and as a function of static field in the normal state. In the normal state the relaxation rate is 
proportional to temperature as predicted by Redfield and others. The field dependence is somewhat greater 
than predicted. Relaxation in the superconductor was studied by a field cycling method which allowed the 
measurements to be made in the normal state but relaxation to occur in the superconductor. The results 
disagree with a simple two-fluid model, but are explained by the theory of Bardeen, Cooper, and Schrieffer. 
The contrast between the temperature dependence of nuclear relaxation and ultrasonic absorption confirms 
the central feature of the Bardeen-Cooper-Schrieffer theory that electrons of opposite spin and momentum 


are correlated. 


I. INTRODUCTION 
acento electrons strongly influence the 


nuclear magnetic resonance in a normal metal 
through the interaction of their magnetic moments 
with those of the nuclei. Two effects are important. 
First, the electrons alter the static magnetic field seen 
by the nuclei from the value of the applied magnetic 
field; the shift in the value of external field at which 
the nuclear resonance occurs in the metal, compared to 
a salt, is the so-called “Knight shift.’ Secondly, energy 
exchanges with conduction electrons at the top of the 
Fermi distribution usually provide the quickest means 
for the nuclear spins to come into thermal equilibrium 
with their surroundings—the process characterized by 
the ‘“‘nuclear spin-lattice relaxation time,” 7).? 

Several years ago Bardeen and Frohlich published 
preliminary theories of superconductivity which showed 
that in all likelihood the wave functions and energies 
of electrons near the Fermi energy are drastically 
modified when a metal makes the transition into the 
superconducting phase. Since these are the very elec- 
trons which are important in both the Knight shift and 
in nuclear relaxation, it was clear that measurements of 
the Knight shift and 7; in both normal and supercon- 
ducting phases of a metal should provide a test of any 
theory of superconductivity. These expectations have 
been borne out. In this paper we report experiments on 
nuclear relaxation in normal and_ superconducting 
aluminum and their theoretical interpretation using 
various theories including the recent one of Bardeen, 
Cooper, and Schrieffer® (hereafter referred to as BCS). 


* This research supported in part by the Office of Naval 
Research and in part by a grant from The Alfred P. Sloan Foun 
dation. 

t General Electric Predoctoral Fellow. This work is part of a 
thesis submitted in partial fulfillment of the requirements for the 
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1 Townes, Herring, and Knight, Phys. Rev. 77, 852 (1950). 

* See, for example, D. F. Holcomb and R. E. Norberg, Phys 
Rev. 98, 1074 (1955). 

§ Bardeen, Cooper, and Schrieffer, Phys. Rev. 106, 162 (1957 
Phys. Rev. 108, 1175 (1957). 


The Meissner effect! makes it difficult to do conven- 
tional nuclear magnetic resonance experiments in 
superconductors; that is, superconductors exclude the 
magnetic fields necessary for magnetic resonance except 
in a small skin region approximately 10~° cm to 10~° 
cm thick. By using colloidal particles whose mean 
diameters were smaller than this field penetration 
depth, Reif® and Knight® recently were able to measure 
the Knight shift in normal and _ superconducting 
mercury. 

As reported in a preliminary communication,’ our 
experiments on relaxation times avoid the impasse 
posed by the Meissner effect by utilizing another 
property of superconductors: superconductivity can be 
destroyed by application of a sufficiently strong mag- 
netic field. The critical field which will destroy super- 
conductivity! depends on temperature and is con- 
ventionally described by a_ two-dimensional phase 
diagram of critical field versus temperature. The 
boundary line between the superconducting and normal 
phases, the critical field vs temperature curve,‘ is 
approximated fairly closely by the equation 


H (0)=H (0)[1—(6/8.)? ], (1) 


where H,(@) and H,(O) are the critical fields at the 
temperature # and absolute 0, respectively, and @, is the 
critical temperature above which superconductivity 
cannot exist even in zero field. For aluminum, H,(0) 
=98.4 gauss and 6,=1.172°K.® In a magnetic field 
greater than the critical field for any given temperature, 
the metal is normal and the magnetic fields necessary 
for magnetic resonance experiments can penetrate into 
the metal in the usual manner. 

To obtain the 7; characteristic of the superconducting 
phase, the resonance was observed in the normal state 
but the nuclei allowed to relax in the superconducting 
University 
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state. The following cycle was followed: First, the 
nuclear spins were allowed to come to thermal equi- 
librium with the lattice in a static magnetic field strong 
enough so that the metal was in the normal phase. 
(Approximately 450-500 gauss was used.) The magnetic 
field was then quickly turned to zero, the metal be- 
coming superconducting; nuclear spin relaxation took 
place during the time, /, that the field was off. Next 
the field was turned on quickly, the metal returning to 
the normal phase, and the nuclear resonance signal was 
observed “on the run” as the magnetic field passed 
through the resonance value (360 gauss). The nuclear 
spin-lattice relaxation time characteristic of the super- 
conducting phase could then be obtained by studying 
the height of the resonance signals so obtained versus 
“t,” since the height of the resonance signal was a 
direct measure of the amount of nuclear magnetization 
left after relaxation. 

The technique described in the foregoing is similar 
to that of Sachs and Turner,® Pound and Ramsey,” and 
Abragam and Proctor"; it was suggested independently 
for the superconductivity problem by Redfield, who 
has recently reported measurements in both normal 
and superconducting aluminum” as well as in lithium 
and sodium." Throughout our work we have been in 


close touch with Redfield and have benefited greatly 


from the exchange of data and ideas. 

Because of the Meissner effect, nuclear spin relaxation 
in the superconducting phase occurs at zero external 
field. To compare results with the normal metal, it was 
necessary to measure in the normal state the zero-field 
relaxation time function of To 
further test the theory for the normal state, measure- 


as a temperature. 
ments as a function of field were also made in the 
normal phase. 

A detailed analysis of our procedure and a discussion 
of zero-field relaxation appear in parts II and III of 
this paper; the experimental details of the measure- 
ments in aluminum between 0.94°K and 4.2°K follow 
in part IV. The results and analysis of 7; measurements 
in the normal phase are given in part V. In part VI, 
the results of measurements of 7; in the superconduct- 
ing phase are presented and discussed in terms of 
several theories of superconductivity; the simple 
“two-fluid” theory ; the one-electron, energy-gap theory ; 
and the new microscopic theory of Bardeen, Cooper, 
and Schrieffer. Special details and conclusions follow 
in parts VIT and VIII. 

® FE. Turner, thesis, Harvard University, 1949 (unpublished). 

10 N, F. Ramsey and R. V. Pound, Phys. Rev. 81, 278 (1951). 

i A, Abragam and W. G. Proctor, Phys. Rev. 106, 160 (1957); 
Phys. Rev. 109, 1441 (1958). ! 

2 A. G. Redfield (private communication). 

133A, Anderson and A. G. Redfield, Proceedings of the Fifth 
International Conference on Low-Temperature Physics, Madison, 
Wisconsin, August, 1957, edited by J. R. Dillinger (University of 
Wisconsin Press, Madison, 1958). 
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II. NUCLEAR SPIN-LATTICE RELAXATION IN 
STRONG AND WEAK MAGNETIC FIELDS 


The nuclear spin-lattice relaxation process in a strong 
external magnetic field is usually treated in terms of the 
nuclear magnetization, M. In thermal equilibrium, M 
is given by Curie’s law. 


M,=CH 61, (2) 


where M, is the thermal equilibrium nuclear magnet- 
ization, H is the applied static magnetic field, 6, is the 
lattice temperature, and C is the nuclear Curie constant. 
When the nuclear magnetization is not in thermal 
equilibrium with the lattice, energy is exchanged be- 
tween the spin system and the lattice, the magnetization 
relaxing toward Mo, following the equation 


dM /dt= (M —M)/T. (3) 


The time constant, 7,, is the nuclear spin-lattice 
relaxation time—the characteristic time for energy 
transfer between the nuclear spin system and the lattice. 

From an experimental standpoint the nuclear magnet- 
ization is especially convenient for characterizing the 
nuclear spin-lattice relaxation process, because, all 
other things being equal, the height of a nuclear 
magnetic resonance signal is directly proportional to 
the nuclear magnetization present; nuclear resonance 
techniques, then, provide ways of following the relax- 
ation process with time. 

An alternative way of treating the spin-lattice 
relaxation process is in terms of the nuclear spin 
temperature. At thermal equilibrium with the lattice, 
the nuclear spin system has the lattice temperature ; 
that is, the energy levels of the nuclear spin system are 
populated according to Boltzmann statistics character- 
ized by the lattice temperature. 


Pr’ Pu’ - exp (Ey, a 


where p,° and p,° are the thermal equilibrium proba- 
bility of occupation of the mth and mth nuclear energy 
levels with energies E, and E,, respectively. (EZ, and 
E» are the exact energies of the total nuclear system.) 

When not at thermal equilibrium with the lattice, 
the nuclear spin system is still often characterized by a 
temperature, in this case unequal to that of the lattice. 
That is, 


E,)/k01.], (4) 


Pu/Pm= expl (En— En) /kO 


where 6, is the spin temperature. When a magnetic 
field, H, is present an alternative definition of @, can 
often be given in terms of Curie’s law; that is, 


6,=CH/M. (6) 


Equation (6) can be derived from Eq. (5), but the 
reverse is not true. Comparing Eqs. (3) and (6), we 
see that in the presence of a magnetic field 


“( 1 ) ( 1 1 ) 1 
dt 0, Or 6, wT; 
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Thus, instead of characterizing nuclear spin-lattice 
relaxation in terms of growth or decay of magnetization, 
one may think of the energy exchanged with the 
lattice as causing the nuclear spin system to warm up 
or cool off as its spin temperature approaches that of 
the lattice. From Eqs. (3) and (7), we see that the 
same 7, characterizes either treatment of spin-lattice 
relaxation. 

We are concerned with relaxation in zero field. If the 
nuclear system is characterized by a spin temperature 
(not low enough for nuclear ferromagnetism) Curie’s 
law tells us that in zero field the magnetization is zero 
independent of @,. In zero field, relaxation cannot then 
be characterized by changes in magnetization. As will 
be shown explicitly in Sec. III, it may still be discussed 
in terms of spin temperature using Eq. (7). The 
concept of spin temperature is therefore particularly 
useful for discussing our experiment. 

Further insight into zero-field relaxation is given by 
a detailed picture of the nuclear orientations. In a 
strong magnetic field the nuclear temperature measures 
the extent to which nuclear moments line up along 
rather than opposed to the external field. In zero 
external field, the nuclei experience solely the fields due 
to their neighbors. A nucleus may line up along or 
opposed to the local field it experiences. The spin 
temperature in zero external field characterizes the 
degree of alignment of nuclei in their individual local 
fields. The fact that the local fields at various parts in 
the sample have basically random orientations causes 
the bulk nuclear magnetization to be zero. 

It is easy to have a spin system at zero field whose 
spin temperature differs from @;. The situation could 
be obtained, for example, as the result of adiabatic 
demagnetization from a strong field to zero field carried 
out in a time short compared to 7;. (Such a demagnet- 
ization is part of our field cycling procedure for meas- 
uring 7, as mentioned in part I.) Energy transfer 
between spin system and lattice would, of course, take 
place as the spin system came into thermal equilibrium 
with the lattice; that such is the case is illustrated in 
paramagnetic salts by the cooling of the lattice after an 
adiabatic demagnetization of the electron spins. 

A full description of relaxation at zero external field 
requires as its starting point a solution of the energy 
levels and wave functions of the nuclei which are 
coupled together by their magnetic dipole fields. The 
solution has never been obtained. As we will see, the 
use of a spin temperature enables us to formulate the 
relaxation time calculation in terms of diagonal sums, 
whose evaluation does nof require solution of the exact 
energy levels. We are thus able to calculate the relax- 
ation time completely. We therefore have two compel- 
ling reasons for assuming a spin temperature: (1) the 
relaxation in zero field is most easily pictured in terms 
of temperature changes, and (2) the theory of the 
relaxation time can be carried through. 

The arbitrariness of the spin temperature assumption 
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is somewhat mollified by its success in describing similar 
situations. It has been very fruitful in discussing cooling 
done by adiabatic demagnetization on paramagnetic 
salts; spin temperature gives a description of many 
types of spin situations as discussed by Purcell and 
Pound." It has proven especially useful in analyzing 
recent “spin calorimetry” experiments" of Abragam 
and Proctor performed in weak field and recently 
extended by Schumacher.'® As discussed more com- 
pletely in parts III and V, assumption of a spin temper- 
ature results in a one-parameter spin-lattice relaxation 
process even at zero field; (i.e., the approach to equi- 
librium involves only one exponential). Our experi- 
ments, discussed in parts V and VI, indicate that the 
relaxation at zero field is indeed describable by a 
one-parameter process in both the normal and super- 
conducting phases. 


III. ANALYSES OF PROCEDURE TO MEASURE 7, 


In this section the concept of spin temperature will 
be used to derive the relationship between 7, and the 
magnetization measured immediately after the cycle 
of measurement described in the introduction. Since 
nuclear spin level splittings in common laboratory 
magnetic fields are much less than k@ down to exceed- 
ingly low temperatures, the nuclear spins obey Curie’s 
law and have a simple spin specific heat expression in 
the temperature range of interest in this paper. That 
means that thermodynamic relations can be used to 
calculate what happened to both @, and M during the 
cycle of measurement. 

If the nuclear spin Hamiltonian, K, is taken to 
consist of the nuclear Zeeman interaction, 3Cz, and the 
nuclear dipole-dipole interaction, 5Cya, the spin-lattice 
interaction being treated as a perturbation, then the 
expressions for the magnetization, M, and the specific 
heat at constant field, C, become!® 


M=CH/0@,; Cu=(6+CH")/6,, (8) 


where the nuclear Curie constant, C=triCz?/kH? tr1 
and b=tr3Caq*/k tri. For the purposes of this section, 
(b/C)* will be defined as Hjo- since it is of the order of 
the local magnetic fields at the nuclear site due to the 
presence of neighboring nuclei. With this notation, we 
have 


M=CH/6,; Cu=C(Hi0e2+H")/6,?. (9) 


At the beginning of the cycle of measurement the 
nuclear spins are characterized by the lattice tempera- 
ture, 6, since they were allowed to sit for several 
spin-lattice relaxation times in the magnetic field. 
When the field is switched to zero, the nuclear spin 
system is adiabatically demagnetized. From thermo- 


16 R, T, Schumacher, Phys. Rev. 112, 837 (1958). 
16C, J. Gorter, Paramagnetic Relaxation (Elsevier Publishing 
Company, Inc., New York, 1947). 
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dynamics, for an adiabatic process, 


dQ=Cyd0+0(0M /00) pdH =0. (10) 


Integrating this equation between the limits H,; and H,, 
we obtain 
6,(H;) =6,(H,)[1+ (H; Hoc)? }', 
[1+ (A ./H cc)” }}, 
M (H;)=M(A)HAA+ (HA; Hoc)? |*/ 
H {1+ (Ay/Hicc)* }}, 


(11) 


(12) 


where Eq. (9) has been used. For the case of adiabatic 
demagnetization from an external field H and the 
lattice temperature @;, to zero field and a spin temper- 
ature @,;, we have 


6..=6,[1+ (H, Hoc)? }OLH ioc Gag 
M j= lim (MoH [1+ (H/Hioe)*}!/ 
fo 
HU1+(Hy/H ioc)? }'} =0. 


(13) 


(14) 


From Curie’s law the magnetization must go to 
zero at zero field, as in Eq. (14). Upon reaching the 
low value given by Eq. (13), the spin temperature 
begins to rise towards the lattice temperature as 
relaxation takes place. The temperature reached at the 
end of the relaxation period, 0,2, is obtained by inte- 
grating Eq. (4) in terms of the time, ¢, during which the 
field is off. For 7; we use the nuclear spin relaxation 
time in the superconducting phase, 7),. 


a: ft 1 1 
—=—+(- —_ ~) exp(—1/T1,). 
6.2 OL 951 OL 


Next, the field is turned back on to its original value; 
the spin system is adiabatically remagnetized from 6,2, 
following Eq. (11), to a temperature @,’: 


6,’=O,o 1+ (H/Hice)?]}!; M’'=CH/6,’. 


As a result of the spin-lattice relaxation, 0,/>0, and 
M’'<M. A plot of M versus H and @, versus H for the 
cycle is shown in Fig. 1 for Hioe/H=5. Combining 
Eqs. (13), (15), and (16), and using Curie’s law, the 
final result for the magnetization after the cycle, M’, 
becomes 


Cuf 81 9.1 ) 
<1 +(1- ) exp(-/7) » (17) 
6,16, 1 


M'=A+B exp(—1/T,,). 


(15) 


(16) 


In general, AXB. Equation (17) is the desired 
relation between M’ measured using nuclear magnetic 
resonance in the normal phase, and the 7; characteristic 
of the superconducting phase. The same type of cycle 
was used to determine both 7) versus magnetic field 
and 7; (at zero field) versus temperature above the 
critical temperature. Experimentally, log(M’— A) versus 
t gave a straight line in agreement with Eq. (17). 
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Fic. 1. (a) A cycle of the spin temperature, @,, versus magnetic 
field starting at temperature @o in a field Mo=5iH oc, going to 
zero field adiabatically, relaxing, and returning adiabatically to a 
temperature 60’ in the field Ho. (b) Magnetization, M, versus 
magnetic field for the cycle of Fig. 1(a). 


This is a good indication that spin temperature is an 
appropriate variable with which to treat the nuclear 
spin system in the presence of the nuclear dipole- 
dipole interaction. 

Implied in this discussion is the assumption that the 
demagnetization and remagnetization be adiabatic 
and reversible. This means, first of all, that the time 
constant for the change of field must be much shorter 
than the spin-lattice relaxation time so that 7; effects 
can be neglected during the demagnetization and 
remagnetization. Also it is essential that the field be 
varied slowly enough compared to the characteristic 
spin-spin interaction time, 72, that the nuclear spin 
system quasi-statically follow the external field and 
act as a thermodynamic whole. Let us amplify these 
remarks. 

Suppose we start with a nuclear system in thermal 
equilibrium with the lattice in a strong field and turn 
the field to zero instantaneously. We may analyze what 
happens in terms of the sudden approximation: since 
the wave function immediately after turning the field 
to zero is the same as it was immediately before, the 
magnetization is initially unchanged. However, the 
nuclei now precess about their local fields which are 
randomly oriented. In one or two precession periods (of 
order of the strong-field 72), the nuclei will be randomly 
oriented spatially and the magnetization will be zero. 
If we then turn the field on again suddenly, we trap the 
magnetization at zero in the strong field. No resonance 
will be seen because the magnetization cannot be 
established in the strong field without spin-lattice 
relaxation. Thus we lose the resonance completely and 
have certainly not performed a reversible process. 

It is essential to our experiment that we avoid the 
situation of sudden switching just described. We must 
turn the field off and on sufficiently slowly for the 
magnetization to decrease or grow in step with H. 
Neglecting spin-lattice relaxation, a crude way of 
describing what we want to happen is as follows: 
consider a nucleus which is initially lined up along the 
strong field. As we turn H to zero, the total field seen 
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by the nucleus is the vector sum of H and Hjocai. If we 
change H sufficiently slowly compared to the precession 
rate in the total field, the nucleus will remain lined up 
along the total field. By the time H reaches zero, the 
nucleus is pointing parallel to Hjcea. Although the 
spatial orientation of the nuclear moment may have 
changed, it will still be lined up along the total field it 
experiences. The degree of alignment is thus maintained. 
If H is turned back on slowly, the nucleus will continue 
lined up along the total field so that when we reach the 
initial value of #7, the nucleus will only again have its 
original strong-field spatial orientation. The original 
bulk magnetization will thus be recovered; the process 
is reversible. Since the degree of nuclear alignment is 
maintained at all times, we can easily estimate the 
temperature reached by equating wH/kO, to pH \oc/k,. 
The result agrees with Eq. (13). 

Of course the local field varies in time, but we may 
hope that the essential features of our description are 
maintained. We may say that the most critical region 
of switching is when H/ is comparable to Hjocai (since it 
is at this condition that the total field is changing 
direction from that of H to that of Hjoca;). Under these 
circumstances the precession period in the total field is 
comparable to the high-field T:. Therefore, we must 
turn the field off slowly compared to T:. To avoid 
spin-lattice relaxation effects while the field is being 
switched, we must turn it off or on faster than 7}. 
The switching time, 7, must therefore satisfy the 
relation 7;>7>T>. 

In measurements in the normal state the requirement 
on 7 is easily satisfied. Since T2=35 microseconds and 
the normal state relaxation time 7), is about 0.2 to one 
second in the temperature range of interest, 7 can be in 
the millisecond region. However, the measurement of 
T;, poses a problem. At the boundary between the 
normal and superconducting phases, the magnetic field 
drops from the critical field value to zero in a distance, 
\, of about 10~° cm. As the transition between phases 
is made, this boundary wall sweeps through the sample 
at a velocity determined either by the size of the 
particle and the external field time constant, in the 
case of a powered sample such as was used in this 
experiment, or by factors beyond one’s control when 
appreciable supercooling is present. Assuming a smooth 
wall motion with no granular intermediate state in the 
powdered particles of radius 7, this means that 7 2 Tor/X 
milliseconds for our sample. A_ precipitous 
switching, of course, shows up experimentally as a loss 


=~3.5 


in signal as described above. 


IV. EXPERIMENTAL DETAIL 


The resonance was observed with a bridgeless system 
similar to that used by Schumacher.'’ A 400-kc oscil- 


lator of the Pound-Watkins type'’ fed the rf through a 
17 R. T. Schumacher and C. P. Slichter, Phys. Rev. 101, 58 
(1956). 
18 G. D. Watkins and R. V. Pound, Phys. Rev. 82, 343 (1951). 
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high impedance to the sample coil, which was directly 
connected to the grid of an rf amplifier. As used, the 
apparatus was sensitive only to changes in x”, the 
imaginary part of the complex nuclear susceptibility. 
The amplified signal was then detected, and after 
further audio amplification it was displayed both on an 
oscilloscope and on a gated detector; the latter was 
used to improve the signal-to-noise ratio. 

A special laminated magnet was constructed out of 
0.014-in. thick sheets of silicon steel, so that it could 
be pulsed rapidly. Adjustable laminated sections were 
provided near the gap as shims to obtain favorable 
homogeneity of magnetic field over the aluminum 
sample. The current through the magnet was switched 
using Western Electric mercury relays. 

In order to work at the critical temperature and 
below in aluminum (@,=1.172°K), a 3-Dewar system 
was used—an outer liquid nitrogen Dewar enclosed a 
Dewar containing liquid helium at 4.2°K and an inner 
Dewar containing liquid helium which was pumped 
over by an oil booster pump backed up with a me- 
chanical pump. The inner Dewar contained the sample 
which sat in the helium bath which was sealed beneath 
two one-millimeter constrictions placed for the purpose 
of cutting down the flow of Rollin film.’ The lowest 
temperature attained was 0.94°K. The sample coil and 
leads sat in the middle Dewar at 4.2°K separated from 
the sample by a vacuum jacket. 

Our sample was “atomized” particles of 99.9% purity 
obtained from Alcoa and sieved through a 325-mesh 
sieve. The mean particle size determined by a micro- 
scope was about 10 microns. The sample was annealed 
after many measurements were made, and several of 
the measurements were repeated to look for effects of 
strains; Debye-Scherrer x-ray photographs were taken 
of the annealed and unannealed samples to look for the 
presence of dislocations. No difference in the two 
photographs could be detected. 

Since the transition between normal and supercon- 
ducting phases at finite critical fields is a first-order 
transition, heat must be transferred between the 
helium bath and the powdered sample to keep the 
sample at the bath temperature. The characteristic 
time for thermal contact between particles and bath 
was measured by the following method. When the field 
is turned off, the sample is heated to a temperature 
higher than that of the bath. The sample then cools. 
When H is turned on again, the transition occurs at a 
field which corresponds to the sample temperature at 
turn-on time. By means of an oscilloscope across the 
sample coil, we could observe when the sample was in 
the superconducting state, and therefore at what 
critical field it returned to the normal state. We 
observed no dependence of the turn-on critical field on 
the time, ¢, which elapsed after the sample went 
superconducting. Therefore, the thermal contact be- 


1 W. H. Keesom, Helium (Elsevier Publishing Company, Inc., 
New York, 1942). 





NUCLEAR SPIN 


TABLE I. Zero-field relaxation in aluminum. 








T10 (seconds °K) 


0.45+0.05 
0.45+0.05 
0.46+0.05 
0.52+0.05 


Temperature (°K) 


1.185 
2.30 
3.70 
4.20 





tween bath and powdered sample was much faster 
than any times important to this experiment. 

Sample temperatures below the critical temperature 
were determined by measuring the critical field and 
using the curve of critical field versus temperature 
determined by Cochran, Mapother, and Mould.* This 
curve was checked for our powdered aluminum sample 
by use of a carbon resistor thermometer. Temperatures 
just above the critical temperature were determined 
using a thermocouple vacuum gauge calibrated for 
temperatures just below the critical temperature by 
means of the critical field curve. Temperatures between 
4.2°K and 2.2°K were determined by using helium 
vapor pressure curves. 


V. EXPERIMENT AND THEORY IN 
THE NORMAL PHASE 


A. Experimental Results 


The discussion to follow will be given in terms of the 
relaxation rate, R, the reciprocal of the relaxation time 
T,. At high magnetic field the relaxation rate in the 
normal phase, R,,(%), is found to be directly propor- 
tional to the absolute temperature in many metals?’*; 
this in agreement with the one-electron theories of 
Korringa” and of Overhauser.”! A sample of our results 
in aluminum for the relaxation rate at zero external 
field, R,(0), are given in Table I; the field dependence 
of R,, is summarized in Fig. 2. R,(0) for pure aluminum 
samples was found to be directly proportional to the 
absolute temperature in agreement with recent meas- 
urements by Redfield and Anderson." We_ find 
R,,(0)/Rp(%) = 3.3540.35. 


B. Theory of Nuclear Spin-Lattice Relaxation 


Korringa,” Overhauser,” Heitler and Teller,” and 
others have developed theories of the nuclear relaxation 
in metals for the strong field case. Redfield® has 
developed a general theory of relaxation which enables 
him to calculate the zero-field relaxation. 

We have developed an alternative derivation which 
we give in order to point out the main features which 
determine the external field and the temperature 
dependences of the nuclear spin relaxation by conduc- 
tion electrons. Our basic equation [ Eq. (24) ] is a slight 


*” J. Korringa, Physica 16, 601 (1950). 

21 A. W. Overhauser, Phys. Rev. 89, 689 (1953). 

* W. Heitler and E. Teller, Proc. Roy. Soc. (London) 
629 (1936). 

23 A. G. Redfield, IBM J. Research and Develop. 


A155, 


1, 19 (1957). 
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Fic. 2. Magnetic field dependence of 7)9 for normal aluminum. 


generalization of one previously obtained by Gorter.'® 
The expression to be derived will also be used in part 
VI to discuss nuclear relaxation in the superconducting 
phase. To our knowledge, the first use of the general 
methods we present was by Van Vleck™ in his paper on 
paramagnetic relaxation in Ti and Cr alums. He used 
the spin temperature concept to get an expression for 
the relaxation in the form of a diagonal sum, thereby 
avoiding the necessity of solving a complicated spin 
Hamiltonian involving combined crystalline and Zee- 
man splittings. 

As previously mentioned, the 
energy levels and wave functions in the presence of both 
the nuclear Zeeman interaction and the nuclear dipole- 
dipole interaction have never been obtained. Neverthe- 
less, the theory below will be formulated in terms of 
these exact levels and their probability of occupation; 
the assumption of spin temperature will enable us to 
put the end result in the form of a diagonal sum, which 
we can evaluate without obtaining the true level 
energies. 

rhe time derivative of the total nuclear spin energy 
of the system relaxing at zero field may be written: 


exact nuclear spin 


d » d ; dp 
a ee, ee 
dt n 


dt n d 00, 


where p, and E, are the probability of occupation and 
the energy of the exact nuclear spin states. [If we 
regard Eq. (18) as the first law of thermodynamics 
applied to the nuclear spins relaxing at zero field, 
dE/80, is just the spin specific heat at constant field. ] 

The interaction between the nuclear spin and the 
electron spin causes transitions between the various 
nuclear states 7 and m. In terms of W,,», the probability 
per unit time of a transition from the nth to the mth 
state, we have a family of rate equations, 


dpn/dt= > n(PmW mn— prW 


equations, we 


(19) 


If we could solve the rate could 
substitute the resultant dp,/dl’s back into Eq. (18) to 
determine how the spin temperature relaxes. We are 
unable to carry through such a solution. Accordingly, 


% J. H. Van Vleck, Phys. Rev. 57, 426 (1940) 
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we assume that the solution of Eq. (19) is consistent 
with there always being a spin temperature. Now, the 
spin temperature assumption means that 


Pn/ Pm=expl (En—E,)/kO, |=1—(En—Em)/kO,. (20a) 


Also, since tra0=0, we have 


E, 
De H=E(1- ae ee (20b) 


n n hé ® n 


To guarantee equilibrium when @,=6,, the principle of 
detail balance requires 


W am (Ea £,) 


=exp[ (E,— E»)/k0, JE1— 


(21) 
WY mn k6; 


Thus, omitting various algebraic steps, 


dp, 
pee oe 
n dl 


1 
Jc D> (En—En)*Wam]/2 > nn. (22) 


6 L n,m 


dE a (= E,e~*®* ~ i 2a 

00, 30, De Fn J bO2 Dn ban 
Substituting Eqs. (22) and (23) in Eq. (18), we obtain 
the simple relaxation form of Eq. (5), with 


Also, 


(23) 


1 
R= a = bl ym (En—Em)?*W am] ‘2 E,’. (24) 


The relaxation described by Eqs. (18) and (19) is 
equivalent to a normal-modes problem with real coeffi- 
cients. It would be characterized by many relaxation 
times were it not for the simplification introduced by 
the spin temperature assumption which leads to the 
simple form of Eq. (24), characterized by a single 
relaxation rate. 


One should note that the lattice temperature appears 


only in W,»; this fact will make it easy to draw con- 
clusions about the dependence of R on lattice tempera- 
ture (at any given external field), since the nuclear 
spin levels n and m are not temperature dependent. 
Equation (24) also shows us that R should depend on 
external magnetic field since the energy level spacing 
and arrangement at any given temperature will be 
dependent upon the relative strengths of the Zeeman 
and dipole-dipole interactions. 

To calculate the temperature and field dependences 
explicitly, we evaluate W,,,, using perturbation theory. 
The interaction, Hs;, between the nuclear moments 
and those of the conduction electron may be written 


Ksi=>.(84/3)y-7,h?1,-S6(r;—R,), (25) 


2 


AND 


c.f. SA eree 

where i labels the nucleus at R; with spin operator I; 
and gyromagnetic ratio y,, and 7 labels the electron at 
r; with spin operator S; and gyromagnetic ratio .. 
6(r;—R,) is a Dirac delta function. We are using in 
Eq. (25) the interaction appropriate to s states since 
it is generally much more effective in producing 
relaxation than the usual dipole-dipole term. 

A Bloch function will be used for the electron wave 
function in the metal: Y= x«n; exp(—ik-r;), where n,; 
is the spin function and k is the wave vector. We use 
first-order perturbation theory to calculate the transi- 
tion probability between two discrete states of the 
combined system of nuclei plus electrons. We sum over 
all electrons, taking into account Fermi statistics, to 
obtain W,,, the transition probability between two 
nuclear states. Labeling nuclear states again by m and 
m, electron states by k and s (for spin), the transition 
probability per unit time between two states of the 
combined system may be written 


) 


Pink's’: nts = (24/h) | (nks|3Cs.| mk’s’) |? 

X6(E;—Ei—hw), (26) 
where EZ; and Ey are initial and final electron energies 
and fw is the difference in nuclear energies. So far we 
have taken account of one electron in a given initial 
state going to a given final state. We must now add 
the contributions of all electrons (sum over k and s) 
and over all final states (sum over k’ and s’) taking 
into account the exclusion principle. Since the proba- 
bility that a state of initial energy, E,, be occupied is 
the Fermi function f(£,), and the probability of an 
empty final state is 1— f(E,), we have 


> Prnx’s':ntef(E)(1— f(Ey) ] 


x,&’,¢,2" 


zs ff teats neo flE) 


X[1—f(E,) Jo(E:)p(E;), (27) 


W nm = 


where p(£) is the density of electron states in energy. 
Equation (27) is evaluated in detail in Appendix I. 
The result is 


Wam= > ai;(n|Tig|m)(m|Tja\n), 


1,),@ 


(28) 


where a=4, y, or 2 and where a;; are given by 


647° sin’k pR;; 
‘“-— hy 2y,°|x(0)|4— foe roe) 


9 


FANG 


X f(E) [T1— f( Ey) dE;. (29a) 
In this expression, kr is the magnitude of the wave 
vector at the Fermi surface, and R;; the distance 
between nuclei 7 and 7. If we normalize our wave 
functions to a volume V, we have for the free-electron 
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case p= Vmk/2r°h’, so that 


16 m?V°k-? sin’k rR; ; ; 
a;;=— ———y?y,2|x(0) |‘ ——— | f(E) 
Or h (krR;;)? 


X[1—f(Ey) ]dE;. (29b) 

As we have remarked, f(£,) appears in Eq. (29a) 
because it takes an electron to flip a nucleus and 
[1—f(E;)] appears because there must be a hole 
available for the electron after having flipped the 
nucleus. E;—£; is the difference in Zeeman energy of 
the initial and final electron states; the electron changes 
its kinetic energy slightly to conserve total energy for 
nucleus plus electron. Since E;— E<Xk6_, the difference 
between E; and £; can be ignored in the normal phase. 
The factor sin*krR;;/kr’R;;? reflects the correlation in 
the relaxation of two nuclei arising because the electron 
wave function spreads over many nuclei. The correlation 
vanishes if the electron wave function has zero wave- 
length. When Eq. (28) is substituted in Eq. (24), and 
the commutator [%,/;_ ] introduced, then 


1 
-=(—1)( © aj; tr{[5C, Jia LH,T ja ]}/2 tre? (30) 
T 


1 1,),@ 


For our case R=Hz+Haa, the Zeeman and dipolar 
portions, respectively; that is, 


KRz=—yr hyd; De. (31) 
Also 

(I;- R,;) (1;- R;;) 

he PEE 


ij 


Yvh? 
; eee —fap**l ial jp, 
i,7,a,B8 R;;* 


(32) 


where fas‘? are angular factors involving the direction 
cosines of I; and I; with R,;. Evaluation of the terms 
in Eq. (30) for i= 7 (according to Appendix I) shows 
that 


D aii trL5 Tia |? =do0d tr HRz,Jia P+trLHaal ia }?. (33) 


1,@ 


Also 
tr3C?= tr3Cz?+ tr aa’. (34) 

There are additional terms involving a;; for 1# 7. These 
terms are smaller than the terms for 7=7 (shown 
above) by at least the factor sin’krR;;/kr?R,,;? which is 
much less than one. Consequently, these terms are 
dropped here. 

Substitution of Eqs. (33) and (34) into the relaxation 
expression, Eq. (24), gives the final result: 


1 tr3Cz?+2 tr3aa? 
R= —— a 
T; tr3Cz?+ tr5C gq? 


(35) 
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where 


tr3Cz?= Ny 2h? (27 +1)*1(1+1)/3, (36) 


T+)? 
tr3Caq?= i9| ——] (27+1)% 
3 


1 
XL ~—(fas')’. (37) 


i,7,a@,B Rj; 


C. Temperature Dependence of R,, 


The entire temperature dependence of R, appears 
in doo, Eqs. (29a) and (29b). In fact, it is contained in 
the expression 


f p(E:)p(E,) f(E)[1— f( Ey) Wy. (38) 


In our case Ey—E<<RTKEp, where Er is the Fermi 
energy ; since f(£)[1— f(£) ] is large only within about 
ké of Er, we obtain 


R« f p°(E) f(E)[1— f(E) dE=p°(Ep)k0 (39) 


at any given field. Consequently, the entire temperature 
dependence of R, at any external field comes from 
Fermi statistics and is a linear dependence. The com- 
plete expression for R,, for strong external field, shown 
in Appendix I, agrees with previous one-electron calcu- 
lations by Korringa”’ and by Overhauser.”' As pointed 
out in Sec. A, the prediction of linear temperature 
dependence agrees well with experiment both in strong 
and weak fields in aluminum and other metals. 


D. Field Dependence of R,, 
From Eq. (34) we have at any given temperature, 
R(H)/R(«%)= (H?+24)/(H#?+4), (40) 


where H is the external field and A =H? triCqq*/tr3z? 
which is independent of H. Equation (40) agrees with 
a previous calculation by Redfield.” It predicts R,, (0) / 
R,(*)=2, whereas 3.35+0.35 is found in aluminum. 
However, a form similar to Eq. (40), R(H)/R(@) 
= (H°+ A’)/(H?+ A) shown as the solid line in Fig. 2, 
fits the data very well. Measurements in aluminum by 
Anderson and Redfield*® agree well with ours. A dis- 
crepancy of this size is much too large to explain by 
taking into account the terms of Eqs. (32) and (33) for 
i# j. Calculations of the effects of p and higher angular 
momentum components in the conduction electron 
wave function give a very small correction in the 
wrong direction. The disagreement is not understood 
at present. 

Recent data in lithium and sodium by Anderson and 
Redfield show that R,,(0)/R,(*) is very close to the 
theoretical value of 2 in these metals. This suggests 


26 A. Anderson and A. G. Redfield (private communication). 
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that the difficulty is not with the fundamentals of the 
present theory of the field dependence, but rather with 
its application to aluminum. 


VI. EXPERIMENT AND THEORY IN THE 
SUPERCONDUCTING PHASE 


A. Experimental Results 


The data for the relaxation rate in the supercon- 
ducting phase, R,, are shown in Table II. For purposes 
of comparison, we have extrapolated the values of the 
normal relaxation rate in zero field, R,(0) below the 
critical temperature, and have plotted R,/R,(0) versus 
T in Fig. 3. A point obtained by Reif® (using saturation 
technique in colloidal mercury) is included in Fig. 3. 
Recently Anderson and Redfield** have extended the 
data in aluminum by using adiabatic demagnetization 
of a paramagnetic salt to cool their sample. In this 
manner they reach 6/0.=0.35. Their data agree with 
the general form of the points in Fig. 3—a sharp rise 
in R,/R,(0)=2 just below the critical temperature 
followed by a slow falling off for lower temperatures. 
By 0/00.5, R,/R,(0)=1. From these data one would 
conclude that, for temperatures just below the critical 
temperature, R, is considerably greater than R,(0), 
whereas for temperatures near absolute zero, R, is 
much less than R,(0). 


B. Two-Fluid Model Theory of R, 


Of the various theories of superconductivity that 
have been proposed, the simplest theory that has had 
any degree of success is the “two-fluid” theory.’ It 
supposes there to be two different kinds of electrons, 
i.e., normal and superconducting ones. Reasonable 
assumptions for a two-fluid model would make the 
relaxation rate always slower in the superconductor 
(or in any event either always slower or always faster), 
so that nuclear spin relaxation does not seem capable 
of interpretation in terms of this theory. 


a ne 
t © CURVE FOR BCS(MODIFIED) A» 1 
@ CURVE FOR BCS(MODIFIED) 2... 
@ CURVE FOR BCS(UNMODIFIED) E ycouan***"L0e 


Fic. 3. Relaxation rate in a superconductor, R,, relative to the 
zero-field value extrapolated from the normal state, R,,(0), versus 
reduced temperature 6/@.. The three theoretical curves using 
BCS theory are described in the text. 
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TABLE II. Temperature dependence of the superconducting 
relaxation rate. 


Temperature (°K) 6/8. 
0.99 
0.963 


0.906 
0.81 


0.28 0.05 to 0.15 





* Data on Hg by F. Reif, Phys. Rev. 102, 1417 (1956). 


C. Bardeen-Cooper-Schrieffer Theory of R, 


Recently, Bardeen, Cooper, and Schrieffer developed 
a theory of superconductivity® based on the attractive 
interaction between electrons which results from virtual 
exchange of phonons if the phonon energy, hw, is greater 
than the difference in energy of the electrons involved. 
When this attractive interaction is stronger than the 
screened Coulomb repulsion, it is energetically favorable 
to form the superconducting state. We shall not 
attempt to review their theory, which is quite clearly 
set forth elsewhere,’ but we shall mention the key 
points essential to calculation of nuclear relaxation. 

For our calculations we need to know the electron 
wave function of the superconductor, the energy of the 
wave function, and the appropriate statistical factors 
which describe thermal excitation. BCS describe the 
ground state of the superconductor at absolute zero as 
a linear combination of Bloch states in which the 
momenta and spins of pairs of electrons are correlated ; 
that is, labeling states by wave vector k, and spin 
quantum number s (s=+4), BCS consider cases in 
which the states k, s, and —k, —s are either both 
occupied or both vacant. Now for a normal metal at 
absolute zero, states lying above the Fermi energy, 
Er, are unoccupied, those below occupied. In a super- 
conductor the BCS ground state contains fractional 
occupation of pair states above the Fermi energy, and 
correspondingly vacant pair states below. It is con- 
venient to express the wave function in terms of the 
electron creation and destruction operators, cy,.* and 
Cx, .; the pair creation operators are then by*=cyt*c_x4*. 

Denoting the vacuum by ®, BCS find that the 
wave function, Yo, at absolute zero is given by 


Yo=TIL(1— hx)! +icdbs* }®o, (41) 
k 


where hy is a function of k given by BCS. 

The term (1—/,)'®o corresponds to pair state k 
being unoccupied, whereas (/,)'b,*&y corresponds to 
occupation. In a normal metal, hy=1 for a state below 
Ey, and h,=0 for a state above. BCS determine h, for 
the superconducting ground state by minimizing the 
total energy of the conduction electrons, using Eq. (41) 
taking into account the electron-phonon and screened 
Coulomb interactions mentioned above. It should be 
emphasized that the excited pairs which form the 
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superconducting ground state do not result from thermal 
excitation but rather from choosing a linear combination 
of Bloch states to obtain a lower energy; BCS have 
introduced the terminology “‘virtual pair” to emphasize 
this fact. 

Excited states corresponding to temperatures above 
zero are obtained by allowing a fraction of the electrons 
to be thermally excited, the remainder being formed 
into virtual pairs as in the ground state. Two types of 
thermal excitation are possible. First, there may be an 
electron in state k, s while state —k, —s is unoccupied 
—so-called “‘singles.’’ Second, there may be thermally 
excited pairs (occupation of both k, s and —k, —s). 
BCS have called these “‘real” pairs to emphasize their 
thermal origin. The function which specifies a real pair 
in state & must be orthogonal to one specifying a virtual 
pair in the state. Accordingly, BCS choose the function 

[ (1— ex) *bu*— hy? Po (42) 
to specify real pair occupation of state k. 

The most general wave function which is orthogonal 
to the ground state (and thus which corresponds to 
excitation) is taken as 


Wexc= {TIL (1 — Ax)? + tb TIL 1 —hy:)*by* 
k k’ 
hye VT cu*}%o, (43) 
k’’ 


where k’”, k’, and k specify the states occupied by 
singles, real pairs, and virtual pairs, respectively. 
(Phase space is exhausted by the three types.) Using 
Eq. (45), BCS minimize the free energy (E—TS) to 
determine the equilibrium values of the probabilities 
of occupation by singles, real pairs, and virtual pairs 
s(0), p(@), g(0), and of the quantity /,(6) at a given 
temperature. 

To calculate the nuclear relaxation time, R,, one 
must know W,», the transition probability per unit 
time between two nuclear states, m and m. (See part V.) 
To calculate W,» for the superconducting phase, one 
must calculate the matrix elements of 157, the nuclear 
spin-electron spin interaction, using the electron wave 
function, Eq. (43). The matrix elements must be 
squared, multiplied by the appropriate statistical 
factors (s, p, and/or g) and summed over all electron 
coordinates, taking into account conservation of energy. 
In as much as the entire temperature dependence of R, 
or R,, occurs in W’,,,, the ratio of R, to R,, at zero field, 
R,/R,(0), versus temperature can be obtained from 
W.» directly. A detailed calculation is made in Appen- 
dix II using second quantization to treat the electrons. 

When one performs the multi-electron calculation of 
Wm for the superconducting state, W,,,5, outlined 
above and derived in detail in Appendix II, one obtains 
an expression of almost the same one-electron form as 
that for the normal state W’,,*. From Eqs. (28) and 
(29) (part V), one should note that the entire temper- 
ature dependence of W,»‘’ occurs in an_ integral 
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involving the density of electron states and Fermi 
functions: 


® 


Want f p(Ey)p( Ey) f(E,,0)[1— f(Ey,0) dE; (44) 


0 


Ey and EF; are conveniently measured relative to the 
Fermi energy, Ey, and differ by a nuclear Zeeman 
energy, as discussed in part V. 

The expression for W,»* is the same as that for 
Wnm*® except that the integral in Eq. (44) is replaced by 


Wate: f ps(E;)ps(Es)C(E;,Es,0) f(Ei,9) 


) X[1—f(£;,0)]dk,, (45) 


where 
p(£)=0 for |E}| <eo(6) 


=p(E){ F?/[E’—«?(6) |}! for |E|>«0(6), (46) 


and 


C(Ei,Ey,0) =1+[ee(0)/EEy). (47) 


Again, & is measured from Er. The parameter €o, 
having dimensions of energy, is a temperature-depend- 
ent quantity characteristic of the superconducting 
phase. €9 versus temperature is shown in Fig. 4. €0(0) 
=1.75k0. and € (8) 0 as 6— 86, BCS show that 
2e€0(0) plays the role of an energy gap associated with 
excitations. Accordingly, the density of states in Eq. 
(45), ps, has a gap centered about Er, of width 2¢€9(6), 
and is highly peaked near the gap edge. 

The factor C(E;,E;,@), which spoils the complete 
one-electron appearance of Wan‘, is a two-electron 
correlation factor that has its origin in the virtual 
pairing in the superconducting state wave function; 
a given initial and final state may be connected by Hs, 
in two ways depending on whether the electron in kt 
or that in —ky is being scattered (see Appendix IT). 
Thus the matrix elements, when squared, will have 
interference terms which become C(£;,£;,0) when the 
sum over electrons is carried out. 

The factor C goes from about 2 for £; and Ey near 
the edge of the gap to 1 far from the gap. BCS point 
out that a similar expression comes when one is com- 
puting other rate processes involving electron scattering 
except that the factor C may be either 1+ (€0?/E:£,) 


L 


0.4 -— 
6/6, 


Fic. 4. BCS energy gap parameter, €, versus 
reduced temperature 0/@¢. 
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or 1—(e?/E,;E;), the + or — sign being appropriate 
to the particular process. Thus for ultrasonic absorption 
the minus sign is appropriate. In this case, C goes to 
zero for E; and Ey near the gap. The result is that 
ultrasonic absorption®® should and does experimentally 
drop rapidly as one goes down in temperature from the 
critical temperature, whereas the nuclear relaxation 
rate should and does go up and then down. No one- 
electron theory can simultaneously explain both results. 
Consequently the comparison of the nuclear relaxation 
(or for that matter infrared absorption’) data with data 
on ultrasonic absorplion provides direct verification of the 
basic feature of spin-momentum correlation (through 
virlual pairing) of the BCS theory. 

Even without evaluating R, by Eq. (45), one can 
see that R,/R,(0) given by the BCS theory will have 
qualitatively the correct temperature dependence 
[R,>R,(0) just below 6, R,<R,(0) near absolute 
zero |. The factor {(1— f) peaks about the Fermi energy 
and roughly speaking cuts off the integral a distance ké 
above and below Er. When the gap is small, the total 
number of states within the energy interval +6 is 
nearly the same in superconducting and normal states: 


+kée +ké 
f pat prdk, 
~k@ —k6 


However, p, is peaked where as p, is flat. Therefore 


(48) 


+k0 +k@ 
f p,dE> f prdk 
—kb —k0 


and the superconductor has faster relaxation. 

When 60, p, is much smaller than p, in the interval 
+k0, and R,<R,(0). In fact, the exponential tails of 
the function f(1—/) make R,/R,(0) approach zero 
exponentially with 1/0 as @ goes to zero. 

If the difference between electron energies E; and EF; 
is ignored in evaluating R,, as is legitimate in evaluating 
the relaxation in the normal state, the BCS result for 
R,/R,(0) diverges logarithmically. Of course, the 
Zeeman energy, nll ioc, prevents this catastrophe, but 
the fact that u,Hio<“<eo results in the BCS value of 
R,/R,(0) being quite a bit larger than the experimental 
values. The dotted curve in Fig. 3 is that calculated 
using Ey— Ej=pnH joc. Indeed, wn» ioc is much less than 
the expected energy breadth, 6£, of the electron spin 
energy levels. Since the BCS theory does not include 
such an energy level breadth, the calculation of R, must 
be modified when yu,H).<«<é6E. A breadth such that 
Und ioceKbEKeo(8) would limit the peaking in p,, so 
that the larger the breadth, the lower the calculated 
value of R,/R,,(0). 

To correctly put such a breadth into the BCS theory, 


and R,>R,(0), (49) 


26 R. W. Morse and H. V. Bohm, Phys. Rev. 108, 1094 (1957). 
27 R. E. Glover and M. Tinkham, Phys. Rev. 104, 844 (1956); 
108, 243 (1957). 


AND 
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one would have to allow for electron scattering effects 
in the construction of their theory. However, a fairly 
natural way of including electron state lifetime effects 
is to modify the usual expression for the transition 
probability per unit time between two states to take 
into account such a level breadth. The usual expression 
for W,; is derived from 


sin*[ (£;— E;Ahw)t/2h | 
Waj=4| Vil? f o(Bs)dE) — peony, ie 
Wt (Ej— Ext: hws)? 


Instead of regarding p(E;) as slowly varying and taking 
it outside the integral to obtain the usual expression 
for W;;, one can introduce normalized breadth func- 
tions, A(E), centered about FE; and Ey and having a 
width 6£; the usual calculation for the relaxation rate 
using W,; would then be carried out using Eq. (50) 
along with A(E—£;) and A(E—E,;). However, the 
result of the procedure is the same as if one kept using 
the usual transition probability expression for W;; and 
applied the breadth functions instead to the density of 
states, p,, which appear in the relaxation rate expression 
R,/R,(0), Eq. (45). 

Then p,(£,0) would be replaced by a new function 
ps (E,8) given by 


p,(E,0) = f p,(E’ )A(E’— E)dE’, 


f A(E'— E)dE'=1, 


for both £; and Ey. The simplest breadth function for 
calculational purposes is a rectangular function of total 
width 26E and height 1/26#, centered about E; or Ey. 
One would expect pn ioKbEKeo(9=0), so that in the 
modified relaxation expression (with p,’), Ey could be 
set equal to £;. Under these circumstances, the ratio 
of relaxation times is given by 


(51) 


R, ” 
—_=2 f [o'cond)¥(147)sC0NE1— fo) (52) 
R,(0) Jo x? 


where x= E/k0, 6=6E/k0 and n=e€0/k0. We use 


ps =0, OX xg 9-5 
= (1/26)[(x+6)?—1?}!, n—-d<x< nts 
= (1/26){[ (x+6)?—9? }}—[(x—6)?— 9? J}, 


x2nt+6. (53) 


Equation (53) was split into integrals over four 
regions: 0S x<n—4, n—b5< xK gt, n+6<K x< 1.1n, and 
1.lng? aK. The first three were evaluated by pulling 
f(x)[1—f(x) ] outside, giving it the value f(n)[1 —f() J. 
The last integral, for 1.lng€xQ€, was evaluated 
numerically by using p, rather than p,’, as it was 
expected that the 6 needed would be less than 0.1 to 
get agreement with experiment. 
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The result for R,/R,(0) using Eqs. (52) and (53), 
for two values of 5E/¢o(@=0), are shown in Fig. 3 as 
the solid curves. The theoretical curves all have the 
correct qualitative features but peak at a temperature 
somewhat high by comparison with the present experi- 
mental points. Two comments should be made. First, 
the manner in which the level width was introduced is 
reasonable but somewhat artificial; it is not clear what 
would be the result of a more correct theory, containing 
electron lifetime effects in its formation. However, since 
the result for R, depends only logarithmically on the 
width, one would not expect significant change in curve 
shape to result from the correct theory. Second, the 
appropiate breadth might well be temperature depend- 
ent. This would mean that one should move from one 
of the curves on Fig. 3 to another as temperature 
changes, presumably using a smaller value of 5E/€o(8=0) 
as the temperature decreases. A curve featuring such 
a 6E/e(8@=0) would fit the data for @ just below 6, 
somewhat better than the curves shown. 

One possible estimate of the level breadth could be 
made in terms of the time needed to cross the 10-micron 
particles. This gives a value of about unity for 6E/ 
€o(9@=0). A better fit is found with a value between 0.1 
and 0.01. Perhaps the smaller numbers express the idea 
that an elastic scattering may be removed by a redefi- 
nition of the eigenstates. Thus, even for particles of 
dimension 6 for which hb/v>>ké. (where v is the 
velocity of electrons at the Fermi surface), the critical 
temperature is unchanged. 


VII. DISCUSSION OF SPECIAL DETAILS - 


Most of the data were taken with an unannealed 
sample. The signal observed after the field-switching 
cycle obeyed the exponential decay law very well. 
However, some loss of signal was observed which was 
independent of the relaxation process when the sample 
became superconducting during the cycle. The pow- 
dered sample also had a slight tendency to supercool. 
(H, for passage from normal to superconducting phase 
was less than H, for the reverse passage.) The spurious 
loss of magnetization was attributed to nonadiabatic 
phase transitions for some of the nuclei during the very 
rapid phase changes in the supercooled portions of the 
sample; that is, the nuclear spins in some regions of the 
sample could not follow the rapidly changing magnetic 
field and were ‘‘dephased”’ relative to the spins in the 
rest of the sample. Spin diffusion from these dephased 
spins would undoubtedly affect additional spins near 
the dephased ones, but only within a distance of about 
10~-* cm in the times important for our experiment. 
All such spins would be lost in contributing to signal. 
That supercooling was the cause of the spurious magnet- 
ization was made clear by annealing the sample. This 
resulted in pronounced supercooling (up to 50% change 
in H,), and almost all of the magnetization was lost. 

In this experiment considerable trouble would be 
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be caused by flux trapped within the aluminum particles 
after transition from normal to superconducting phase 
has been made. The nuclei in the regions of trapped 
flux would be in the normal state, so that they would 
have a relaxation time different from that of the nuclei 
in the superconducting regions of the samples. Since 
for our points (just below the critical temperature) R, 
is greater than R,, this effect would give rise to a long 
tail in the plot of M’ versus t. No such tail could be 
found in any of the data, indicating that the amount of 
trapped flux, if any, was small. The effect of a small 
contribution of trapped flux would be to lower slightly 
the value of R, interpreted from the data; however, 
the change would be less than the present experimental 
error. In addition, the detuning of the sample coil upon 
transition from normal to superconducting phase was 
about what it should be according to the Q of the coil 
and the sample-filling factor, again indicating a small 
amount of trapped flux, if any. It is reassuring that 
Cochran, Mapother, and Mould® found no evidence of 
trapped flux in pure single crystals of aluminum. 


VIII. CONCLUSIONS 


In the normal phase nuclear spin-lattice relaxation 
in a given field is characterized by a single relaxation 
time (to within an experimental uncertainty of about 
5%). This means that as a result of adiabatic demagnet- 
ization to a low field from thermal equilibrium in a high 
field, the nuclear spins relax as if their density matrix 
were diagonal at the low field and characterized by a 
spin temperature. 

The ratio of low-field to high-field relaxation rates in 
aluminum disagrees with the theoretical result in 
aluminum. Recent data in lithium and sodium by 
Anderson and Redfield show that the external field 
dependence of relaxation rate is very close to the 
theoretical result in the alkali metals. This suggests 
that the difficulty with aluminum is not with the 
fundamentals of the present theory based on the spin 
temperature assumption but rather with the application 
of it to aluminum. In contrast, the temperature 
dependence of the relaxation rate at a given field seems 
to obey the predicted linear temperature dependence 
very well in aluminum. 

In the superconducting phase the nuclear relaxation 
is characterized by a single relaxation rate. R, is greater 
than R,(0) for temperatures just below the critical 
temperature ; for temperatures near zero, the reverse 
is true. The data are in semiquantitative agreement 
with the predictions of the theory of Bardeen, Cooper, 
and Schrieffer as modified to take into account broad- 
ening of the electron levels. Their result is similar to 
that of a one-electron, energy-gap model of supercon- 
ductivity except for a factor that expresses the effect of 
the correlation of electron pairs of opposite spin and 
momentum. The nuclear relaxation, when contrasted 
with data on ultrasonic absorption, confirms the 
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essential idea of pair correlation which is central to 
the BCS theory. 

Further experiments are being undertaken by one of 
us (LCH) in aluminum, tin, and some alloys to obtain 
a better quantitative check of the BCS theory and to 
obtain a quantitative estimate of the appropriate 
energy breadth of the BCS states for this type of 
experiment. 
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APPENDIX I. CALCULATION OF R, 


We first wish to calculate Wm, the transition proba- 
bility per unit time of a nuclear spin transition between 
two nuclear spin states m and m, induced by the nuclear 
spin-electron spin interaction. This interaction may be 
written 

KRsr= >, (8r/3)y-7,h71,;-S8,6(1r;— R3), (54) 


2 


which is Eq. (25) of part V. The nuclear states are 
eigenfunctions of H=5z+Haa, the Zeeman and nuclear 
dipolar portions, respectively. A Bloch function will be 
used for the electron wave function: X=X ,n,e~**'™ 
where k is the wave vector and 7; is the spin function. 
Using k and s to represent the electron states, the 
matrix elements of Eq. (54) may be written 


V p= (82/3) evnh?(n|1;| m)- (s|S;| s’) 
i,j 


Xe (RX (Rem 8-5) “Be (55) 
Now X;(R,) is independent of R;. It will also be 
regarded as independent of k, since Xk(R,) is a slowly 
varying function of k, and the only wave vectors 
involved will be those close to kr, the wave vector 
corresponding to the Fermi energy. Hence 


Vss= (82/3) 7 er nh?x (0)? d (n| 1;| m) 


2 


-(s|S;| sem H8s-“8i) Bs, (56) 


AND 
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Using perturbation theory, we have 


Wam= DX. (2x/h)|Viz\95(E:—Es—hw), 


&,&’ 2,8" 


(57) 


where E; and Ey are electron energies and hw is a 
Zeeman energy. 

Calling the density of electron states in energy p(£), 
and introducing R;;=R,;—R,, and the angle @ between 
k and R,;, 6’ between k’ and R;;, substitution of Eq. 
(55) in (57) gives 


2m \ 642? 
W am eas ( : - ¥ ey n7h'*| x (0) | P 
h 9 
sin6dé sin@’dé’ 
x | —— —_dEdE'p(E)p(E’) f(E) 
Fe 2 2 


x (1— f(£’) (| 1i| m) - (s|S|s’)(s’ |S} s)-(m| 1;| n) 


X e~ HRs; condeik’ Rij cost’§(F— Fr’ + fw) t, (58) 
where {(£) and [1—/(£’)] are the probabilities that 
the initial electron state is occupied and the final state 
is vacant, respectively. Using 


d (s|Sa| 5’) (s’| Sar|S) =trSe5q’ 


=15,4/(2s+1)s(s+1)=36ea", (59) 


and performing the integrations over @ and 6’, there 
results 
642°hé 
W n= VEY n7|x(0)|4 do (2! Tia! m)(m| I ja|m) 
9 i,j 
sin*k rR;; saw ; 
x-—— ocenocea sent se) ME, (60) 
(krR;;)* 
where E;—E;=hw is a Zeeman energy difference, 
Equation (60) may be written as 
Wam= Dd. aij(n|Tia|m)(m| I jq|n) 


4,7,@ 


(61) 


[which is Eq. (28) of part V_]. As remarked in part V. 
a;;=([sin*kpR;,/(krR;;)* ja,<a;;, so that the terms in 
Eq. (61) for i#7 are dropped here. Now 


Rn=C DY Wamn(En—Em)*1/2¥ E?? 


n,m 


(62) 


[which is Eq. (24) of part V ]. Here 
> Wam(En— Em)? 


nm 


= DY aj,(n| 1 jq|m)(m|T ja|m)(En— Em)? 


nmija 


=— FY ajj(n|[5C,Tia]|m)(m| (5, ja ||) 


nmija 


oie a? 2 aij tr CT ia ILH,T ja], 


ija 


(63) 
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where H=Hz+Haa. We evaluate only the terms for 
i= 7. Now 


-> tr3C,J ia |?= — > {trl3z,Jia P +tr[ Raa! ia |? 


1a 1a 


+2 tr[3z,Jia [Raat ial}, 
Rz= —vy,hH > Tis 


where 


and 
wh? 
————— . 
Wdd>= 9 x ye fap?*T jal cp, 
7.4,a,B Rj 


as in Eqs. (31) and (32) of part V. Consequently, the 
third term in Eq. (64) has an odd number of spin 
operators, so that trl3Cz,J« |[Haa,Jia|=0. Using the 
commutation laws of the /;,, one can show that 


—tr[3Cz,T ia 2 = 2y2h?HEN (27 +1) 81 (141) /3=2 trez?, 


and 


plU+1)P 
—tr[3Caayl ia 2 = 2ynth*(27+1) | ie | 
a 


(fap*’)* 


x - =4 tr3Caa’. 
ijap R,§ 

Thus substituting in Eq. (63), we obtain the numerator 

of Eq. (62): 


> Wam(En— Em)? =aii2 tr5Cz?+4 trad. (65) 


nym 


Now 


:. n E,2 =tr(Kz+Raa )2=tr3iz?+ tr3C aa’. (66) 


Substituting Eqs. (65) and (66) in Eq. (62) gives the 
final result [Eq. (35) in part V ], 
triz?+2 trad 
R,= di aie. ne : 
tr3Cz?+ tr3C aa" 
For the free-electron case, from Eqs. (60) and (61), 


16 mV p? , 
a55=— ——y2y xi) f funti—s E) dE. 


h 
Since tr3Cz?~ H?, limy...R,=4;;. Thus we obtain the 
high-field R,= (16/97) (mk py 2yn7/h*) V?| x (0) |4k6, in 
agreement with Overhauser and Korringa.” 
APPENDIX II. CALCULATION OF NUCLEAR SPIN 
RELAXATION USING SECOND QUANTIZATION 


When the conduction electrons are treated using 
second quantization, but the nuclei are treated using 
ordinary quantization, the nuclear spin-electron spin 
interaction has the form 


HKsit= (82/3)vevnh* Di I, : (y, Sé( eae R,)y), 


where § is a spin operator for one electron and y is 


(1’) 


JEST 
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regarded as an operator, expressed in terms of the 
complete set of Bloch states for one electron with 
annihilation operators as coefficients. That is, 


=>" Cx, ox, 0(F), (2) 


k,s 


where the u,.,(r) are one-electron Bloch functions for 
wave vector k and spin s, and the c,,, are the annihi- 
lation operators for the Bloch state labeled by k and s 
The complex conjugate, cx,,*, is the creation operator 
for the Bloch state k, s; both operators obey the usual 
anticommutation relations. Substituting Eq. (2’) in 
Eq. (1’) gives 

8 


Tv 
7 6 nh? pe Oe 
Py 


i bd’ 2,0" 


( Cure ye’ ( r)S 


5 SL= 


K6(Ri—1r,) cx, Mx, s(rdr.  (3’) 
Since I-S=/,S,4+3[/,.S8_+J/_S,], where /,=J/,+i], 
and Si=S,+iS,, Hz will consist of three parts, Hsz., 
Hsi4, and Hs,-. The spatial integration for each 
operator yields | (0) |* with the assumptions of part V 
that u:(0) is a slowly varying function of k near kr 
and sin’krR,;/(keR;;’=0 for i#7. Finally, using 
(m,|S.|m,)=m, and (m,+1|S,!m,)=(m,|S_|m,+1) 
=[S(S+1)—m(m+1) }}=1 for S=}4, we obtain 


Ksre= (89/3)yeyn7h?| uO) |? >> 4T,; 
j,k, k’ 


X (curt cut— Cey* Cus), 


S)y ey nh?| u(O) |? DO aT icueg* cut, 
j.k,k’ 


3)y ey n7h?| u(0) 2 z i] Cut Cul. 


j,k k’ 


R574 = (89 (4’) 


= (Sr 


As discussed in part V, to calculate the nuclear spin- 
lattice relaxation rate it is necessary to know Wam, the 
transition probability per unit time between two nuclear 
states m and n, induced by Hs,. To obtain Wam, 
one must calculate the matrix elements of 3s, 
(W,5C.51,W) n, m,2,2’,k,k’, Which will in general depend on 
both initial and final state electron quantum numbers. 
Each of the matrix elements must be multiplied by the 
statistical weights of electron states involved, and 
finally a sum carried out over s, s’, k, and k’ to obtain 
W nm. Since the BCS wave functions contain the electron 
states paired off in the grouping k, —k, we shall 
relabel the k’s and k’s in Eq. (4’) introducing 
A= (89/3)yeynh*!|u(0) |?, to obtain 


Kst.=A D. 2 


7k’, k(pairs) 


KRgr4.=A 3 % 


?_ k’, k(pairs) 


KHsr-=A p > 51 Cut Cg. 


7 &k’, K(pairs) 


1 — , ae, 
51 oj ( Cut Cut — C_u4"C_ut), 


4 


514 5Cug* Cet, (5°) 
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The minus sign occurring in the J,; term has its physical 
origin in the fact that electrons of spin up and spin 
down produce magnetic fields at the nucleus of opposite 
sign. This fact is important because with a supercon- 
ductor one gets interference between the two terms. 

The BCS wave function is discussed in part VI; 
they choose 


= {TI[(1—Au) + Aatdy* TC — due) toa* 
k k’ 
—hy, VT Cur *}®, 


k’’ 


(6’) 


where 5,*=cyt*c_yy* (the pair creation operator), and 
k, k’, and k” specify states occupied by virtual pairs, 
real pairs, and singles, respectively. BCS minimize the 
free energy, E—TS, using Eq. (6) to determine the 
equilibrium values of statistical weights of singles, real 
pairs, and virtual pairs s(@), p(@), g(@), and the coeffi- 
cients 4, (@) corresponding to a given temperature. 

Their results are given most simply in terms of an 
electron energy Ex=+(ex?+ 0”)! instead of the usual 
energy of the Bloch state, ey. €9 is a temperature- 
dependent parameter characteristic of the supercon- 
ductor as evaluated by BCS.® €o(@) versus 0/0, is shown 
in Fig. 4. €0(0)=1.75k0.; €0(@) varies slowly near 
6/6.=0 but e€o(6)—> 0 fairly rapidly as 6/0. goes to 1. 
BCS show that 2¢0(@) plays the role of an energy gap 
associated with excitations. The density of electron 
states in Ex, p,, also displays this gap: 


dn dn de E¢ 
pP.>= ee ee ——_———- 
dk, de, dk, 


} 
) for |Ex|> «0, 


Ex? — ec? 


where all energies are relative to the Fermi energy. 

In terms of £y, BCS find that the results for the 
probabilities s(@) and p(@) are the same as in the normal 
metals; defining a function f(£x,0) which looks like 
the normal metal Fermi function, 


(7’) 


BCS find that the thermal equilibrium values of s(6) 
and p(@) are 
s()=2f(i-f), pO@=f, (8’) 
as in the normal metal. Since g(@)=1—s(0)—p(@), one 
has 
g(@) = (1— f)?. (9’) 
Also BCS find that at thermal equilibrium 


h(Ex,0) =4[1—ex/Ex)]. (10’) 


BCS define Ey to be positive, which means that f(x) 
describes electron occupation for k>kr and hole occu- 
pation for k<kr. From the form of f(£,), the single 
particles and excited pairs form a set of independent 
fermions with a dispersion law Ey=+ (€x?+ €?)!. 


AND 


C. P. SLICH,;TER 

The only aspect of the calculation remaining to be 
discussed is the energy of wave function. The energy 
Fy plays an additional role here. Let us consider two 
excited states 1 and 2. They will differ because of the 
assignment of states among the three types of terms: 
s, p, or g. As a result the total energy, Wi, of the 
electrons in state 1 will differ from W2, the total energy 
in state 2. BCS show that 


Wi- We=)d.1 Ex->d > Ex, 


where we include in the sum the value of Ey for each 
electron which is found in a:single (s) or a real pair (p) ; 
if k is used for a single, Ey appears once, whereas if it 
is used as a real pair, Ex appears twice. Consequently, 
because of the Eqs. (7’) through (11’) we do not need 
to distinguish between real pairs or singles, but we can 
merely compute the probability of occupancy and 
energy as though any single Bloch state k had an 
energy E, and a probability of occupation given by the 
Fermi function of energy Ex. 

In light of the above, the fact that the Zeeman energy 
difference between initial and final states in zero field 
is very much less than the gap energy, €0(@), means 
that there are only three types of matrix elements for 
which conservation of energy is possible: 


(11’) 


I. Single+single < real pair+ virtual pair. 
II. Single+real pair <> real pair+single. 
III. Single+ virtual pair < virtual pair+single. 


These will be called types I, II, and III, respectively. 
At first it looks peculiar to see a transition such as I 
which does not appear to conserve particles. Detailed 
study shows that such is not the case since each pair 
state is partly occupied and partly empty. We use the 
empty real pair with occupied virtual pair, or con- 
versely. Since the scattering operator Cx’s’*Cx, Conserves 
particles, we need never fear that we shall violate 
conservation of matter. Because the 3s, operators are 
of the form cy-*c, corresponding to an electron scatter- 
ing, each of the three types can be further divided into 
four cases: k>kp and k'>kp, k<kp and k’>kp, k>kr 
and k’<kp, k<kp and k<kr. They will be referred to 
as ‘‘above-above,” “below-above,” ‘“‘above-below,” and 
“‘below-below.” Since the BCS theory treats electrons 
and holes on equal footing, as does 5Csz, one need only 
calculate the “above-above” and “above-below” matrix 
elements for the three types, I, II, and III, to get the 
complete answer. 

Finally, two further subdivisions arise. If the energy 
of a single in k is designated by E and in k’ by E’, there 
is a group of matrix elements of types I, II, and III 
for which the energy difference between initial and 
final state is E’—E; for the second group it is E—£’. 
The various matrix elements for each operator must be 
divided into these two groups to keep track of conser- 
vation of energy. 

A typical matrix element will now be calculated for 
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illustration. Only that portion of the wave functions 
dealing with the states k and k’ will be shown. Let us 
consider a matrix element using 3s. One should note 
that the initial state will be connected to one part of 
the final state by cy-t*cyt and to another part of the 
final state by c_x4*c_x’4, so that interference will result 
for these two states. This result arises because either 
the electron in kt or in —k’J can be scattered. A sign 
change will take place due to the difference in sign 
between cyt*cyt and ¢c_xy*c_xy in Hsgrz. 


Type I.—‘‘Above-above”—Group E’— E. 
Initial state: cyt*c_«4*Po. 
[ (1—Iu) t+ Madcyt*c_ny* ] 
XL (1— A) cert ¥0— 4 *— I) Jo. 
The matrix elements with the parts of s;, are 


(Wexcited JC siWexcited) 
= (Po, [(1— exe) 8c ter geet — Aad IE (1— Ay)! 
thidciycut (Cet * cet OF Cony *C_n/y) Cut *C_ 1/4 *Bo). 


Final state: 


We make use of the anticommutation rules for the 
operators. The result with cyt*cxt is (1—/hy-)*(1—hx)); 
that for c_xy*c_xy is (—)hyeAy?. Thus for this matrix 
element, 


(Wexe IC sz dened = A - pa 


jk, k’ (pairs) 


X Chad + (1d) (1 — Ax) 4], 


3(n|I,;|m) 


(12’) 


where and m label nuclear states. 

The same result as Eq. (12’) is obtained for Hs14 
and Hs1-— with J,; replaced by /,; and /_;. Again the 
initial and final states of Wexe are connected in two 
different ways for both 30s,, and Hs ,_ since both the 
electron in & or that in —k may be scattered. The fact 
that 5sz., Hsz14, and Hsr_ give the same result here 
is a reflection of the equivalence of the x, y, and z 
directions for spin scattering processes in zero field. 

The above matrix element is typical of those which 
must be calculated. Each of the matrix elements, when 
squared, must be multiplied by the appropriate sta- 
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tistical factors giving the probability of occurrence of 
the initial state of the matrix element; the weighting 
factors can be written down directly in terms of s, p, 
and g, and substitution in terms of f can be made 
using Eqs. (8’) and (9’). The weighted, squared matrix 
elements for each operator, Hsr-, Hsr4, and Ksz_, 
must then be added in two groups, one for k,—E, 
= E—E’ and the other for E;—E;=E'—E, as previ- 
ously commented. 

All the squared matrix elements have in common 
the term 

Chi dhe t+ (1— hy)? (1— hy)? P. 


Using Eq. (10’) and the symmetry of electrons and holes, 
this contributes a factor 1+ €°/EE’. 

The nuclear matrix elements previously obtained (in 
part V) were in terms of J,, /,, and J, rather that 
I,, I_, and J, which were more natural in the second 
quantized calculation; a change back to J,, J,, and J, 
will now be made to facilitate comparison with previous 
results. When all the additions are performed, one 
obtains for Wnm*® 


2a (n|1;| m)-(m|I1,{n) 
W nm®=—A? >> bs — 


h i,j k, k’ (unrestricted) 2 


2 


Jor E+hw). (13’) 


€0 

x sf) (1+ 

EE! 

Changing now from sums over k and k’ to integrals 

over & and E£’ and introducing duy=p,(E)dE and 

dny =p,(E’)dE’, one obtains the final results, Eq. 
(45) of part VI for Wan’*: 


lr (n\ 1;,m)-(m({1,|n) 
ae fo. E,)p.(E;) 
h i, 2 


er 


€0" 
x(14 )Aed01- enue, (14) 


where My— Ej=pnH ioc and p, is given in Eq. (45) of 
part VI. 





PHYSICAL REVIEW VOLUME 


113, 


NUMBER 6 MARCH 15, 1959 


Superconductivity of In.Bit 


R. E. Jones anp W. B. ITTNER 
Research Laboratory, International Business Machines Corporation, Poughkeepsie, New York 
(Received November 4, 1958) 


In2Bi is found to be superconducting at 5.6+-0.1°K. The compound InBi is not superconducting 


above 1.5°K. 


HIS note reports on the investigation of two 
compounds for superconductivity and the dis- 
covery of a new superconducting compound, In2Bi. The 
indium-bismuth binary phase diagram shows two 
intermediate phases: In.Bi and InBi.' Cylindrical 
specimens of these compositions were prepared by 
melting the stoichiometric amounts of commercially 
available indium and bismuth in an evacuated Pyrex 
tube. Analyses given by the suppliers reported measured 
impurities to be less than 0.01% for the bismuth and in 
order of parts per million for the indium. X-ray photo- 
graphs of both compounds were taken. The InBi pattern 
corresponded to that reported in the literature, while 
the In.Bi sample gave additional lines that could not 
be identified either with indium, bismuth, or InBi. 
The measurements were made with liquid helium in 
the usual double Dewar arrangement. Temperatures 
above 4.2°K were obtained by suspending the sample 
holder above, but in thermal contact with, the helium 
reservoir. The temperature was then regulated by cooling 
the bath and/or supplying a controlled amount of heat 
to the sample holder. Temperatures above 4.2°K were 
measured by calibrated carbon resistance thermometers. 
The course of the superconducting-normal transitions 
was followed by supplying current to the ends of a 
specimen and measuring the voltage drop across a 





8 


Fic. 1. Critical tem- 
perature versus num- 
ber of valence elec- 
trons for a number of 
group B elements and 
alloys. Values of criti- 
cal temperature were 
taken from reference 
2, Appendix I. 
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+ This work was supported (in part) by the Department of 
Defense. 

'E. A. Peretti, Constitution of Indium Alloy Systems (The 
Indium Corporation of American, Utica, New York, 1956), p. 14. 


middle section. A solenoid mounted coaxially with the 
helium Dewar and the axis of the cylindrical specimens 
supplied a field for inducing magnetic transitions. 

In.Bi was found to be superconducting with a critical 
temperature (defined as the point at which the specimen 
regained half its normal resistance in the absence of an 
applied magnetic field) of 5.6+0.1°K. The slope of the 
critical field versus temperature curve near the critical 
temperature was found to be 350 gauss/degree K. The 
transition width (defined as the interval between the 
point of 20% normal resistance and the point of 80% 
normal resistance) for the temperature transition was 
approximately 0.02°K. The width of the field transition 
at 4.2°K was about 20% of the measured critical field. 

Another (qualitative) aspect of the transition was 
observed. The critical field and critical temperature 
were dependent upon the measuring current to a larger 
extent than would be calculated from the additional 
tangential field at the surface of the specimen due to the 
current. This effect has been observed before? and is 
probably an indication that the samples were not 
homogeneous. 

InBi was tested and is not superconducting above 
1.55". 

Two other alloys of group IITB-VB elements have 
previously been found to be superconducting—T13Bis 
and Tl,Sb7.*4 The remaining compounds of this class 
are known semiconductors (e.g., InSb).° 

The value of the critical temperature of In2Bi is 
consistent with empirical rules for the occurrence of 
superconductivity postulated by Matthias.® According 
to these rules there is a rise in the transition tempera- 
tures of the superconducting group B elements and 
alloys with increasing number of valence electrons per 
atom (with variance due to the effects of mass, atomic 
volume and crystal structure). Figure 1 shows a plot 
of critical temperatures versus number of valence 
electrons for a number of elements and alloys in the 
region near InoBi. As can be seen, the critical tempera- 
ture of In.Bi is consistent with expectation. 


2 See, for example, D. Shoenberg, Superconductivity (Cambridge 
University Press, Cambridge, 1952), Chap. II. 

3 McLennan, Allen, and Wilhelm, Trans. Roy. Soc. Can. 24, 25 
(1930). 

4 McLennan, Allen, and Wilhelm, Trans. Roy. Soc. Can. 24, 53 
(1930). 

5H. Welker and H. Weiss, in Solid-State Physics, edited by 
F. Seitz and D. Turnbull (Academic Press, Inc., New York, 1956), 
Vol. 3. 

6 B. T. Matthias, in Progress in Low-Temperature Physics, edited 
by C. J. Gorter (North-Holland Publishing Company, Amster- 
dam, 1957), Vol. 2. 
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X-Ray Incoherent Scattering Function of Atoms Based on the 
Thomas-Fermi Theory 


T. Tretz 
University of Lédé, Department of Theoretical Physics, Lédé, Poland 
(Received October 3, 1958) 


In this paper we give a simplified method of calculating the x-ray incoherent scattering function, which 
appears in the Thomas-Fermi theory. Our values for the incoherent scattering function are compared with 


the corresponding numerical values of Bewilogua. 


EISENBERG;! using the Thomas-Fermi distribu- 

tion of electrons in the case of a free neutral atom, 

obtained for the x-ray incoherent scattering function 
so?(w) the following formula: 


9 


Xo ¢o(x) ; 2 
fC) 
0 x 

¢o(x) , 
x| ( )+ y|a2dx, (1) 
x 


where ¢o(x) is the Thomas-Fermi? function fora free neu- 
tral atom given by the following differential equation: 
go! (x) 
1) =——_, 


x} 
As is known, the boundary conditions for go(x) are 


¢(0)=1, g(2)=0 

¢’(0)=const, g’(~)=0. (3) 
The symbol w which appears in formula (1) for 50° is 
given by® 


0.176 10-8cm 42 
= —_—_—— — sin(6/2), (4) 
nN 


op) 


ae ane Reema 


Zi 


where J is the wavelength of the incident x-ray, 6 is 
the scattering angle, Z is the atomic number of the 
atoms, and 2» appearing in formula (1) is given by 


[=] 
Xo 


As is known, the x-ray incoherent scattering function 
so’ given by Eq. (4) is known only numerically. The 
integral which appears in formula (1) cannot be in- 
tegrated for all known approximate solutions of the 


1W. Heisenberg, Physik Z. 32, 737 (1931). 

2L. H. Thomas, Proc. Cambridge Phil. Soc. 23, 542 (1926); E. 
Fermi, Atti accad. naz. Lincei. Rend. Classe sci. fis. mat. e nat. 
6, 602 (1927); P. Gombas, Die statistische Theorie des Atoms und 
ihre Anwendungen (Springer-Verlag, Vienna, 1949), p. 249 

3 P. Gombas, Die statistische Theorie des Atoms und thre Anwend- 
ungen (Springer-Verlag, Vienna, 1949), p. 249. 

‘For reference see K. Umeda, J. Phys. Japan 10, 749 (1955); 
as also T. Tietz, Nuovo cimento 4, 1192 (1956). 


Thomas-Fermi function ¢o(«) for free neutral atoms. 
One can present so” given by formula (1) in a much 
simpler form, namely, by carrying out the multiplica- 
tions of the terms appearing in the integral (1) and 
taking into consideration Eq. (2) for go(x). Then a 
simple integration by parts, using the boundary con- 
ditions for go(x) given by Eq. (3), and also using Eq. 
(5), gives a more convenient form for so?(w) for prac- 
tical considerations, namely : 


So°( w) = g(x) — Xoo Xo) 


Xo 
= 1 ( wxo)?+ wf X Pol x)dx. (6) 


0 


If we use the approximate solution of the Thomas- 
Fermi function for the free neutral atom proposed by 
the author’: 

with 


go(x) = 1/(1+ax)?, a= (1r/8)!, (7) 


we see that according to Eqs. (6) and (7) we have for 
the x-ray incoherent scattering function s»?(w) in our 
case the following formula: 


1+3ax 3w 
+-——In(1+ ax») 


2 a 


9 
So (w) = 
(1+ ax»)? 
3xpw 
a — (wx). (8) 
2a(1+ ax») 

Taking into consideration Eq. (7), we see that Eq. (5) 
in our case is 


1 
w*, (9) 


xo(1+ ax)? 


The last equation allows us to calculate x as a function 
of w exactly. 

In Table I we have a comparison of our results for 
the x-ray incoherent scattering function s,?(w) with the 
numerical data.® Table I shows that our results agree 
quite well with the numerical data. 

A full comparison of s ?(w) with the numerical data 

6 T. Tietz, J. Chem. Phys. 22, 2094 (1954). 

6 L. Bewilogua, Physik Z. 32, 740 (1931). 
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0.05 0.1 0.2 


9.955 5.851 3.282 
0.308 0.459 0.646 
0.319 0.486 0.674 


0.025 


16.499 
0.198 
0.199 


w 0 


Xo x 
so°(w) 
So (w ) 


for all known approximate solutions for the sake of the 


character of this note will be given in a forthcoming 
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0.5 0.6 


1.349 1,099 
0.893 0.931 


paper, in which the intensity for coherent and inco- 
herent scattering of x-rays will be calculated. 
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Multiple-Quantum Transitions in Nuclear Magnetic Resonance* 


SHAUL YaTsiIvt 
Stanford University, Stanford, California 
(Received April 24, 1958) 


The theory of Bloch and Wangsness for nuclear magnetic resonance signals is applied to multiple-quantum 
transitions. In most of the NMR experiments, the energy level schemes are only slightly different from 
an equally spaced Zeeman pattern, so that a simultaneous absorption of several radiation quanta with 
the same frequency can take place. It is found that the multiplicity, or the number of quanta absorbed 
in the transition, is most easily determined through the specific dependence of the multiple quantum 
signals on the rf field amplitude. The dependence of the signals on various relaxation parameters is developed 
and is found to provide information about relaxation processes which is not derivable from ordinary single- 


quantum transitions. 


A method of enhancing multiple transitions by audio-modulating the radio-frequency field is described. 
This is helpful in cases where the frequency deviations from an equally spaced Zeeman pattern are so 
large that a direct multiple transition is too weak to be observed. 


INTRODUCTION 


HE detection of nuclear magnetic resonance 
signals corresponding to a transition with a 
change of magnetic quantum number by more than 
unity has recently been reported.': It had been pre- 
dicted by Hughes and Geiger* that the energy level 
schemes usually encountered in NMR experiments are 
particularly suitable for the observation of multipole 
quantum transitions. The relatively late discovery of 
these apparently “forbidden” transitions is due to the 
stringent conditions required for their observation. 
Physically, such transitions are associated with an 
elementary act of simultaneous absorption of several 
radiation quanta and a case of special importance is 
is that in which all the quanta have the same energy. 
Mathematically, the transition probability is obtained 
by applying a high-order perturbation calculation to 
the interaction of the radio-frequency (rf) field with 
the nuclear spin system. In this respect, the particular 
* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t On leave from the Hebrew University of Jerusalem, Israel. 
Present address: Physics Department, The Hebrew University, 
Jerusalem, Israel. 

1 W. A. Anderson, Phys. Rev. 104, 850 (1956). 


2 J. I. Kaplan and S. Meiboom, Phys. Rev. 106, 499 (1957). 
3V. W. Hughes and J. S. Geiger, Phys. Rev. 99, 1845 (1954). 


nature of the spin system is unimportant. Similar tran- 
sitions may occur, in principle, in any quantum- 
mechanical system interacting with a radiation field.‘ 
Most of the experimental and theoretical work recently 
published on these transitions is associated with experi- 
ments in atomic and molecular beams,°:* or with the 
optical methods of Kastler and De Brossel.’:* In both 
methods the systems interacting with the applied radi- 
ation are practically isolated. 

Consequently, most of the information about these 
transitions is obtained by calculating the transition 
probabilities of a representative single system inter- 
acting only with the rf field. 

The present work, in contrast, was undertaken in an 
effort to describe multiple-quantum transitions (m.q.t.) 
in nonisolated spin systems, i.e., in systems which 
interact also with the random fluctuating fields of the 


4M. G. Mayer, Naturwissenschaften 17, 932 (1929); Ann. 
Physik 9, 273 (1931). 

5 V. W. Hughes and L. Grabner, Phys. Rev. 79, 314, 826 (1950) ; 
Phys. Rev. 82, 561 (1951), and subsequent papers. P. Kusch, 
Phys. Rev. 93, 1022 (1954), and subsequent papers. 

®H. Salwen, Phys. Rev. 99, 1274 (1955). M. N. Hack, Phys. 
Rev. 104, 84 (1956). 

7 Brossel, Cagnac, and Kastler, J. phys. radium 15, 6 (1954). 

® Basset, Karowitz, and Messiah, J. phys. radium 15, 251 
(1954); J. Winter, Compt. rend. 241, 375, 600 (1955), and sub- 
sequent papers. 
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molecular surroundings. Such systems are typical in 
nuclear magnetic resonance experiments where the 
phenomenon of relaxation plays an important role, and 
conditions are particularly favorable for the observation 
of m.q.t. with quanta of the same energy. This may be 
seen by considering the most important condition 
needed to make such transitions relatively probable. In 
a specific m-quantum transition between the levels a 
and 8, let the interval a—b be subdivided into equal 
parts. The intensity of the transition will be seen to 
depend upon the positions of the intermediate levels 
with respect to the m—1 equally-spaced points in the 
interval and, in particular, to fall off as the deviations 
of these levels from the nearby spacing points increase. 
On the other hand, a coincidence or a near-coincidence 
of intermediate levels with any of the spacing points 
introduces the ambiguity of another m.q.t. with the 
same frequency but a different number of quanta and 
is, therefore, ruled out from the treatment. It is con- 
sequently evident that a rather exceptional set of 
“almost” equally-spaced levels is desirable. While such 
a set is rarely found in optical or nuclear spectroscopy, 
it is rather common in nuclear magnetic resonance 
where the uniform spacing of the energy levels in the 
presence of a strong external magnetic field is slightly 
modified by small internal perturbations. 

The statistical nature of the relaxation processes has 
been treated in papers by Wangsness and Bloch,’ who 
derived the Boltzmann transport equation for the dis- 
tribution matrix o (defined in I). This matrix is a 
function only of the spin variables and of the time, and 
is used to obtain the statistical expectation value of any 
operator Q that depends on the same variables. In the 
present work we adhere closely to the technique and 
notation developed in these papers. A similar approach 
has been undertaken by Meiboom and Kaplan,’ who 
calculated the properties of double-quantum transitions 
and compared them with the results of their experi- 
ments with the molecule ethyl alcohol. They were also 
able to detect traces of higher multiple transitions in 
the same molecule. 


I. THE BOLTZMANN EQUATIONS 


Nuclear magnetic resonance signals are proportional 
to the transverse components of the nuclear polariza- 
tion, which are obtained from the solution of the 
Boltzmann equation for the distribution matrix a. 
This equation forms a generalization of the usual set of 
equations for the rate of change of populations in the 
various energy levels and contains terms which arise 
from relaxation processes. 

Following I, the entire Hamiltonian of the system 
consists of three parts; the energy of the “molecular” 
system AF, the energy of the spin system #E, and the 
interaction energy #G of the spin system with the 

9R. K. Wangsness and F. Bloch, Phys. Rev. 89, 728 (1953); 


F. Bloch, Phys. Rev. 102, 104 (1956) ; 105, 1206 (1957). Hereafter 
referred to as I, II, and III, respectively. 
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molecular surroundings, where the latter is to be con- 
sidered as a small perturbation. 

The spin system is assumed to consist of a group of 
nuclear moments of the same species which is typically 
found in molecules of a liquid or gaseous substance. The 
nuclei are exposed to a strong and constant magnetic 
field Ho and to an rf field whose frequency is in the 
vicinity of the Larmor frequencies of the magnetic 
moments. It will further be assumed that there exist 
chemical shifts!” which have the same value for certain 
subgroups of equivalent moments and that two such 
groups s and ¢ are coupled to each other by an inter- 
action energy proportional to the scalar product of 
their total spin vectors I, and I, respectively."' The 
contribution to the energy, as well as that due to 
chemical shifts and to the applied rf field, is considered 
to be small, compared to the Zeeman energy of the 
spin system in the strong field Ho. 

A suitable form of the Boltzmann equation for the 
distribution matrix o is found in Eq. (2.52) in ITI, 


do/dt= —i[E+A4T, o]+P(o), (1.1) 


A and YF are defined in Eqs. (2.26) and (2.54) in ITI, 
respectively. They represent the first- and second-order 
approximations in the perturbing energy #G. An ap- 
preciable contribution to A and TI is due to the inter- 
action of the surrounding electrons in the molecule, 
which may be considered as part of the molecular sur- 
roundings. This contribution gives rise to the chemical 
shift, as well as to the spin-spin coupling, and may be 
combined with the term £ of Eq. (1.1). Retaining the 
letter E to denote the resulting enlarged quantity and 
splitting this term according to the time dependence 
of its constituents, one obtains, thus, 


da/dt+ilE,o ]=1(o), (1.2) 
with 
(1.3) 


(1.4) 
(1.5) 


E= Foti, 
Eo= ->,. 1 Swst+d o>t J (I: I,), 
E\=—D(e*']'+e-#'J-), 


Here w, is the chemically-shifted frequency of subgroup 
s, and J,, is a coupling constant of the scalar spin-spin 
interaction. The superscripts 0, 1, and —1 in (1.4) and 
(1.5) have the same significance as in III, so that 
I,°=I,, is the z component of the spin vector /, of 
subgroup s and /+'=/,+/,, where J, and J, are the x 
and y components of the total spin vector I of the 
system. In addition, 

(1.6) 


D=y7H, a. 


where H, is the amplitude of the rf field and y is the 
gyromagnetic ratio of the nuclear species involved. The 
fact that nuclei of other species may also be contained in 
the molecule does not materially modify the results 
derived in this paper. The frequency w of the rf field is 


10N. D. Knight, Phys. Rev. 76, 1259 (1949). 
FE. L. Hahn and D. E. Maxwell, Phys. Rev. 88, 1070 (1952). 
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assumed to be close to the Larmor frequencies, so that 


(1.7) 


A,=w-—, 


satisfies the condition 


A.<Kw. (1.8) 


I'(c), in Eqs. (1.1) and (1.2) represents the dissipative 
part of the interaction energy of the nuclear spins with 
the molecular system. It has the form” 


P(o)=m > pee Feo{ G_?oG_2} +” 
—a{G_G_%} %»+ e8a{ G_?aG_*}—“« 


~{G_"G_}-“g, (1.9) 


Equation (1.2) assumes a more convenient form by the 
familiar transformation to a frame of reference which 
rotates in phase with the applied rf field represented by 
the term £ of Eq. (1.5). 

The actual transformation is carried out in Appendix 
I and leads to the following equations for the trans- 
formed distribution matrix as: 


dos /di+iLEs,os|=I' (es), (1.10) 


with 
Es=EostF\s, 
Eos=>. Al O+D s>sJ (1-1), 
E\s=D('+I~), 


l'(os)=m >,[ 2e°{GasG}-* 
—os{G’G*}-%— {G’G~} “Teg |. 


(1.11) 
(1.12) 
(1.13) 


(1.14) 


The magnetic resonance signal is obtained by sub- 
stituting the solution of Eq. (1.10) in Eq. (4.22) in IT. 
In the rotating frame, this expression takes the form 


(1.15) 


d 
$= Nhy— Tr(Is'c5). 
dt 


Here, use has been made of the invariance of the trace 
to any canonical transformation by means of an 
operator S. NV stands for the number of nuclei with 
gyromagnetic ratio y in the sample. Further, 
T3=Sol'So, (1.16) 

where 
So=exp(— iw!) (1.17) 


is the required operator for the transformation to the 
rotating frame. Using the commutation rule [/°,/+"] 
= +/+", it can be shown that 
I gt!=ettot] +), (1.18) 
Thus, the signal becomes 
8= Nhy(d/dt)[Tr(I'os)e~**}. (1.19) 
It should be noted that in the absence of an external 


Equation (2.52) of III. The significance of the various 
symbols in this equation are likewise found in III. 
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rf field, i.e., 


distribution 


if Eg in (1.10) is replaced by Eos, the 
oo=f exp(Bwl®), (1.20) 
with 


t1=Tr exp(Sw!”), (1.21) 


represents a stationary solution of Eq. (1.10). One 
verifies this by noting that [Eo,oo]=0 and I'(ao)=0. 
The first relation results from the commutation of Eo 
and /° and the second relation follows from the proper- 
ties of G* which is defined to have nonvanishing matrix 
elements (€|G*|e’) only between spin states whose 
magnetic quantum numbers satisfy 


m'’ —m=r. (1.22) 


This leads to the relations 


exp (BwI°)G* exp(— fw”) = eSeGr, 


exp(—fwl)G exp (Bw!°) = gburG-r, (1.23) 


The vanishing of (co) follows then by substitution of 
expression (1.23) into Eq. (1.10). Actually, in the 
absence of an rf field, ie., for Z,=0, Eq. (1.2) and, 
hence, also Eq. (1.10) has the rigorous solution o~e*”®, 
The form (1.20) arises from the assumption (J,A,) 
<(w, 1/8, w,), which is used in Appendix I to arrive 
at the simplified expression (1.14) for (as). 
Let us now choose 


os=aotx=f exp(Bwl)+x, 


where x represents the deviation of og from its static 
value oo. Substituting this in (1.10) and using the 
properties of oo, one obtains 


dx/dt+i[ Es,x]—V(x)=¢DL'+I", exp (Bol?) ], (1.25) 


with the understanding that I'(x) is obtained from 
I'(os) in (1.14), and replacing og by x. A solution of 
Eq. (1.25) will be obtained in the following section and 
will be used to obtain the signal § by means of Eqs. 
(1.19) and (1.24) 


(1.24) 


Il. SOLUTION OF THE BOLTZMANN EQUATIONS 
FOR A TRANSITION INVOLVING n 
EQUAL QUANTA 


A. Preliminary Assumptions and Simplifications 


A more detailed discussion of Eq. (1.25) requires its 
representation in a matrix form. The choice of a repre- 
sentation is irrelevant as far as the signal $ is concerned, 
since it does not affect the value of the trace which 
appears in Eq. (1.19). It is most convenient, however, 
to work in a representation where the two commuting 
operators Hos and J° are simultaneously diagonal. 

Assuming no degeneracy, each state can then be 
uniquely characterized by an eigenvalue ¢ of Eos and 
by an eigenvalue m of 1°. 
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Using this representation, it is possible to write the 
quantity x of Eq. (1.24), as a sum of the form 


x=Lp x? (2.1) 


where the matrix elements of a particular term x? in 
this sum are required to satisfy the condition 


(e|x?|¢’)=0, 


In this notation, the superscript p has the same sig- 
nificance in relation to the matrix elements x? as the 
superscripts 7, 1, 0, and —1, to the matrix elements of 
G’, I’, I°, and I~, respectively. 

The Hermiticity of x implies 


unless m.—mpe=p. (2.2) 


(e|x?| €’)*=(€'|x-? |), (2.3) 
and one has further for two states « and e’ with 
mM.—M.= p, 


(e|T' (x) | = (el (x?) |e’). (2.4) 


This result follows from the general understanding of 
the superscripts mentioned above, by which an operator 
Q* is meant to have nonvanishing matrix elements 
(e|G*| €’) only if m.—m,. =. Consider now a product, 


II. 0.=0, (2.5) 


of such operators Q,'*. It follows from the rules of 
matrix multiplication that the selection rules of the 
product, indicated by the superscript A, are expressed 
in terms of those of the factors by the equation 


D.\=A. 


Such products occur when the quantity o, of Eq. (1.14) 
is replaced by the expression (2.1). 

It is to be noted, in particular, that a product of G’, 
G-", and x?, in any order, has nonvanishing matrix 
elements between the states ¢ and e’, only if m.—m. =p; 
conversely, if m—m,=p, only terms with x?” in I'(x) 
contribute to these matrix elements, and this is indeed 
the result expressed in Eq. (2.4). 

Using this result, together with the properties of /+', 
one obtains from Eq. (1.25), 


— idx? /dt+[Eos,x?]—D(LI'».x?*J+1x? *)) 
+40 (x?) = DE{ LT", exp(Bwl®) bp 
+[I-, exp(Bwl) ]6,-1}. (2.7) 


Equations (1.20), (1.24), and (2.1) lead to a modi- 
fication of the expression (1.19) for the signal: 


(2.6) 


(2.8) 


d 
$= Niy—[Tr(Px)e 
at 


To verify this result, it should be noted that the trace 
of any operator of the type Q* vanishes unless \=0. 
With oo depending only upon 7°, the product J'ao is an 
operator of the type Q! and, therefore, does not con- 
tribute to the trace in Eq. (1.19). Further, only the 
term x~! of the sum (2.1), which leads in the product 
1'x to an operator of the type Q°, gives a finite con- 


TRANSITIONS 1525 
tribution to $. On the other hand, matrix elements of 
x? with p¥1 are coupled to the elements of x~! through 
Eq. (2.7), so that they appear indirectly in the signal. 
It will be seen later that the resonance character of an 
n-quantum transition is reflected in the form of a 
specific matrix element of x~", so that the last remark 
anticipates the manner in which this resonance behavior 
shows up in the expression for the signal. 

Before beginning the actual solution of the Boltzmann 
equations, the following remark is added in an attempt 
to elucidate the physical background of the preceding 
results. 

The diagonal form of the distribution matrix oo in 
the energy representation and in the absence of a rf 
field represents the incoherence of the relative phases 
of probability amplitudes belonging to different spin 
states. The presence of a rf field with the proper fre- 
quency induces a correlation between the phases of 
states whose energy difference is equal to some multiple 
of the rf frequency. 

This correlation, in turn, is responsible for the non- 
vanishing of the matrix element of o connecting the 
two states. However, the nature of the interaction of 
the rf field with the spin system is such that, in first 
order approximation, only the phases of states with 
adjacent magnetic quantum numbers are correlated. 
Hence, any correlation between states with nonadjacent 
quantum numbers is due to a higher-order perturbation 
calculation of this interaction. Considering the form 
of the resulting higher-order approximation,‘ one 
realizes that the correlation between levels with 
Am>1 takes place through a stepwise correlation 
between the phases of a series of intermediate levels 
with Am=1. Therefore, a resonance increase in the 
magnitude of a nondiagonal resonance matrix element 
between any pair of states is associated with the simul- 
taneous increase in the magnitude of matrix elements 
connecting the intermediate levels. 

The following discussion is concerned only with the 
stationary solutions of Eqs. (2.7). There exist also 
transient solutions decaying exponentially with time 
constants of the order of 1/|I"| which will be disregarded 
in the present treatment. 

The matrix elements of x” in the stationary solutions 
do not depend on the time. Hence, omitting the time 
derivative and rewriting Eqs. (2.7) in a matrix form, 
one obtains 


! 


(e—€’) (e|x?| €)—D(e| [x7] 
+[I7 x?" €) +2(e| T(x?) | €’) 


=D(e| +] | €’)[oo(e’)—ao(e)], (2.9) 


with the abbreviations 


oo(e)= eo, 
(e| T(x?) |e) 
= — Vere (ee [PP e') (e" |x? |e”), 
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where 
(ee |T? |" ) => _/[T(e"e' ee) +1 (ee ee’) 
the? ert (ee’ee') ], 


Pr (ee ee’) = { (€ |G" "(| | e’)} “Tw 


(2.12) 
(2.13) 


In the last relation the notation of (2.28) in III is 
used. The right-hand side of Eq. (2.9) vanishes unless 
p is equal to +1, as is evident from the properties of 
Z*', It will be shown later that the element («|x| ’), 
for which e—e’ nearly vanishes, is particularly im- 
portant since its magnitude increases considerably as 
e—«’ approaches zero. Let us denote the eigenvalues of 
the operator Eo in Eq. (1.4) by €. € is then related to 


the eigenvalues ¢ of the operator os in Eq. (1.12) by 
(2.14) 


= €ot Md. 


Thus, for two corresponding pairs (€0,€0’) and (¢,e’), 
the relation 


e— € = €)— €0 + (m.— Me w= €o— €0 + pw 


holds, so that for e—e’ ~0," and p #0, 


(2.15) 


(2.16) 


w = (€9'— €0)/p. 


This means that the energy difference €9— 0’ is nearly 
equal to the energy sum of p equal radiation quanta. 
One notes that for systems with only one nuclear 
ingredient the energy splitting of the levels in the 
rotating frame corresponds to the deviation of the 
actual energy levels from the nearest value mw. But 
since (J, A,)<w, this is far smaller than the Zeeman 
splitting itself. Henceforth, a matrix element (€|x?| €’) 
for which e—e’ ~0 and the corresponding Eq. (2.9) 
will be referred to as the resonance element and reso- 
nance equation, respectively. 

To be more specific, let us assume that e=a and 
e’=b and that the condition 


a—b ~0, (2.17) 


with ma=m-+n, m,=m, is satisfied. Denoting the 
eigenvalues of Eo corresponding to a and b by ap and do, 
then following Eq. (2.16), the frequency defined by 
a—b=0 satisfies the condition 


(2.18) 


w= (bo— do) /n, 


where it is assumed that »>0O and bo>ado. We assume 
further that for any pair of energy values e, e’ of which 
at least one is different from a or 3, 


e—e>IT], (2.19) 


where |I'| is of the order of the natural line width.’ 
The condition (2.19) expresses an assumption, stated 


18 The relation e—e’~0 here and in the rest of the paper means 
that the energy interval e—e’ is comparable to or smaller than 
the natural line width Lr. 

4 The quantity |I"| in Eq. (2.19) as well as | A! in the following 
discussion are not to be confused with T and A in Eq. (1.1). The 
meaning of the notation implied in the present section is retained 
throughout the rest of the present work. 
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in the introduction, that the frequency difference 
between a specific multiple-quantum transition fre- 
quency and any other single- or multiple-quantum 
transition frequency is much larger than the natural 
line width and is amply satisfied in many actual cases. 
In the special case of n=1 it is permissible, in view of 
(2.19), to neglect all nondiagonal matrix elements 
except the resonance one. The ordinary single-quantum 
transition signal is then obtained by solving for the 
resonance element and its complex conjugate, as was 
done in Sec. 3 of II. For cases with m>1 the set of 
Eqs. (2.9) becomes more difficult to solve. Nevertheless, 
a considerable simplification leading to an approximate 
solution may be carried out if one uses the properties 
and relative magnitudes of the operators in (2.9). 

For instance, considering the coefficients of the dif- 
ferent nondiagonal matrix elements in Eq. (2.9), one 
notes that since for nonresonance elements (e’’| x”! ’”’), 
the energy values ¢” and e¢’” satisfy the relation 
|e’’—e'’’|>>|I'| there is a considerable disparity with 
regard to the relative magnitude of terms of the form 
(ee |T?| ee’) (e’’|x”| €”"), as compared with the term 
(aa|I"|bb) in the resonance equation or the terms 
(ee’|I'”| e’e) in the equations for the matrix elements of 
x°. In fact, one can prove that neglecting all the terms 
in (e{I'(x”)|¢’), except the ones just mentioned, 
involves an error of the order of magnitude of |I'/A|?, 
where | A| denotes the order of magnitude of the nonres- 
onance energy differences e—e’. This may be verified 
if one notes that in any of the nonresonance Eqs. (2.9), 
the coefficient of the main matrix element of x? is 
roughly |A|+i|I'|. The coefficients of all the other 
matrix elements of x? in the same equation are i|I'|. 
It is possible to solve these equations for the unknown 
matrix elements of x” in terms of the elements of x?*! 
and x?! that appear in them, if then x”, x”*! and 
x?! symbolically stand for their corresponding matrix 
elements, and if |A], ||, and |D| represent symboli- 
cally the actual quantities with the corresponding 
orders of magnitude, one can prove that the solution of 
these equations has the form: 


x?= |D/A|[1+0(|T/A]?) ]ert+x?"). 


If this result is substituted back into the original 
equations, it is seen that an error of the order of |I'/A|? 
is made in neglecting the terms with coefficients |T'|. 

An error of the same order of magnitude is made in 
neglecting the nondiagonal matrix elements of x°. This 
can be shown in a manner similar to that used for the 
preceding case. 

A further simplification of Eqs. (2.9), which is per- 
missible in the light of subsequent results, can be 


carried out if one assumes that 
|D/A|<1. (2.20) 


This justifies the omission of the matrix elements of 
x” and their corresponding equations whenever p>n-+1. 
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The error committed in this omission is of the order of 
|D/A|*. To verify this, one notes that in any finite spin 
system the superscript of x? cannot exceed a certain 
maximum value M assumed to be different from n. 
The equation for x” has the symbolic form 


Ax™+Dx™¥—-'=0. 


The equations for the matrix elements of x~' have 
the symbolic form 


Ax™—!+ Dy™+Dy"%?=0. 
Eliminating x” from the two sets of equations leads to 
(A—®? ‘A)x4¥I+ Dy 2— 
The same holds for the successive eliminations of x¥—, 
x” and so on, down to x"**. As a result the equations 
for the elements of x"*! take the form 
A[1+0(|D/A|2)]x"1— Dy" =0. 
Hence, retaining the equations with p>n—1 amounts 
to a change of the order of |D/Aj? in the coefficient of 
x", Similar arguments hold for the omission of matrix 
elements (€|x”?\e’) with p<n—1, when the corre- 


sponding eigenvalues €9 and ¢€9 of Zo are not included 
in the interval ao— do. 


B. The Explicit Solution 

With the simplifying assumptions introduced in the 
preceding section, and under the condition (2.17) and 
(2.19), one is led to the following set of equations for 
the various matrix elements of x. 
— D(e|[7,x"]|e)= (2.21) 
a|[J',x n— ‘] 

+[I-!,x"*"]|b)=0, 


(e—e’) (€|x"* 


(6’— iT ap) (a| x" | b)— 


(e—e’) (€|x?| €’)—D(e| [7.x] 
+UI*x""']|€)=0, 
for n> p>1, 
(e—e’) (e|x'] €’) 
—D(elI' Je €)+a0(e’)—ao(e) | 


pasate )=0, 


(€) ]/Ree=D Im(e|[7—x']| 6), 


Ex (e’) = 
(2.24) 
reLV(e")— (2.25) 
6’=a—b~0, (2.26) 


T'an= (aa|I'"| 5d), (2.27) 
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= (e|x°| ) (2.28) 


V (e)=x(e) exp(Bmw), (2.29) 


oer 


Ree = exp (Bmw) /T(ee'e'"e). (2.30) 

An approximate solution of these equations can be 
carried out by the following procedure. The value of 
the matrix elements of x"*! and x""! from Eqs. (2.21) 
and (2.23), respectively, are substituted in the resonance 


Eq. (2.22). This leads to 


(a| I" e)(e|LT’, 
e—b 


) P x”? }|6) 
(6—iT a) (a|x"|b)—D? >> ; 


)(e| | I" | b) 
——|=0, (2.31) 


al x" ¢ 


a~€ 


6’—d, (2.32) 


at 


[Ca] P+0- ‘le? — [Ce P4275) |? 
e—b 


The prime on the summation sign in Eq. (2.22) 
indicates that energy states with m, equal to m or 
m+n should be excluded from the summation. Such 
states have the same magnetic quantum numbers as 
the states a or 6 and they do not appear in formula 
(2.33) unless n=1, that is, in single quantum transi- 
tions. This exclusion is related to the unique structure 
of Eq. (2.25) for the matrix elements of x’, a uniqueness 
which in the case of m=1, prevents the substitution of 
the matrix elements of x""'= ° in a way that led to 
(2.31). 

The significance of the last relation, indicating a 
frequency shift proportional to the square of the rf 
field amplitude, will be discussed later. 

Eliminating the matrix elements of x"! between 
Eqs. (2.23) for p=n—1 and p=n—2, one is left with 
relations between matrix elements of x", x"~* and 
the resonance element (a|x"|b). These may be solved 
for the unknown matrix elements of x”? in terms of 
those of xy"”* and (a|x"|b). The solution is then 
expanded in powers of | D/A{? retaining only the zeroth 
order term. The error committed by neglecting all 
higher powers is of the order of |D/A\? and is small 
according to (2.20). 

The same procedure of elimination and expansion is 
then repeated successively with the matrix elements of 
x", x", --- down to x”. The elimination of these 
matrix elements from the resonance equation introduces 
higher-order frequency shifts, that are negligible com- 
pared with the one given in (2.33). 

In any intermediate step, the following set of equa- 
tions for n— p>0 is obtained: 
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— €v4 1) 


p+l 
(06—iT a) (a|x"|b)—-D4 YS Sanden Lo (e 
v=l €1-+-€pte 
(€; | €)++-(e |i €,) ( 
x 
(€.--b)--- 


n—p-l] 
jj 


é)—D? y i 


Gj >> <ép~2 


e)— D(e— €’') "(e [I'.x 


(e| 7] e:)-- + (e,| I~ | a) (a| "| 6) (O/T 


x 
y—b)(6@1—))-- +(e 


(e—b)(e;—b)---(e 
The right-hand terms in both equations are self- 
explanatory and have been incorporated for the case 
of single-quantum transitions (n=1), and for the last 
stages of reduction n— p=1, respectively. The detailed 
derivation of the remaining parts in these equations is 
found in Appendix II. For p=n—1, Eqs. (2.34) and 
(2.35) express relations between (a|x"|b) and the 
matrix elements of x! and x°. Let us substitute the 
values of the matrix elements of x! from Eq. (2.35) 
(p=n—1) into the right-hand side of Eq. (2.25). It 
can be shown that only the third term on the left side 
of (2.35) gives a nonzero contribution. Equation (2.25) 
then assumes the form: 


z [V(e”)—V(e) ] 
Re 


= —1§..=1b 0, (2.36) 


where J stands for 


(2.37) 


I=Im{ K*(a|x"|b)}, 


(€}x’ e’)— D(e—e’) l(e/ I) 
(e|I tl e,)-+- 
— Hr! 


€1+ + ens (e—b)(e— 


(e|x'| €’) between Eqs. 
one obtains 


Eliminating the matrix elements 
(2.40) and (2.34) for p=n—1, 


(0—iI'4,)(a| x” | 6) 


— K[x(b)—x(a)+00(b)—ao(a) ]=0. (2.41) 


Substituting for x(b)—x(a) their values from (2.39) 


that pn =—T ha, 


one obtains 


(0—il ap) (a| x" |b) +K[ Tan Im{ K*(a| x"! 6)} 


+0(a)—a(b) |=0. (2.42) 


The solution of this equation for the matrix element 
(a|x"|b) has the form: 


[ oo(d) —aol(a ) JK (6+i0 a) 
& +r ab 2+ op T a| K| |? \ 


(a|x"|b)= (2.43) 


€y |x"? | €4.1) (€1| T"| &2)+* 


1 evyi)° +(e 


nig nil ; ol 


€')[x(e’)—x()+a0(€)—a0(€) 
(e,|7-* 
b)--+(6—b)(e1- 
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(€p4a| J" | en 2) 


: (€p4 Me b) 
=(D(a|[/', exp(Bwl”)+x° ]| b)bn1, 


(2.34) 


p-2[Te)  D(e|[T', exp(wl")}| €’) 
=¢ - ———— 


n—p, 1+ 


and K is defined as 
(a| I" €1)- + + (€n—1| Z"| B) 
(e1—b)-++(€n1—b) 


In analogy to the discussion presented in Sec. 3 of 
III, Eqs. (2.36) can be interpreted as a set of relations 
between the voltages V (e), the resistances R,-,, and the 
current J. In the present case an external emf is applied 
across the terminals @ and 6, and a total current J 
flows from a to 6. Following the arguments in Sec. 3 of 
II, Eqs. (2.36) have a finite solution in spite of the fact 
that they do not form an independent set. 

The solution of these equations has the form 


(€)= Teel =Tee Im{ K*(a| x"|8)}. 


K=" (2.38) 


€1+*+€n—1 





x(e")—-x (2.39) 


The quantities R,, are positive in view of the defini- 
tions (2.30) and (2.13), and of the Hermitian character 
of G. Comparing (2.39) with (2.36), one sees that Ta, 
is positive. Equations (2.35) for the case of p=n—1, 
have the form 


a)(a|x"|b)(6|7 


: */eaa)** (e,5 a le) 
Pa nee or’ 


(2.40) 
~b)(c é— b) 


(€n—3 

Except for the fact that it refers to stationary, 
rather than to rotating coordinates, Eq. (3.19) of II 
represents a special case of Eq. (2.42), above, for the 
particular choice n= 1. To obtain the signal $, according 
to Eq. (2.8), one can use the relation (2.3) for p=1 to 
obtain 


Tr(I'x) = Doe’ (€ 


\I"| e’)(e’ |x] 6) 
= ea(e lle ) 


The summation over ¢ and ¢’ covers all the energy states 
of the spin system. Some of the matrix elements 
(e|x'|¢’) are related to the matrix element (a|x"|6) by 
Eq. (2.40); others connect energy states which are 
outside the interval do—bp in the nonrotating frame 
and, therefore, have different relations to (a|x"|0). 

It can be shown that the corresponding equation for 


)(elx'|e’)*. (2.44) 
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the latter type of elements have the form: 


D(e—’)"(e| J'| €’) 
e’)—a0(€) |—B(a|x"|b)=0, 


(e|x'|¢’)— 
XLx(e)—x(€)—ao( 


where the quantity B is smaller than the coefficient 
of (a|x"|b) in Eq. (2.40) by a factor of | D/A} at least. 
Consequently, when the values of the matrix elements 
(e|x'| e’) derived from Eqs. (2.40) and (2.45) are sub- 
stituted in Eq. (2.44), the contribution of the third term 
in Eq. (2.45) can be neglected in comparison with that 
of the corresponding term in Eq. (2.40). When this 
substitution is carried out and use is made of the relation 
(2.39), the following expression for the signal is 
obtained : 


(2.45) 


| (e| Z*| e’) |? 
S=—iNhwy 2 ~)—_-_--—-- 


ec’ e—e’ 


(€)— 60+ 
+T'as? = it abl ab| K |? | 


n| K|* 6—a0 ao LS b)— f(a a) | 
D(62 7 ab 247 Tos | K| 2) 


| K|* Ty ool b)—o (a) IT | 


1 a (2.46) 


Using this result and denoting the two components of $ 
which are in and out of phase with the driving rf field 
by 8, and Sg, respectively, one obtains 


Nhary | K | *Loo(a)— ool b) I abit 
$,=——— anger 558 


D(6? +r ab 2+ al abl K| ) 


for the part of the signal which corresponds to the 
absorption, and 


(eZ le "| 
- “out )—ao(e) 


, 


, 


€€ e€— € 


Sa= ive 5 — 


Parle €| | K | |*Loo( (6)— 


& +7, ab” 2-7 aTas| K|? 


Tol ‘a said 


K ‘Lool a) —~—G (0) jn 
+ I msi, (2:85) 
D (6? 47 ab 24 aT ol K |*) 


for that which corresponds to the dispersion. 


DISCUSSION 


A. Single-Quantum Transitions (n= 1) 


The general expressions for the n-quantum transition 
signals given above are also valid for n=1. However, 
upon comparison of these expressions for p= 1 with the 
corresponding expression, Eq. (5.4) of II, it is found 
that there is a slight difference between them. Written 
in the notation of the present paper, Eq. (5.4) of II 
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has the form 


a| I*|b)|? —Pav| Loo a)— oo( 
6? +a? +a ap D*| (a| [| \b)|2 


iN hay D| ( 
$= 


(2.49) 


It follows from the definition (2.26) and the relation 
(2.18) that 6’ measures the deviation of the frequency w 
from the single quantum resonance frequency bo— do, 
whereas @ in Eq. (2.46) includes also the frequency shift 
d defined in Eq. (2.33). Further, one finds in the dis- 
persion signal in Eq. (2.48) the first term which is 
absent from the dispersive component of the signal 
(2.49). This term represents a contribution due to the 
“tails” of the dispersion components of all other possible 
single-quantum transitions. The quantity in the curly 
brackets in this term represents an effective Boltzmann 
population difference between the levels ¢ and ¢’ and 
will be discussed in more detail following Eq. (2.60). 

It is seen that the absolute magnitude of the original 
Boltzmann population difference oo(e’)—ao(e) is reduced 
by an amount proportional to the resonance absorption 
signal between a and 6. The coefficient 7.., measures 
the effectiveness of the relaxation processes to maintain 
a population difference between the levels ¢ and €, 
when a resonance transition from a to 6 takes place. 
The differences between expressions (2.46) and (2.49) 
arise because expression (2.49), derived in IT, is rigor- 
ously valid for systems with only two levels, whereas 
the frequency shift, as well as the additional term in 
Eq. (2.48), appears only in systems with more than 
two levels. 


B. Multiple-Quantum Transition Signals 
with n>1 


Considering the signal (2.46) as a function of the rf 
field amplitude, it is instructive to discuss separately 
two regions. These regions are conveniently specified by 
the quantity K which is related to the rf field amplitude 
through the definitions (2.38) and (1.6). 


1. The m.q.t. is Unsaturated 


This is expressed by the inequality ['a»7 | K |’<<T'a?, 
which characterizes the region where the m.q.t. is 
unsaturated, and the observed line-width is determined 
by the quantity I... It should be noted, however, that 
in spite of the formal similarity of the expressions (2.47) 
for different values of , the observed line-width has a 
different relation to I',, for different values of x. 

Following Eqs. (2.17), (2.18), and (2.26), the quan- 
tity @ in the absorption signal (2.47) satisfies the relation 
(2.50) 


0=nw— (byp—ao)—d. 


The frequency shift d can be neglected in this region 
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of low rf field, so that 


bo— do 
6=nl w-— )= nde, 
"1 o 


where Aw is the actual deviation of the applied fre- 
quency w from the exact resonance frequency of the 
multiple transition. 

Dividing the numerator and denominator of Eq. 


(2.51) 


(2.47) by m and introducing the notation T'a,’=T'as/n, 
Ts'=T.»/n, one obtains the absorption signal : 
Nhary | K |*T as'Loo(a) —o (0) } . 
8.=- ; —e~*t, (2.52) 


D(Aw?+ (Pan’)? +P av’ T av’ | K |*) 
The quantity I’, which corresponds to 1/7: in Bloch’s 
phenomenological treatment’ can be considered to have 
the same order of magnitude for different values of 
since the two main contributions to the line-width, i.e., 
the low-frequency fluctuation of the local magnetic 
field and the broadening of the energy levels, due to the 
shortening of their lifetimes by the relaxation, lead to 
quantities of the same order of magnitude for transi- 
tions with different orders of multiplicities . Conse- 
quently, for low-rf fields it follows that the observed 
reduced line width T'a,’=I'a,/n is roughly m times as 
narrow as the corresponding line width for n=1. This 
relative narrowness of m.q.t. signals compared with 
that of single transitions had been realized before and 
was confirmed experimentally.‘ A second distinction 
between the absorption signals for different values of 
n lies in their dependence on the rf field amplitude. 
Since, according to Eq. (2.38), the quantity K defined 
in Eq. (2.47) is proportional to the nth power of the rf 
field amplitude H,, the observed absorption signal 
grows as H,*""' before saturation begins. These two 
aspects of m.q.t. signals for n>1, ie., their relative 
narrowness and their specific dependence on the 
strength of the rf field, provide the best means of deter- 
mining experimentally the order of the multiplicity. 
In fact, the slope of a log-log plot of the signal strength 
versus the rf field amplitude gives the multiplicity m of 
the transition directly. 


2. Saturation of the m.q.t. 


This is the region where the signal strength and 
shape are appreciably influenced by the saturation of 
the transitions. From the experimental point of view 
the most interesting part of this region is where the 
signal attains its maximum value. In many cases this 
is the only region where the signal can be observed at 
all. The value D=H,/2 which corresponds to the 
maximum signal can be conveniently obtained with the 
help of symbolic notation. By this, it is meant that the 
quantities appearing in Eq. (2.52) will be replaced by 
symbols indicating their corresponding order of mag- 
nitude. For instance, e—b~A, K~D"A'™, nT y’~T, 
nT »'~ T. 
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For exact resonance (Aw=0) the symbolic expression 
for the absorption signal becomes: 


+3 D?"-1A?-2"[ g(a) —ao(b) |n 


ra T+TD2"A2-2" (2.53) 





This expression attains its maximum value when 


D=Dy=[(2n—1) PTA? |, (2.54) 


For n=1, Dy’?~I'T~, which is a well-known result for 
single quantum transitions. Equation (2.54) indicates 
that Da, grows with m and approaches the value A for 
very large values of n. This implies that the higher the 
multiplicity m of the transition, the stronger the rf field 
required for attaining the maximum signal. Eventually, 
for large values of m, the assumption |/A|<1 
involved in the derivation of Eq. (2.46) will cease to 
be valid in the interesting region of maximum signal. 

In the case of an alcohol molecule, for example, A 
is of the order of 100 cycle/sec and I is of the order of 
1 cycle-sec.!® Consequently, Dy remains appreciably 
smaller than A only for n<3 and, therefore, n=3 
represents the maximum multiplicity that would usually 
be detected in such a case. Substituting the values of 
Dy from Eq. (2.54) into Eq. (2.53) leads to 


Sam~nT1/22T1/2n-1A Ai) Go(a)—ao(b) J. (2.55) 
It is instructive to compare the value of the maximum 
signal for different values of . For this purpose one 
should note that for temperatures ordinarily used in the 
experiments there is an additional factor of m describing 
the ratio of the Boltzmann population differences of an 
n-quantum to a single quantum case. Taking this into 
account, the ratio r of the maximum signal with »>1 
to that of a single quantum transition is approximately 


(2.56) 


rm ni /2nT /2n—h A (1 In)—1_ 


Assuming that 7~1/T as is approximately true in non- 
viscous liquids, this becomes r~n?(I'/A)!~'/" which for 
small values of m>1 are small compared to unity 
according to the assumptions (2.19) and the definition 
of A. This indicates that the m-multiple transition signals 
are weak compared with single transitions. It is some- 
times desirable to compare the absorption signal of a 
multiple transition with the off-resonance value of 
single-quantum absorption signals at the frequency of 
the m.q.t. This is particularly important for the under- 
standing of the enhancement technique that will be 
described in Sec. IV. To do this one has to compare the 
expression (2.55) for with the off-resonance values of 
the single transitions obtained from Eq. (2.49). How- 
ever, the comparison is meaningful only if the single 
quantum absorption signal is also evaluated with the 
rf amplitude given in Eq. (2.54). 

Thus, the off-resonance value of the single transition 


18 J. Arnold, Phys. Rev. 102, 136 (1955). 
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expressed in order-of-magnitude symbols become 
$ (off-resonance) 


PE (2n—1)P TA? }2*L 9 (a) —0(b) ] 


~ —_—---- 


M4PTL(2n— 1)rT LA2n—2]I/m 


(2.57) 





In nonviscous liquids where '~7~"', and for not too 
large values of m, the second term in the denominator 
can be neglected in comparison with the first. Using this 
and the ratio of the Boltzmann differences in Eqs. 
(2.55) and (2.57), the approximate ratio r’ of the m.q.t. 
maximum absorption signal to a “tail” of a single 
quantum signal becomes 

4’ ~n?(A/T)?!, (2.58) 
In spite of the crudeness of this result it shows that 
with an optimum rf field, the m.q.t. signals are well 
above the level of the “tails” of the single transitions. 
But, even in cases where the ratio is not large enough, 
the narrowness of the m.q.t. signals compared to the 
flat background of the “tails” will facilitate their 
detection. 

Considering the expression (2.55) for the maximum 
signal, it is seen that for m>1 the signals’ strength 
grows as A decreases. This property suggested a method 
of enhancing m.q.t. signals by an artificial reduction 
of A. The gist of this method which is described in 
Sec. 4. lies in the fact that it is possible to induce 
multiple transitions by a radiation field consisting of 
several different frequencies. The sum of the absorbed 
frequencies should be equal to the frequency difference 
of the multiple transition interval. In that case it can 
be shown that with a proper choice of these frequencies 
one can reduce the effective value of A in Eq. (2.55) 
and thus enhance the signals’ strength. 

In the rough calculations of this section, the fre- 
quency shift d, defined in Eqs. (2.32) and (2.33) has 
been neglected. The corresponding shift d’ which ought 
to be incorporated in the reduced Eq. (2.52) is equal to 
d'~d/n and this is of the order of magnitude of D?/nA. 
Substituting for D, the value of Dy from (2.54), leads to 


dy'’~n“T (T/A)@/™)41, (2.59) 


where, in the last step, 7 was replaced by I. For 
n=1, the frequency shift amounts to only a small 
fraction of the natural line width. For n=2, it is com- 
parable to the line width, and for n=3, it is larger than 
the line width. 

It should be added that although m.q.t. with dif- 
ferent multiplicities differ in their rf dependence in 
the vicinity of the signal maximum or below, they all 
decrease in the same way when the rf amplitude H, 
becomes very large. 

The time 7., in Eqs. (2.46), (2.47), and (2.48) has 
the same physical significance as the relaxation time 
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T, in Bloch’s phenomenological equation.'* It measures, 
according to (2.39), the competence of the relaxation 
processes to preserve the Boltzmann population differ- 
ences of the levels a and 6 against the equalizing action 
of the rf field. The time 7... measures a similar property 
with respect to the intermediate levels € and e’. It is 
important to note, however, that the time 7, for an 
intermediate interval is different from a quantity with 
the same form calculated when the interval e—é’ 
becomes a resonance interval for another multiple 
transition. In the terminology of circuit theory and in 
conformity with Eqs. (2.36) and (2.39), the quantity 
T.. plays the role of an input impedance when €o— €9’ 
is a resonance interval and is a transfer impedance when 
€o— €) is an intermediate interval for a second multiple 
transition. 

According to the definitions (1.20), (1.24), and (2.39), 
and by virtue of the expression (2.43) for (a| "| }) 


a(€)—a(e’) =o 9(€)—a(e’) 
Vee | K | *Taol.oo(b) —ao(a) | 


— (2.60) 

+Tax? —TanT ao| K |? 
This represents the population difference of the levels 
e and é’ as a function of |K|*. o(e) stands for the 
diagonal elements of the distribution matrix os. In 
particular, for saturating rf fields, K satisfies the con- 
dition T'asTas| K |?>>Ta?+6 from which it follows that 
for e=a and ¢’=), o(a) ~a(6). In principle, the Over- 
hauser effect!’ described by Eq. (2.60) can be used to 
find all the quantities 7, experimentally. This is done 
by first saturating the m-quantum transition between 
a and 6 and then measuring the weak rf transition 
signals between the levels « and ¢’ where ej—e’ is a 
subinterval of the interval ay—o in the nenrotating 
frame. The relative change in strength of these transi- 
tions is easily shown to be 

(—) = 
ao(€)—ao(e’) dpe 

In practice, such an experiment may be quite difficult 
to perform because the detection of a signal change in 
the subinterval should take place when the saturating 
radiation between a and 3 is tuned off. Otherwise, the 
simultaneous application of radiation fields with two 
different frequencies enables a new multiple transition 
to take place, in which quanta with both frequencies 
are absorbed, and this complicates the interpretation 
of the proposed experiment. It can be carried out, 
however, if the various relaxation times are long enough 
so that the instantaneous population at the end of the 
saturating period does not change appreciably during 


the time of switching from one frequency to the other. 


16 F. Bloch, Phys. Rev. 70, 460 (1946). 
17 A. W. Overhauser, Phys. Rev. 92, 411 (1953). 
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3. Applications to Special Cases 


a. Two nonequivalent nuclei of spins 1/2.—The 
simplest example for which the general results of the 
preceding sections apply consists of a system of two 
nonequivalent nuclei of spin 1/2 in a molecule in liquid 
solution. For single quantum transitions this system 
was treated in Sec. 5 of II. One can also find there the 
energy levels at the Hamiltonian Fy in (1.4) and the 
values of the matrix elements of the operators /*! 
between the different levels. The possible m values for 
the system are —1, 0, and 1, so that the only possible 
m.q.t. is a double quantum transition from the levels 
with m,=1 to that with m,=—1. The corresponding 
energy levels in the rotating frame are found to be. 


a=w—}(w,tu,)+ fJ, e=3(8+J?)!-— J, 
b=—wth(wtu,)+}, &=—}3(P4+J*)!- PY, 


w, and w; are the resonance frequencies of the two spins 
considered “uncoupled,” and 6=w,—«,; is the chemical 
shift. 

The double quantum resonance occurs when 


a—b=2w— (w,+a;)=0, 


3.1) 


(3.2) 
(3.3) 


w= (weta;)/2. 


The deviation of this frequency from the correspond- 
ing resonance frequencies of the single transitions are 


then 
a—e=b—e=}[J+(84+J")'], ba 
-_ (O.4) 
a—¢ =b—e' =}3[6+ (8 +J’)! ]. 
Similarly, from Eq. (5.47) in IT, 
(a\ P| 6) =(e\ '|b)=ub+0!, , 
(3.5) 
(a| I"| e)=(e' | I'|b)=u'—-9!, 
with 
u=1—2=3[1-—8(8&+J")*]. (3.6) 


In applying these values to the general expressions 
(2.46), (2.47), and (2.48), for the m.q.t. signals, it 
should be noted that the condition (2.19), involved in 
their derivation, restricts the range of variation of J 
and 6. In fact, the condition (2.19) is satisfied only if 
the inequality 


°/J>T (3.7) 


holds. Assuming that this relation is satisfied, one can 
substitute the values of the differences (3.4) and matrix 
elements (3.5) into expression (2.38) for K and (2.47) 
for the absorption signal. One then obtains 
16.Nhwy'J*5-*H *[9(a) —o0(b) Pas 
Sa= —_——_—_—_——¢~‘*', (3.8) 
P +P ae? +40 oT ao (¥H1) ‘S754 
This signal vanishes for /=0 as expected, since then 
the two spins behave as two independent systems. 

It follows from (3.4), for values of 5/J small compared 
to unity, but still consistent with the inequality (3.7), 
that a—e’>>a—e. Furthermore, | (a|J'| €)|>>(a|J"| €’)|, 
which implies that only the level € contributes appre- 
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TABLE I, The resonance frequencies and relative intensities of 
double quantum transitions involving simultaneous spin flips of 
the methyl and the methylene groups. 


Rela- Grouping 


ad tive of unre- 
Initial state Degen- inten- solved 
TA Ip Ma Ms Frequency* eracy sity lines 
3/2 1 —3/2 -1 (watwp)—-2J3+p 1 3 3) gu 
3/2 1 —3/2 0 (watwr)—}J+p 1 3 
we 8 —1/2 -1 (watwr)—4J+2p 1 7 9 ase 
1/2 1 --1/2 -1 (watwr)—-jJ—p 2 2 
3/2 1 1/2 -1 (watws)+iJ+p 1 3 
3/2 1 —1/2 0 (watwp)+4iJ+2p 1 4 9 as 
1/2 1 —1/2 0 (watwra)t+iJ—p 2 Z 
aya’ 1/2 0 1 3 3 a 





(watwp)+ iJ+p 





® p =J2/[4(we —wa) }. 


ciably to the quantity K in Eq. (3.8). Thus, the simplest 
possible system for double quantum transitions, con- 
sisting of essentially three levels only, is realized. This 
system was treated theoretically by Meiboom and 
Kaplan.’ It is to be noted, however, that 6 cannot be 
too small if the relation (3.7) is to remain valid. 

The quantity I’., in (3.9) can be evaluated, assuming 
a specific relaxation process. This was done for the case 
where the relaxation is due to a fluctuating magnetic 
field at the nuclear sites. This field is assumed to act 
incoherently on the two spins. The result of the cal- 
culation is 


Pes=4(1/Toe+1/Tx), (3.9) 


where 72, and 72, represent the transverse relaxation 
times of the two spins considered as independent of 
each other. Unlike the ordinary single-quantum tran- 
sitions in the same system, no contribution from the 
longitudinal relaxation times 7;, and 7, appears in 
the expression for the width of the double-quantum 
signal. 

b. Double-quantum transitions in impure ethyl alcohol. 

The observation of double quantum transitions in 
this molecule was reported by Kaplan and Meiboom.? 
In this case the ratio of J/6 reported by Arnold" is of 
the order of 0.1, so that to a good approximation the 
total spin wave function may be considered as a product 
to the individual spin functions of each of the chemi- 
cally identical groups in the molecule. The only clear 
multiple-quantum transitions that have been observed 
thus far are those involving simultaneous changes in 
the magnetic quantum numbers of the methyl and 
methylene groups. The frequencies associated with 
these transitions are calculated to the second order in 
J/6 from formulas given by Anderson.!* 


1 
w= a 1,mp)— E(ma+1, me+1) | 
h 


=}(watwr)t+3(mat+mpt1)J+[J2/4(we—wa) | 
X {ma —mg—[Ip(Ip+1)— (mp+1)?] 


= ea —[Ta(1a+1)—(ms+1)?]}}, 
18 W. Anderson, Phys. Rev. 102, 151 (1955). 


(3.10) 
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where J4, ma, and Jp, mz refer to the spin variables 
of the methyl and methylene groups, respectively, and 
where J=J4n. The frequencies of all possible transi- 
tions are given in Table I. Thus, eight different signals 
may appear. Actually, only four signals have been 
observed and these correspond to the four different 
frequencies in the first-order approximation designated 
by ai, a2, a3, and a, in Table I. The intensity ratio 
expected for the different transitions can be calculated 
with the help of expression (2.47) for the absorption 
component of the signals. This calculation is based on 
the assumption that the natural line-widths I, are 
equal for all the transitions in Table I. Expanding the 
expressions for the intensities in powers of the ratio J/6 
and neglecting powers higher than the first, one obtains 
the results in the last column of Table I for the relative 
intensities of the different lines. Actually, since the 
second-order contribution to the energy splitting is not 
resolved experimentally, the intensities of the observed 
four lines which are resolved should be compared with 
the calculated intensities of the lines with the same 
energy in first order. The calculated intensity ratios 
ave 1:3:3:1." 


4. Enhancement of the Double-Quantum Transitions by 
Audiomodulating the Amplitude of the rf Field 


It was mentioned previously that a possible method 
of enhancing a multiple-transition signal is based on the 
use of an appropriate multiple-frequency field. This is 
illustrated in the case of a double-quantum transition 
when the multifrequency field is generated by audio- 
modulating a monochromatic rf field. It is well known 
that an rf field with frequency w which is amplitude- 
modulated by an audio-frequency is equivalent to a 
superposition of three monochromatic fields with fre- 
quencies w and w+w,. This particular combination is 
found to be suitable for enhancing m.q.t. signals of the 
kind described in the preceding sections where the 
deviations of the energy intervals from a strictly 
equally-spaced Zeeman pattern are small, amounting to 
several hundred cycles per second at most. The inter- 
action energy of the radiation field with the spin system 
has the form 


E,=- (Dol 'e*'+ Do* 1 ge 8) 


— 2 coswol (D,/'e'*'+ D,*J—e—**), (4.1) 
or, in a shorter notation, 
A= a (Det otHoa) (14+. D *e i(wtHwg) tT 1) (4.2) 
u=—1,0,1 
where 
D, = D_,*= 37H, exp(i¢,), (4.3) 


and Hye*+'*: and Hoe‘* are the complex amplitudes of 
the rf fields with frequencies ww, and w, respectively. 

19 This result is different from that obtained by Meiboom and 
Kaplan? on a basis of counting the possible three level combina- 
tions giving rise to a specific double-quantum line. Their result 
is 1:4:4:1 for the same ratios. 
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Using the properties of 7+! described in Eq. (1.18), 
one can transform £; into a rotating frame by applying 
the transformation 


So=exp(—iwl"t). (4.4) 
This leads to 
E\s=Sok1So"! 
ae sits 3 (D,e#*r' 1+ D, e~ Heat ]—1) (4.5) 


u=0,+1 


Unlike the case of a single rf frequency, the rf field in 
the present case has components that are time depend- 
ent even in the rotating frame. Consequently, the sta- 
tionary solutions of the Boltzmann equations in the 
rotating frame contains non-negligible time-dependent 
constituents. Anticipating the form of this dependence, 
we assume that the part of the density matrix x, 
defined in Eq. (1.24) has the following form. 


Pp 
X=F YX, Pe tmnt, (4.6) 


> ~~ 
Thus, each of the X? defined in (2.1) is split into 2u+1 
components x,"e'#*s!, The meaning of the index p 
implied in the definition (2.1) is retained, and the range 
of variation of the running index np (p2u2-—p) is 
related to the maximum number of quanta of frequency 
ww, or w that can be associated with a p-multiple 
quantum transition. 
From the Hermiticity of x one infers that 


(4.7) 


| ee . / — 9 | 
(e|X,?| € | *=(e'|X_,-? | €). 


Following the procedure involved in the derivation of 
Eq. (2.9), with Fy 5 of (4.5), and x of (4.6) and replacing 
the corresponding quantities defined in Eqs. (1.13) and 
(2.1), respectively, one arrives at 


(uwate—e’) (€|X,”| €’) 
—>{D,-(€| [4%] &) 
—D,_.*(€| [7-4 X,?* | +(e PT (xy?) |) 
=[D,(e|Z'| e’)—D_,*(e| J“ | e’) 


X[oo(€’)—ao(e) ]. (4.8) 


The resonance character of a matrix element (€|X,”| €’) 
is determined by the vanishing of (uw.+e—e’). Follow- 
ing relation (2.14), this can be expressed in terms of the 
applied frequency w and the corresponding energy 
levels €o and €y’ in the nonrotating frame by the relation 


[wat e— €’ = pw t €o— €0 + (m— me )w=0. (4.9) 
Hence, for any two energy levels ¢ and ¢’ with m.—m, 
= px0 there exist 2p+1 different resonance frequen- 
cies w, determined by the 2p+1 values of u. 
Physically, the various resonance frequencies are 
related to the different possible combinations of p 
quanta with frequencies w and w+tw,, where the sum of 
frequencies is equal to ¢€)’—e. Although an rf field of 
the form (4.1) can be used to enhance any m-multiple 
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transition, it does not represent the best choice of 
multifrequency field for n>2. We therefore illustrate 
the method of enhancing in the case of double quantum 
transition for which the radiation field defined in (4.2), 
is particularly effective. 


Solution of the Boltzmann Equations for Double 
Quantum Transitions 


Let us specify again a—b as the resonance interval 
with m,=m, and m,=m+2. Condition (4.9) for the 
resonance assumes the form: 


MW@at 2w+ (ao— bo) =(), 


where dy and do are again the energy levels correspond- 
ing to a and d in the nonrotating frame. yw in Eq. (4.10) 
can assume the values +2, +1, and 0. The values —2 
and 2 are not interesting, since they represent absorp- 
tions of two egual quanta with frequencies w—w, and 
w+w,., respectively, and the expressions for the signals 
involve only the amplitude of the specific frequency 
which is being absorbed. Such transitions have already 
been treated in the preceding sections and have nothing 
to do with the enhancement technique. In each of the 
other three possibilities, a simultaneous absorption of 
two unequal quanta takes place. Let us consider the 
case of 1=0; a similar treatment applies to the cases 
of w= +1. 

Following the assumption (2.19) for the single-fre- 
quency multiple transitions, it is also assumed here 
that any pair of values ¢ and ¢’, of which at least one 
is different from a or 8, satisfy the inequality 


(4.10) 


(uwate—e’)|>>|T} (4.11) 


for any value of |u|<|m—m,|. The Boltzmann 


Dy" (w+ mia) (e| P(e 


$=—ihNy > > — 1 ) [ou(¢)—eu(e}+—— 


bwate—e’ 


“ ee’ 


+2 is ren) 


where A has now the form 


: 2| 9, |*(a| 
- 7 >~— 


u=0,1 «€ 


€)(e| T'| b)(e—d) 


(e—b)?— (uw,)? 


The absorption components of this signal can be 


divided into three parts 


Sa=$_1+804+81, 
where 
(a p) 
S => 2D;(w—wa) 
‘ (e—b)?—w,? 


e)(€|7'| b)(e—d) 
-R 


Kem tlw-wa)t (4.19) 


2(wt mwa) ( e—b)(a\ TI! ){ e| I" | b)[00(b) —a0(a) JK*(0—1iT as) 


2— (wa) 


YATSIV 


equations (4.8) for this specific case assume the form 


(uwate—e’)(€|X,3| €’)— Dy(e|[T,%o?]]e)=0, (4.12) 


1 
(0’—iT ap) (a| Xo?|b)— D> { D,(a| L",X_,"]| b) 


1 
+9,*(a|[7-X,*]|)} =0, 

(warat+e—e’) (€|X,'| €’) 
€') 0 (€) — x") +a0(€’)—o(€) ] 
— D_.*(e|[7xe?]| €) =0, 

E [V(e")—V() Wen 
=Im{, D,*(€|[7-X,']| ©) 


Here, the same notation has been used as in Eqs. (2.21) 

o (2.30). The solution of these equations is carried 
out in Appendix III. To obtain the expression for the 
signal from this solution, one first has to substitute Eq. 
(4.6) into Eq. (2.8). This leads to 


(4.13) 


— D,(e| 7'| 
(4.14) 


(4.15) 


d 
S=—Nhy— x Tr(/'x (4.16) 


dt p=—l 


Xo )em i(w—uwa ey . 


But, according to the relations (4.7) 


Tr(X,) =D (el I" |e’) (| X,-| €) 


=> (e|J"| €’) (e|X_,!| €’)*. (4.17) 


Substituting for the matrix elements (e!X_,'|’) 
their value derived from Eq. (4.14) and using the 


results of Eqs. (6) and (8) of Appendix ITI, one arrives at 


Te | K|7I 





‘abl. o0(b) —a0(a) ] 
?4+lTatl 


ab | 





eo eotwee)t (4.18) 
[62 +T ab 2-1 abl ab| K | |?) 


(a| IT| e)( eT'| 5) 
> 2D0— 


e—b 
(a| 7° ie) (¢| I" |b) (¢ e—b 
: - - DR 


So= Re-i#t, (4.20) 


$:=>- 2D_1(wt+wa) 


_ Leola) — dol (b) JK*T ab 


@ +I ab 247 wTo|K|? 


It is interesting to note that each of the three signals 
depends on the amplitude of the fields in the other two 
frequencies. In each of the expressions for $_1, So, and 
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8, there are terms with a denominator (e—b)?—w,?. The 
increase in the magnitude of these terms as the fre- 
quency w, approaches the interval e—0d explains the 
principle of the enhancement method. In fact, following 
the arguments involved in the derivation of expression 
(2.55) for the maximum of the multiple transition 
signals, it can be shown that the maximum value of the 
signals $_, and 8; increases as | ¢—b—w,|~', which plays 
the role of A~! in the double quantum signals described 
in Eq. (2.55). Evidently, the derivation of the ex- 
pression (4.19), (4.20), and (4.21) was based on the 
assumption (4.11) which does not permit the difference 
|e—b—pw,a| to become too small. This restriction 
implies more than a mere computational convenience, 
since in the excluded region of |«—b—yw,| ~T' single- 
quantum transitions induced by the frequencies w+wa, 
would become more important and thus complicate the 
interpretation of the observed results. Unfortunately, 
it can be shown that the contribution of the pure 
double quantum transition to the signal, considered as 
a function of the modulation frequency w, does not 
attain any extremum for values of w, satisfying the 
condition |«—b—w,| >I. This contribution is the part 
of the signal that is proportional to the third power of 
the rf field amplitude for low amplitudes. Conse- 
quently, it is advisable in performing the enhancement 
process, to confirm at certain stages whether the signal 
still possesses the main features of a double-quantum 
transition. The behavior of the signals when the side- 
band frequencies ww, coincides with the resonance 
frequencies of some single-quantum transitions will be 
treated in a forthcoming paper. 
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APPENDIX I 


Referring to Eq. (2.53) and (2.3) in III, the quan- 
tities in (1.9) are defined as 


G_? t= $§G?2S-, (1) 
where S satisfies 
dS /dt=iSE. (2) 
The operator G is a function of the operators J,°, 7,*! 
and can be decomposed into 


G=>.G, (3) 


where each of the G’ has nonvanishing matrix elements 
(e|G"|e’) only between spin states with m—m’=7, m 
being the eigenvalue of /°. The transformation § 
imposed on G_?” a time variation with frequencies 


1535 


which are mainly determined by the dominant part 
—wIl® in E. Consequently, it is convenient to assume 
that 

S = 51S0, (4) 


So=exp(— tlt), (S) 


where S; is a relatively slowly varying operator. This 
may be verified by substituting the expression for S 
in (4) and (5) into Eq. (2), with the result 


dS; 
( =a isl) exp(—il"wt)=iS,E exp(—il’wl). (6) 
t 


Multiplying on the right by So! and noting that Fo 
commutes with /°, one arrives at 
dS; ‘dt= 1S ;[wl°+ Fot Sok So '}. (7) 
It can further be shown that 
Sol*!So7 = er toe (8) 
by taking the time derivative of the left-hand side and 
using the commutation relations [/°,J*! ]=+J+'. Equa- 
tion (7) can thus be rewritten in a form 
dS; d= 1S,Eo, (9) 
with 


Es=D, Ad 0+De(Iy-1)-—D'+I-). (10) 


Considering now that (J,D,A,)<w, it is seen that (11) 


Let now 


S:G°S;'=>) Gy’ exp(tw,rt), (13) 


where the operators G,’ are time independent. This 


leads to 
(14) 


(15) 


SGS=>,.. Gy" exp[i(— rwtwn)t], 
wWr<K (w,B,w*), 
from (11) and Eq. (2.41) in ITI. 

By characterizing any of the indices p or g with a 
double-symbol (7,A), the frequencies wy, of Eq. (1.9) 
appear in the form 
(16) 


Wp=W,,,4= —TWTWAr,; 

SGS7=> , e*'GP=D,,.G)" expli(—rwtwr)t]. (17) 
Introducing this expression into (1.9) and neglecting 
all high-frequency terms in conformity with the 
assumption | /o| >>I’, one arrives at 
T(o)=9 Dy expli(wnto_s,)t 

X [e®* {Gy ToG,- TY—-T9— gf Gy "G, r Tw 

+ €8{G,_"0G,_ “ —Tw {Gy "G, + Tg |, 
In the last expression the quantity Bw,,, which according 
to (15) is small compared with Bw, has been neglected 
and the approximation 

{G_’0G,—"} —TW mw {Gy "0G, - ‘ Twtwrr 


is based on Eq. (2.46) of III and on the relation (15). 


(18) 
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But 

da exp(iwnt)Gy_? = S-1S;G"S 1S =e'"*'G’, 
and similarly 

>. exp(tw_,t)G,--" = So"G-"*So=€- *'G. 
Consequently, 
I'(c) =x >,[ 2e8*{GeG-"}- 

—o{G’G"}-*—{G’G"}-*a }. (19) 

With this simplified form, it is convenient to apply the 
transformation Sp=exp(—il°wt) to Eq. (1.2). Making 
use of the fact that 


SoG’So a sS0G" So! =GasG~’, (20) 


which results from relations (12), one obtains 


dos/dt+il Es,os |=m >[ 2e°*{GasG"}-* 


—as{G'G-"}-"*— (@G-"}-*es]=T (os) (21) 


in agreement with Eqs. (1.9) and (1.14) of the text. 


APPENDIX II 
A. Proof of Equations (2.35) 


The relation (2.35) is true for p=1, as is evident by 
comparison with Eq. (2.23) for p=n—1. 

Assuming that Eqs. (2.35) are true for all matrix 
elements of x”~”*!, one can show that they hold also for 
the matrix elements of x"~?. 


D(e|[7',x"-?*]| €’) 
(elx" | e)= - — —-D? > 


e—e a---a-t  (e—b)(e.—8)---(@—8)(641—8)- - - (€p-s—8)(e'—8) 


YATSIV 


Consider the relation 


D 
(e|x*-?| )=—— (el x" Je) 
e€ 


4 


fccomnfat [I-,x"-?+1]|’), 


¢~€ 
which hold for n— p> 1. 


Introducing for the matrix elements of x"~?*! their 
value given by Eq. (2.35), one finds 


(e|x”-?| €’) 


D / 
(e|L7.x"?*](e) 


U 


: (e|I-|e)--- 
e—e' €1 ++ *€y€ytl- + -tp 
X (€,| 1 | a)(a|x"|b) (|| e1)- ++ 
1 


(€:—b)- + + (€p -2—b)(e’—d) 


1 
(<—b)(e—0): ee 


In arriving at this result, the fact that a~0d has been 
used, and corrections of the order of magnitude of 
| D/A}? have been neglected. Combining the two terms 
in the square brackets, one obtains 


(€| Z| e:)- ++ (e| Z| a) (a| x" |b) (b| Z| €4.1) ++ + (€p-2| Z| €’) 
—— ——— ———— - =0 


This proves Eq. (2.35) for n—p>1. The additional term on the right-hand side in the case of n—p=1 is a con- 
sequence of the specific form of Eq. (2.24) for the matrix elements of x'. 


B. Proof of Equation (2.34) 


A similar procedure of mathematical induction leads to the proof of relation (2.34). 
It can be easily verified that the equation is true for the case of p=1. Assuming that the relation (2.34) holds 
for a certain value p= p’—1, we show that it holds also for p= p’. Indeed, replacing in Eq. (2.34), p by p—1 and 


with n—p+1>1, one has 
? 


(@—1I' 44) (a ” b)= D? S bacepy1d >. 


v=] €l-++-+€p 


x 


(e1| I") €2)+ ++ Cea] "| 6) (€] x"? | ev41) (Grp | Z| p2) + + + (€p|Z"| ents) 


(Byte, 


The quantity (¢,|x"~?*"|€,41) can be replaced, according to the preceding section by 


[D/(€— €4.1) }(e| [14x P || €41) +A (a|x"| 5), 


where A is of the order of magnitude of (D/A)?~'. Substituting this expression in (1) one can see that the term 
A(a|x"|6) introduces a frequency shift which for p=1 was already incorporated in @ and for higher values of p 
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is negligibly small. Omitting this term and expressing (e,|[J',x”"~?_]| 41) explicitly, one obtains 


pt+l 
(0-10 a») (a|x"|b) = DPt! z baeep42b i 
v=l 


€1+ + -€pt2 


= (ea|Z"| )L (6 |Z" | 41) (€41|x"-? | €r42) 


2) oan 


fede ena 
The right-hand side can also be written in the form: 


(e,|I"| €2)-- 


p+l 
onl > 6ae 16 p+2b Zz, 
(€2—5)-- 


v=2 €1° + -€pt2 


*(6.1—- 


(alT]e)-: 


Cea] "| 6) (|x? | evta) (Coa | T*| eo) * 


b) (€4. i—))- 


*(e- 1|T"| 6) (6 |x" ? | éo.1) (Era | | er+2) 


— (|x? | €n41) (€r¢1| Z| €42) J 


*(ep4a| I" | €p+2) 


X (€42 lp | es a) 


a(agieté 


(é41| I! | €+2) 


‘ena ® 





ptl 
—_ i Saebepi 2b is 


v= €l*+ -€pt+2 


which if combined leads to 


¢—— 41) 


a: 


€1* + -€pt2 


(ex |Z" | €2)-+ 
x 


p+l 
(6—iT as) (a|x"|b)— pti a baedepy2b 
v=l 


‘(¢1|T'| 6) (e|x ls P| vs) (evga Z" | e42) °° 


“(pa T" ae) 


Se a Ee 


+ (p41 is | Ept2) 





with the asserted form of Eq. (2.34) for n>1. 


(€2—6)-- * (€p41— 8) 


APPENDIX III 


In order to solve Eqs. (4.12) and (4.15) one eliminates first the matrix elements of X,° and X,' between Eqs. 


(4.12), (4.14) and (4.13). Equation (4.13) becomes 


(8—1T as) (a| Xo?| 6) — Kx (6) —x(a)+00(b) —o0(a) ]=0, 


with 


20,D,*L| (a +I] 6) |? | (| P4771) [7] 





g=- E 


¢ p=0,1 


iad Oe ee 


u=0,1 € 


The second term on the right-hand side of Eq. (2) 
describes a frequency shift. It is assumed that this 
shift is always small compared to the line width Ia. 
In deriving expressions (2) and (3), the relation (4.3) 
has been used. 

Elimination of the matrix elements of X,' between 
(4.14) and (4.15) leads to . 


Le LV (e")—Vi(e) // Ree = 


where J stands for 


— lba= T6., (4) 


1=Im{K*(a|X.?|d)}. (5) 


2| D, | 2(a|T"|6)( e|I'|6 


’ 


(eb) (ware)? 


sith 


(€—b)?— (WwW)? 


Again, we assume that Eqs. (4.15) have a solution 
X(€’)—X(€)= Ten l= Te, Im{ K*(a| Xo"| 5) }. 
Substituting this result in Eq. (1) leads to 
(O— Tas) (a| Xo? | B) 
+K[Ta Im{ K*(a|x"|b)}+00(a)—o0(b) ]=0, 


and its solution is 


a0(b)—o0(a) JK 0-+iT a) 


(a|Xo?|b)=— 
6? Pee +P ay i | K |? | 


i 


This result is used in Eq. (4.18) of the text. 
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A generalized treatment of a three-level maser as an example of double-irradiation experiments is based 
on a previous analysis of multiple-quantum transitions in nuclear magnetic resonance. The emphasis in the 
present treatment, as distinct from other expositions of the same problem, is on the role of the double- 
quantum transitions. In particular, conditions are found in which the maser operation is mainly governed 
by the double-quantum process and does not require a true “pumping” stage. Such a case is realizable in 
practice but its technical applicability is questionable. A study of the behavior of various transitions in this 
example is instructive for understanding the general role of the double-quantum transitions in double- 


resonance experiments. 


EVERAL workers'? have observed that Bloem- 

bergen’s original theory*® of the three-level maser 
requires a generalization to include the effects of 
double-quantum transitions. Such transitions involving 
simultaneous double-quantum jumps are frequently 
encountered when a quantum-mechanical system is 
subject to two different radiation fields. In these cases 
double-quantum processes are superposed on the ordi- 
nary single-quantum transitions and should, therefore, 
modify the expressions for the transition probabilities 
obtained with the assumption of pure single-quantum 
processes. This generalization was elegantly discussed 
by Javan,' who calculated the time dependence of the 
state amplitudes under the combined influence of the 
radiation fields and a collision-type relaxation process. 
His method gives better physical insight than the more 
compact but essentially equivalent density matrix 
formulation. On the other hand, his model for the re- 
laxation processes is not sufficiently refined to treat a 
general multilevel system involving several independent 
relaxation parameters. 

The present note, being the outcome of an inde- 
pendent formulation, is concerned with the role of 
double-quantum transitions in double-irradiation ex- 
periments. In the analysis, the special case of the three- 
level maser will be used as an example. Particular 
attention is paid to physical conditions that make the 
double-quantum process relatively more important than 
the single-quantum transition. In the following dis- 
cussion we assume that a quantum-mechanical system 
with discrete energy levels interacts simultaneously 
with two radiation fields of widely different frequencies. 
The two radiation fields are capable of inducing ordi- 
nary single-quantum transitions in two different energy 
intervals. A double-quantum process can take place 
only if these intervals have a common energy level, so 
that only three levels are considered. Since the interest- 
ing results as regards the relative importance of single- 

* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t On leave from the Hebrew University of Jerusalem, Israel. 

1 A. Javan, Phys. Rev. 107, 1579 (1957). 

2 A. M. Clogston, J. Phys. Chem. Solids 4, 271 (1958); P. W. 


Anderson, J. Appl. Phys. 28, 1049 (1957). 
5 N. Bloembergen, Phys. Rev. 104, 324 (1956). 


and double-quantum transitions are indepenent of the 
nature of the system or of its interaction with the 
radiation fields, any operator related to these properties 
is kept in as general form as possible. Henceforth, the 
quantum-mechanical system will be referred to as “‘the 
system.” It is in contact with a “thermal bath” which 
is responsible for the relaxation processes in the various 
intervals. The interaction energy /G of the system with 
the thermal bath is considered as a perturbation on the 
eigenstates of the energy operators HE of the system 
and AF of the thermal bath. However, since the energy 
spectrum of the thermal bath is practically continuous, 
it is necessary to have recourse to Dirac’s perturbation 
theory in following the time development of the dis- 
tribution matrix o of the system. This was done by 
Bloch and Wangness‘ in formulating a general theory 
of relaxation. Their methods and notation are followed 
in the present work which is also closely related to a 
previous analysis® of multiple-quantum transitions in 
nuclear magnetic resonance. 

Let the energies of the three levels, expressed in 
units of angular frequency, be a, 6, and c, where a>b>c 
and a—b#b—c (Fig. 1), In the ordinary operation of 
a three-level maser the transition c—a is saturated with 
radiation of frequency w;~a—c. This saturation may 
lead to inversion of the population difference in one of 
the subintervals a—b or b—c. Let us arbitrarily assume 
that this inversion takes place in the latter interval so 
that the population of the level 4 is higher than that 
of c. Applying a second radiation field with frequency 
w2~6b—c will induce stimulated emission in this in- 
terval. The system serves primarily as a frequency 
converter: it absorbs radiation energy at one frequency 
and releases part of it as an induced emission at a lower 
frequency. Emission can also be induced by a different 
mechanism which is of a double-quantum nature. For 
instance, a transition from b to a occurs when a quan- 
tum with frequency w, is absorbed and a quantum with 
frequency w» is simultaneously emitted. This is accom- 
panied by the inverse process which is weighted down 

4R. K. Wangness and F. Bloch, Phys. Rev. 89, 728 (1953); 
F. Bloch, Phys. Rev. 102, 104 (1956); F. Bloch, Phys. Rev. 105, 
1205 (1957). Hereafter referred to as I, II, and III, respectively. 

5S. Yatsiv, preceding paper [Phys. Rev. 113, 1522 (1959) ]. 
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Pm Fic. 1. Diagram of 3-level 
system. 








by the population ratio of the levels 6 and a so that a 
net absorption takes place at the frequency w; and a 
net emission at we. It should be noted that in the double- 
quantum process the population of the level ¢ does not 
change through a direct interaction with the radiation 
field. It will be shown further that the emission accom- 
panying the pure double-quantum process is possible in 
either of the two subintervals a—b or b—c, in contra- 
distinction to the situation in the ordinary operation 
of a maser. 

In the following formulation the two radiation fields 
have frequencies w;~a—c and w.~b—c. This is neces- 
sary to obtain continuous induced emission at the 
frequency w2. However, the general results, and in 
particular the results for conditions where the double- 
quantum process predominates, apply with only formal 
modification to the case where two radiations induce 
transitions in any two of the intervals a—b, b—c, a—c. 
The equations determining the distribution matrix o 
are based upon the treatment presented in Secs. 1 and 
2 of II. The notation used there will be followed in the 
present treatment, with g and g’ denoting any two of 
the nondegenerate energy levels a, 6 and c. 

Following Eqs. (2.47) and (2.48) in II, the distribu- 
tion matrix can be written in the form 


o=a0tx, (1) 
where ao, given by 


(B=h/kT;5=[Lie**}") = (2) 


is the solution in the absence of radiation fields, and x 
satisfies the equation 


oo= fe % 04, 


d 
7 exis reel [Eot+ Fi, x]}/g’) 


+i(g|LE1,00]|g’)—(g|P x) {g’)=0, (3) 
with 


(g| I(x) |g’) as D pL 2e"*T 4? (g+p | Xx | g +P) 
— (Tog? +T 9'9’”) (g| x | g) 1, (4) 


derived from Eq. (2.44) of II. In the present case, hEo 
is the energy of the system in the absence of radiation 
and has the eigenvalues ha, hb and he. hE, is the inter- 
action energy of the system with the radiation fields 


DOUBLE-QUANTUM TRANSITIONS 


IN MASERS 


and has the form 
E, _ Dye*'!'+-Dy*e - iwitt D)ogiwatt J).*e— twat, (5) 


D, and Dz, are time-independent operators otherwise 
unspecified, whose form depends on the nature of the 
interaction. The term (g|I"(x)|g’) in (4) represents the 
interaction of the system with the thermal bath, leading 
to the relaxation processes. The coefficients gg’? are 
defined in Eq. (2.45) of II. 

The conditions upon which Eq. (3) is based are given 
in (2.33) of II and can be rewritten in the form 


( | D, | ) | D,| 51/T},1/ T2)K (wi,w2,w*, 1/8), (6) 


where 7, and T; represent orders of magnitude of quan- 
tities with properties of “longitudinal” and “trans- 
versal’’ relaxation times,® related to the various intervals 
on hand. The characteristic frequency w* is defined and 
discussed in Sec. 3 of I. For systems embedded in a 
solid matrix, it indicates the frequency where the 
phonon spectrum attains its maximum. Assuming that 
this spectrum has a Debye distribution and for tem- 
peratures well below the Debye temperature of the 
matrix material, one finds approximately w~3kT/h 
4X10" T rad/sec which satisfies the inequality (6) 
for all practical purposes. 

The specific condition for which we wish to solve 
Eq. (3) require as additional assumptions that the 
matrix elements (c|D,|a)=(a|D,*\c)* and (c|De|d) 
= (b| D.*|c)* are different from zero, and that the fre- 
quencies w2 and we are sufficiently close to their re- 
spective resonances so that the condition 


({w:— (a—c)|, |we— (b—c) | KK (wi,w2) (7) 


is satisfied. 

A quantity which is relevant to maser operation is 
the time-average power exchange between the system 
and the radiation field. A convenient expression for 


this power is 
t 


1 ' 
P=Nh lim - f (E)dt. (8) 
si: t 0 


In other words, the power exchange with a sample con- 
taining N individual systems is equal to the time aver- 
age of the statistical expectation value, (), of the 
operator HE,. A proof of the validity of the definitation 
(8) is due to Halbach and is presented in Appendix I. 
With the explicit form (5) for £,, Eq. (8) becomes 


t 


1 
P=Nh lim f {iws({D,)e'!#— (D,* )e~"*) 
ta t 0 


+ itos((Ds)ei*"— (Da*)e-i#2!) dt 


2 t 
= — Nh lim- f Im{w1(D,)e!*+-wo(De)e—**2"}dt. (9) 
eed A 


The only nonvanishing contribution to (9) arises 


~ 6F. Bloch, Phys. Rev. 70, 460 (1946). 
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from the part (D,)-«, of (D,) that varies as e~**"', and 
the part (D2)-w2 of (D.) that varies as e~‘“*. Since D, 
and Dy» are independent of one another, the expressions 
for the power exchange at the two frequencies are 


Po =— 2Nhw, Im[ (D,;) —wye'*1"], 


- (10) 
Pwo= ma 2Nhwe2 Im[ (D2 ) —woe #2" |, 


To facilitate the solution of Eq. (3), it is convenient 
to expand x in the form 


X= > X nyo +nqwoe! (Miertnswe)t (11) 


ni,n2 


with coefficients Xnjo:+n2w2 that are independent of the 
time. The periodic form of (11) implies that transient 
solutions are disregarded. Since x is Hermitian, the 
coefficients in (11) satisfy the relation 


(12) 


As a result of conditions (7), only a few of the matrix- 
elements of Eq. (3) need be considered. All the others 
can be neglected in a way similar to that involved in 
the derivation of Eqs. (3.7), (3.11)—(3.13) in IL. Sub- 
stituting expression (11) for x into Eq. (3) leads to a 
set of relations between the matrix elements of Xnjw; +now. 
Each of these relations consists of mutually independent 
constituents, characterized by their specific time de- 
pendences. As a result, every relation can be split into 
separate smaller equations relating only components 
with the same time dependence. Conditions (6) and (7) 
then ensure that the matrix elements (g|Xnjo1+n2w2! g’) 
approximately satisfying the resonance condition 


Xnyw} +n2w2 >= X* nyo —nQw?. 


g’ — g=nyw) t+ Nw, (13) 


are considerably larger than any of the others. Neglect- 
ing matrix elements that do not satisfy Eq. (13), one 
arrives at the following equations and their complex 
conjugate for the ‘“‘resonance”’ matrix elements: 


(we—wy+a—b—il gs) (a Xwe—w] b) 
+(a D,* C)(c Xwe b)—(a|X-« C)le D» 6)=0, (14) 
(—w)+a—c—ilg-)(a|X -—w;!c) 
— (a Xwe—w} b)(b D.* Cc) 
+(a D,* c)[x(c) —x (a) +e0(c) —a0(a) ]=0, 


(wo+c—b—il' -s) (¢ Xwe b)+(c D, a)(a Xw2—w} b) 
+ (| Dz|b)[x(b) —x (©) +-40(b) —o0(c) ]=0, 


d Le*?x(g+p)—x(g) Poo” 
= Im(g| [x ~w1,D; |+[Xw2,D2* | | g); 


(15) 


(16) 


(17) 
with 
(18) 


oo(g)=fe-**,  x(g)=(g| xo g)- 


Equations (17) relate the dynamic equilibrium popu- 
lation changes of the various levels under the combined 
influence of the radiation fields and the relaxation 
processes. 
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Introducing the notation 


(c| D,| a) (a|X -«;|c)=Rey+ith, 
(b| Do*|c)(c|Xw2|b)=Reetils, (19) 
leads to the following explicit form of Eq. (16): 
Lole?x(at+p)—x(a) Pae?=1h, 
LD vLe*?x (b+ p) —x(6) Pn? = — 12, 
DL aLe*?x (c+ p)—x(c) Pee? = —L+I2. 


A further condition, TrX=0, arises from the nor- 
malizing condition Tre=1 and the definition (1). The 
number of relations imposed by Eqs. (20)-(22) and by 
Trx=0 is not overabundant since the three equations 
are independent as seen from the relation 


D vole”? (g+p) —x(g) IP o9?= 0, 


which holds for any set of values x(g), in virtue of the 
relation 


(20) 
(21) 
(22) 


(23) 


(24) 


al - —B a] _ 
Pg9?=e Tot p,o+p a“ 


The latter relation is given in Eq. (2.46) of II for 
g=g’. It expresses the fact that the probability ratio 
for the system to gain or lose an energy quantum hp 
through relaxation processes is given by e~°?. The fre- 
quencies I’,,”, defined in Eq. (2.45) of II, are positive 
since the operator G is Hermitian. In most practical 
applications the inequality 6p<1 is amply satisfied so 
that Eqs. (20)—(23) can be rewritten in an approximate 
form where e* *” is replaced by unity. It should be noted, 
however, that this approximation is justifiable only for 
determining the small deviations x(g) from the equi- 
librium distribution oo(g). If used for determining the 
quantities oo(g) themselves, it would have led to an un- 
realistic uniform population distribution, to begin with. 
Introducing accordingly the notation 


Va’ el b=] R;, 


Teel =D p= 1 Ro, 


Dea” °=T ,." ‘=1 Ri, 
(25) 


and considering Eqs. (20)—(22) as representing relations 
in a circuit diagram, with the potentials x(g), the cur- 
rents J;, and the resistances R; (Fig. 2), one arrives at 
the following solution for the voltages x(a)—x(c) and 
x(c)—x (0): 

(26) 


(27) 


x(@)—x(c)=Tle— Tachi, 
x(c)—x(b)=Thh—T le. 

The quantities 
Ri(R2+R3) 


 RitRe+Rs 


R2(Ri+R;) 


ch . se 
Ri+R.+R; 


R,R> 
Peon, OD 
Rit Rot R; 


are positive and have the dimensions of time as follows 
from the definitions (25). 
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Being particularly concerned with the relative im- 
portance of the single- versus double-quantum transition 
probability, we shall assume that the resonance condi- 
tion for the double-quantum process is satisfied at all 
times. This is expressed by 


6—)+4in— (29) 


which, together with the identity w2—w:+a—6b 
= (we+c—b)+(—wi+a—c), leads to 


— (we+c—b)= (30) 


The quantity 6 measures the frequency deviations of w; 
and w from their respective single-quantum resonance 
values. With these notations and results the solution of 
Eqs. (14)-(17) is carried out in Appendix IT. 
Expressions (10) for the power exchange at the two 
frequencies w; and we can be considerably modified by 
using definitions (1), (11), and (19), and the properties 
of oo and Xnywi+n2w2 Prev iously_ described. This leads to 


w,=0, 


—wita-—c= 


2Nhw,| dy; | eu(e)—on (a)+- 


Pa=— 


Pit [de] P+ |di|*2 a+ 06" (EP + |i |) ——— 


21s |ds|*{0(0)— ao(b)+ 


Poo=— ORE Cer SCE Pewee 


Pot | d,/°P 


where d,=(c|D,\a), d2=(6 D2\c) and w=(IT,D, 
+1 ,|d;|?+T2| d|?)—, with P=P an, M1 =Ta-eand F2=T es. 
The expression in curly brackets in the numerator of 
both equations represents effective population differ- 
ences between the corresponding energy intervals. The 
deviation of these differences from the Boltzmann 
population distribution is due to the presence of the 
second radiation field. When d.=0 in (33) and d,=0 
in (34), both expressions reduce to the ordinary power 
absorption at the respective intervals. 


DISCUSSION 


We shall examine Eq. (34) for the power exchange at 
the lower frequency we. At this frequency the quantum- 
mechanical system can emit induced radiation under 
favorable circumstances. However, most of the results 
are equally applicable to the expression (34) for the 


2Nhws| de|? 


ao(c)— 


I's+ | d,|20—!+ | d2|?74— 


i + | ds TT + | (a 
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Fic. 2. Equivalent circuit dia- 
gram for Bp<1. 





\ 


)(a|X-w1|c) ] 
= —2Nhw,)h, (31) 
Puy= —2N hee Im[(c| Do|b)(b|X—ws| c)] 
= 2Nhwel >. 


Po\= —2Nhw Im[_(c| D,|a 


(32) 


With the values of 7; and J, derived in Appendix II, 
these expressions take the form 


| d»|' *Lao(b) — oo o) IK T+I- 1+-w6?) | 


“Tet [dil "T+ [ds PTs tub I+ |d; iy} 


[did |* (T+T--062)? 

I+ |de|*7a+w6*(IT + | do|*) 
)\(T+T1+-w6?) 

T+ we?(TT s+ | ia, *)] 

[did |(T+0- 1+ w62)? 


Tactw?? (rr. +i | d;|*) 


’ 


T+ |d;\? 


1|*Loo(a )—aol 


He [del *Peatw6* IT s+ | da?) 


P+ | d@2|*r-+ | d,|? 


power exchange Pw). The quantity 6 defined in (30) is 
a convenient parameter in discussing the relative con- 
tributions of single- and double-quantum transitions to 
the power exchange. For that purpose we consider 
separately two ranges of values for 8. 


A. 6 Comparable to or Smaller than the 
Natural Line Widths 


6< (PT;,T2). (35) 


In this region the quantity wé in (34) satisfies the 
relation 


wPS1/|T (36) 


where |I"| represents the order of magnitude of the 
quantities I’, 1), and T's. Consequently, it is not difficult 
to show that the expression (34) for @=0 is not appreci- 
ably different from its value for 640. In the latter case 
Eq. (34) becomes 


|d,|? Lola) —oo(c) \(T —1+T) 
Pit [deh “I+ |d)|? RAP 
- [dds +7)" 


+ |d2|?I- 4 | 'd; |? 


o(b)+— 
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This formula describes the power exchange when all 
three possible transitions, i.e., the single-quantum c—), 
c—a, and the double-quantum transition b—a are on 
resonance, If further the radiation of frequency w; is 
strong enough to saturate the transition c—a, one en- 
counters the conditions under which Bloembergen’s 
proposed maser® operates. However, the present results 
are different from those of Bloembergen in that they 
contain also contributions of a pure double-quantum 
nature represented by the terms containing I’. It is 
true that in solids one generally finds |7|> |r|, 
where |7| and |I| stand for the orders of magnitude of 
(Tac,T co,T) and (I',,%2), respectively. In that case 
saturation is reached with values of d; and d» consider- 
ably smaller than ||. With such small values of d; 
and dz one can neglect the terms containing I in 
(35) so that 


2Nhw»| d2|?{00(c) —o0(b)—[ao(c)—o0(a) ]TT ac} 


Poe -— 
s+ | do (T a— T*T.,") 
(38) 


This expression is seen to be equivalent to Eq. (4) in 
Bloembergen’s article*® by taking account of the dif- 
ferent notation. The quantities w,; employed in Eq. (1) 
of his article are equal to the quantities R;,2,;~' in the 
approximation 6p<1 used in both treatments. In this 
approximation the following relations are found to hold: 


Ry TaeTa—T? 


The denominators are all positive definite as is evident 
from the definitions (28). 

Equation (38) represents a genuine absorption proc- 
ess as long as the numerator is positive. But, when the 
relation 


[ ao(c)—o0(a) |T> [oo(c) —o0(b) |T ae 


is satisfied, the effective population difference of the 
levels c and 6 is opposite in sign to the usual Boltzmann 
population difference and an induced emission takes 
place. In that case, Eq. (39) gives the power emitted 
at the frequency w2. For large values of | d.|*, this power 
attains a maximum 


(40) 


Poo(max) 
2Nhwof [o0(c) —o0(b) |Tac—Loo(c) —o0(b) |T} 
T acl a— : , 


Such conditions, however, imply saturation of the 
transition b—c and are seldom encountered in practice. 

For nonviscous fluids, where the relation | 7| ~ |T'|— 
holds and for arbitrary large values of d, and d2, the 


SHAUL YATSIV 


more general expression (37) applies. The distinctive 
properties of this expression, as compared with a treat- 
ment that ignores the double-quantum effects, lies in 
the terms containing I. The terms |d,|*I- and 
|d.|?I'—' indicate a shift in the resonance frequency of 
the double-quantum transition and will be discussed 
further in the next section. The term appearing in con- 
junction with the time T in the circular brackets 
modifies the effective population difference and the 
saturation properties of the signal as a result of the 
double-quantum effects. In general, however, it is 
difficult to make in this region a clear distinction be- 
tween the contributions of transitions of different 
multiplicity. Such distinction is easily recognized for 
sufficiently large values of @ as discussed in the next 
section. 


B. 6 Large Compared to the Line Width 


In this region, which is of particular interest in the 
present treatment, @ is large compared with |d,|?|T'| | T| 
and |d.|?|/I'\\7|, and the driving field represented by 
d, is large compared to the line width |T'| ; 

P>(\dil?+|de|*)|P||T|; |dil>|P]. (42) 

The fact that |T'\!7'| >1 implies also the less stringent 

condition 


>| d;|2+ | de|?, (43) 


which together with the second part of (42) indicates 
that the two single-quantum transitions c—a@ and c—b 
are far off their respective resonance frequencies. This 
fact and the assumed magnitude of d, will be shown to 
insure that the double-quantum transition predomi- 
nates over the off-resonance value of the single-quantum 
transitions. 

Considerable simplification of Eq. (34) can be carried 
out by dividing the numerator and denominator of the 
right-hand side by 6 and expanding each of them in 
powers of 6-*. With condition (42) determining which 
terms can be neglected, Eq. (34) becomes 


Pas 


2Nhwe | did» | 6-*[ ao(a) —oo(b) IT 


~ TP4(|dy|?— |do]2)°02+ [did |-2(TectTa— 270 
(44) 


The distinctive property of this expression is that, since 
ao(a)—«0(b) is a negative quantity, it represents power 
emission which does not require a pumping process. 
This emission is due to a pure double-quantum transi- 
tion as borne out by the fact that Pw. vanishes when 
either d; or d2 is zero. The system undergoes a transition 
from 6 to a by a simultaneous absorption of a quantum 
with frequency w; and emission of another with fre- 
quency ws. This process is accompanied by its inverse: 
emission at w,; and absorption at w2, but this inverse 
process is weighed down by the population ratio of the 
levels 6 and a. The term (|d;|?—|d2|?)0-? in the de- 
nominator of (44) is the square of a frequency shift of 
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the double-quantum resonance, similar to that en- 
countered in Eq. (2.33) of reference 5. Here it appears 
isolated, that is, unassociated with the deviation of 
@1— 2 from its exact double-quantum resonance value, 
only because this deviation was chosen zero at the outset 
[Eq. (29)]. The inequality (43) indicates that this 
shift is much smaller than @ and we shall assume that it 
does not become larger than the line width |T| and, 
therefore, can be ignored. 

In solids, where | 7'|>>|I'|~", and also for #@>|T'|*| T| 
it is possible to saturate the double-quantum transition 
by meeting the condition 

| dyd2|2>>0T (Tact T—2T) (45) 
without violating conditions (42) or the assumption 
that the frequency shift (|d;|?— |d2|*)@~ is smaller than 
the line width |I'|. The power emitted then approaches 
a maximum value 

2Nhw2[o0(b) —a(a) } 
| Poo(max) | = : 
ToctT o—2T 





(46) 


which is comparable with favorable cases described in 
Eq. (41) for the ordinary operation of masers. Such 
conditions, however, are difficult to achieve in practice. 

It is easy to show that in the absence of radiation 
with frequency w, (d,;=0) the off-resonance power 
absorption of a single-quantum transition at we, subject 
to conditions (42), is considerably weaker than the 
double-quantum emission (44) when d,;=0. This ex- 
plains the distinct double-quantum nature of the 
approximate expression (44). Such relations do not 
hold for the power exchange at w; under the same con- 
ditions since they are not symmetric with respect to d; 
and dg». In fact, conditions (42) do not restrict the small- 
ness of dz so that the off-resonance single-quantum ab- 
sorption need not be negligible compared with the 
double-quantum absorption. However, with the added 
assumption |d2|>|I|, Eq. (33) can be modified in a 
way similar to the derivation of (44) so as to give 


2N hu; | did2|?0-*L.00(b) —o0(a) JP 


T2+(|de|2— |dy|2)0-2+ |dydo|90-( TactTes—2T)0 
(47) 





Po= 


for the power absorbed at the frequency w; via the 
double-quantum transition. Only a formal modification 
is required to apply Eqs. (44) and (47) to any pure 
double-quantum process in the same energy level 
pattern. In particular, when the two radiation fields 
are near resonance for transitions in the two sub- 
intervals a—b and b—c, the two corresponding equa- 
tions will describe a genuine power absorption in a 
double-quantum transition from c to a. The restriction 
of unequal spacing of the two intervals may then be 
lifted and the resulting formulas will describe a double- 
quantum transition with unequal frequencies in a equi- 
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Fic. 3. Equidistant pattern 
of levels. 





distant pattern of levels (Fig. 3). In the double-quantum 
transitions described by Eqs. (44) and (47), an amount 
of energy h(w;—w2) is disposed of by the relaxation 
processes and transformed into heat. This is essentially 
the only heating source in this mode of operation be- 
cause both single-quantum transitions are far off their 
respective resonance frequencies. On the other hand, in 
the ordinary “population inversion” mode, additional 
heating arises from the saturation of the transition c—a, 
i.e., the pumping stage. There, unused energy is dissi- 
pated as a direct relaxation from ¢ to a which bypasses 
the level 6 and reduces the pumping efficiency. 

It is doubtful whether the double-quantum mode of 
operation described in this section finds practical appli- 
cations in the microwave region. The requirement 
|d;|>|I| is too severe for most solid-state masers 
where the value of |I"| is typically large. In the radio- 
frequency range, however, an induced emission of the 
type described by Eq. (44) can be effectively carried 
out. For example, free radical systems exist in which an 
electron is coupled to the nucleus by an interaction 
proportional to (I-S) and where the lines are relatively 
narrow.’ In a dc magnetic field that is too small to de- 
couple the spins of the electron and nucleus, one finds 
energy intervals whose matrix elements are suitable 
for double-quantum power emission. There are a few 
advantages to using a pure double-quantum process 
for frequency conversion : The choice of suitable systems 
is not limited by the scarcity of materials in which a 
useful population inversion can be produced. Further- 
more, either of the two subintervals in a three-level 
arrangement can serve for double-quantum emission 
as compared with only one in the usual operation. On 
the other hand, Eq. (38) shows that any drift in the 
frequency w, or random fluctuations of d; will be trans- 
formed into a corresponding frequency drift or ampli- 
tude variation of the emitted power at w». 
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APPENDIX I 


Let h(H+E£,) represent the total energy of the sys- 
tem. AH is the combined energy of the system and 
thermal bath in the absence of radiation and does not 
depend explicitly on the time. AE, describes the inter- 
action energy of the system with the radiation field. If 
hE, consists of periodic functions as, for instance, in 
Eq. (5), the time-average power exchange of the system 
with an external radiation field can be defined as 


AN eid 
p=iim— f —(H+E;)dt. (A1.1) 
0 


met Jy dt 


Here, NV is the number of individual systems in the 
sample, (2)=Tr(Qp) is the statistical expectation value 
of the operator 2, and p is the density matrix of the 
entire system including the bath. Equation (A1.1) de- 
fines the required average rate of change in the energy 
content of the combined system.* From the definitions 
given above, it follows that 


d 
Sat Es) = TASTED} + Tro), (A1.2) 
t 


since H=0 by the assumption. But 


Tr{o(H+£))} 
=—i Tr{(H+£,, p]}(H+£,)}=0, (A1.3) 
|d» 
ao(c)—ao( a)+—— 


—|d,|* 
Tr: ot | |d,| 


r+} ds| iw “14 | |d)| of i tw? ( IT: ot | |d, 2) ——_—_ =e 
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since 6= —il[H+E,, pj. Thus 


Tr(pE:) ~ (Fi), 


d 
—(H+E;)= 
dt 


which leads to Eq. (8) of the text. 


APPENDIX II 
The following simplified notation is introduced to 
facilitate the solution of Eqs. (14)-(17): 
Toa=l, Ta=l1, Toa=ls, (A2.1) 
(c|D,\a)=d,, (6|De|c)=de. (A2.2) 
Using further the notation (19), Eqs. (26) and (27) 
and the value @ of the matrix element (a|Xw2-«;|b) 
derived from Eq. (14), one is led to the following modi- 
fication of Eqs. (15) and (16): 
[6—i(T i+ | d2|?T-) ](a|X -w1| c) +id,*d.*T (c| Xue 5) 
+d,*[Tacli— TI2+00(c)—o0(a)]=0, (A2.3) 
[—e—i(T2+ |d,|20'-*) ](c|Xw2|b)-+-idsdT—! (a| X -w1| c) 
+4[T l2—TI,+00(b)—oo(c) ]=0. (A2.4) 
Multiplying Eq. (A2.3) by d; and Eq. (A2.4) by d2 and 
solving for the unknown quantities Re,, J;, Res, J2, 
defined in (19), one arrives at 
Re,;=6[ (TT 2+ |dy|?)Ii— |di|*J2 jw, 
Re.=6[ | d»|?I,— (|d2|?+IT)J2 jw, 


(A2.5) 
(A2.6) 


T “4 | Test w6"( T+ ||") 
|dido|*(T+T-1+ 06)? 
T-14 | do|*T-4+-w62(IT + |do|?) 


‘Loo! b)—oo(c) }(T+T- +16?) : 


’ 








r+ |d,| 





| d,| Teo(a)—oo(c) I (T+T —1+-w9?) 
as|*{ 00 - ieee wey at 


Pit [del |ds|?2 e+ wO(T: 2+ |di|*) 


I iashactigshiiaiatiiiaigitinanigent 


(A2.8) 





Tot |d,|*P re | do|? 


with 


This is used in Eqs. (33) and (36) of the text. 


To t+uP?? (TT it+| d.| awe _ 


w= (IT etl! d,| 


| did |2(T+T +x 6") 


P+ |do|T+ | dy [27 oe w (IT 2+ | di |2) 


2405|de|2)-1, (A2.9) 


8 It may seem questionable whether the operator £, should be included in the definition of this energy content. For the present 
case, however, the question is irrelevant since the contribution of the periodic operator E,; to Eq. (A1.1) can be shown to be zero. 
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It is shown that for a positron in a free electron gas, radiationless capture, to form positronium, is very 


likely prior to annihilation. 


I. INTRODUCTION 


ee the discovery of multiple lifetimes of positrons 
in liquids and plastics and a single lifetime in 
metals which varies little from metal to metal,! it has 
often been suggested that positronium is formed in these 
materials.~* However, if this bound state is to form a 
real intermediate state in the annihilation process, the 
capture rate of positrons into this state should be 
significantly higher than the observed annihilation 
rates (~3X10° sec). At electron-positron relative 
speeds of interest (~ac cm sec~), the cross section for 
ordinary radiative capture is of the same order as the 
free 2y annihilation cross section (10-3 cm?).4 The 
observed annihilation rates correspond to a higher 
cross section, thus ruling out radiative capture as a 
mechanism for positronium formation. Garwin sug- 
gested’ that the capture may be accelerated by means 
of Auger transitions.® The purpose of the present note 
is to show that in a free electron gas this mechanism is 
indeed fast enough, and although our calculations apply 
primarily to metals, the basic mechanism could also 
operate to some extent in insulators. 

The mechanism considered is a modified Auger 
effect which can be visualized with the aid of the 
Feynman diagram in Fig. 1. The screened Coulomb 
interaction between the positron and the two electrons 
leads to the final state consisting of a positronium atom 
in the ground state and a recoil electron. In the center- 
of-mass frame of the three particles the recoil electron 


Fic. 1. Positronium formation via 
Auger effect. The double lines represent 
a bound state. The electron on the left 
receives the energy and momentum 
resulting from the capture of the other 
electron by the positron through the 
Coulomb interaction. Other diagrams 
contribute also. 
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5 The mechanism had been suggested earlier by Pond, Ph.D. 
thesis, Princeton, 1952 (unpublished). 


has an energy of 4.5 ev (3 the binding energy of posi- 
tronium), a fact important in getting it to an un- 
occupied state outside the Fermi sphere. 

It is sufficient for our purpose to establish a meaning- 
ful lower limit for the capture rate. Now if R; is the total 
capture rate arising from direct as well as exchange 
transitions and Rg is the capture rate from direct 
transitions only, it is shown in Appendix I that R;>}Ra. 
Hence we shall calculate the rate arising from direct 
transitions only. 


II. MATRIX ELEMENTS 


With the coordinate system shown on Fig. 2, the 
Schrédinger equation in the center-of-mass frame is 
(units A= 1) 


3 1 
[-— V2——V,?— V(r) — V(9+3r) 
4m m 


+V(e-In)~ Fa V(on)=0, (1) 


and the initial and final states are 


vi=expli(K-r+k-o) J, 
¥s=0(r) exp(ik’-9), 


where ¢o(r) is the ground-state wave function of 
positronium. 

The above choice of wave functions formally gives a 
post-prior discrepancy® in the scattering amplitude. 
However, as shown below, the amplitude is unique 
due to energy conservation. 

The prior matrix element for the direct transition is 


(2) 


Fic. 2. Coordinate 
system for two electrons 
and a positron. 


0 


6 Bates, Fundaminsky, and Massey, Trans. Roy. Soc. (London) 
A243, 93 (1950), and the following paper with J. W. Leech, 
Trans. Roy. Soc. (London) A243, 117 (1950). 
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given by 
(f| V(r)+V (0+ $n) —V (o—3r)|i)=Mi+M.—Ms;, 


where 


M ,= (2r)*5(«)f(K), M2=v(«)uo(K—}n), 


(3) 
M ;=0(«)uo(K+4x), x=k’—k, 


and f(p), u(p), v(p) are the Fourier transforms of 
V(r)po(r), Vir), go(r), respectively. Obviously M, 
vanishes by energy conservation: 


3 
K?=—-k”— Ep. (4) 
4m 


Here Ez is the binding energy of positronium (6.8 ev). 
The vanishing of M, makes the post and prior matrix 
elements identical.’ 


III. CAPTURE RATES 


The capture rate in the Born approximation, due to 
direct transitions, is now given by*® 


R.a=>. We 2r M.—M; *o(f), (S) 


where p(/) is the density of final states and the prime 
on the summation indicates the restriction on the 
permissible final states of the recoil electron. The 
second sum is over all electron pairs in the Fermi 
distribution. 

The momentum of the recoil electron in a frame in 
which the center of mass has momentum K,,.,. is easily 
seen to be (k’+4K..,,.). Thus the restriction on final 


states is 
k’+3K..,,.|>Kyr (the Fermi momentum). 


A rigorous cognizance of this condition makes the 
integrations in Eq. (5) extremely laborious. We can 
however easily see, as shown in Appendix II, that the 
condition is always approximately satisfied. With this 
approximation the rate may be evaluated with com- 
parative ease. We take the interaction to be a screened 
Coulomb interaction of the form 


V (r) = (e?/r) exp(—ur/a) 


the screening parameter y» being inferred from the 
Bohm-Pines theory® which gives 


= 0.68(K ra)}. 


In this equation a is the Bohr radius of positronium. 
Assuming the ground state of positronium to be 
hydrogenic, we finally get 


Ry= (2!2/3) ne? N2a®k' (n1—7n2), 


7 The argument can be extended to the exchange amplitude. 

SL. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), first edition, p. 193. 

*D. Pines, Solid State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1955), Vol. 1, p. 367. 
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where JN is the electron density and 


i sindd0 1 (C ‘) 
~ 309 (2+ K%a)*A,—A_NA? A427” 


*  sinéd@ 1 
0 (u?+ K2a? 2 (Ay —A_) (ALA )? 


where 


2 Ay Ay—AL 
ee | 
AstA- A AAR 
cosd=k-k’, 


he = 1+02(K+4x)?, 


and an average has been taken over the orientations 
of K. 

The evaluation of Ra can be simplified even further 
with the help of two more approximations. Since 
k’>>k, the differential capture rate is roughly isotropic. 
We can therefore take xk’ and ignore the angular 
dependence of the integrands in 7; and m2. Also we 
replace the average over initial speeds in the Fermi 
sea by substitution of their average value in the 
expression for Ra. 

For the case of a low electron density V=1.3X 10 
cm~ (the density in potassium) where our approxi- 
mations are best valid, we find R>3Rz=0.89X 10" 
sec! for thermalized positrons and 10° sec for 
positrons of energy 1 ev. 

The rate increases with V, though not as fast as NV, 
since with increasing Fermi energy the low-lying 
electrons cannot participate in the process. The approxi- 
mation of Appendix II as well as the assumption of a 
hydrogenic ground state for positronium get progres- 
sively worse for increasing .V. 
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IV. CONCLUSIONS 

We have seen therefore that, at least in the low- 
density metals, the probability for positronium for- 
mation is very high.” Also, since the capture rates are 
six orders of magnitude higher than the annihilation 
rates, almost all annihilation events will take place 
through this real intermediate state and no perceptible 
duality of lifetimes will arise due to competition between 
free and positronium annihilation. 

The distribution of positronium atoms between 
triplet and singlet states, after capture, will obviously 
be the statistical 3:1 ratio. This distribution will, 
presumably, be maintained due to rapid exchange 
collisions near the surface of the Fermi sphere. Questions 
about the mean lives of positrons which arise thereby 
will be discussed in a subsequent paper. 


For a possible experimental verification see M. A. B. Bég, 
Phys. Rev. 111, 1062 (1958). 
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APPENDIX I 


Let f and g be the direct and exchange capture 
amplitudes. Since electrons are Fermi particles, the 
capture rate averaged over the spins is proportional to"! 


t|f—gl?+2| f+ )?=3 | f[?+3/e/°+3/f—gl?>3 S|? 
Hence R>}$Ra. 
APPENDIX II. RESTRICTION ON THE DOMAIN OF 


INTEGRATION IN EVALUATION OF INTEGRAL 
CROSS-SECTION FOR AUGER CAPTURE 


The restriction on the final states of the recoil 
electron is, in the notation of the text, 


k?+ (1/9) Kem? +3k'Ke.m. cosy> K r’, (i) 


1 N. F. Mott and H. S. W. Massey, Theory of Atomic Collisions 
(Clarendon Press, Oxford, 1950), p. 102. 


AN ELECTRON GAS 


where 
cosy = k’ - K.. m, k'K.. m. 


Now K..m.=pitp2tps, where pi, ps, ps are the 
momenta of the three particles prior to impact; for a 
thermalized positron p;0. If we allow p; and p» to 
go from 0 to Kr and be oriented independently in space, 
than Kem?=(6/5)Kr*®. Since, from Eq. (4), ka? 
=4+4Kr’a?+1K r’a’, we see on using the rms values 
of K..m. and k’ that the above condition is satisfied for 
all y if the Fermi energy <3.43 ev. For a higher Fermi 
energy, the momentum of the recoil electron lies in a 
cone of semivertical angle defined by Eq. (i). Since the 
differential capture cross section has no sharp maxima 
in the excluded region, the error involved in ignoring 
the above condition is approximately equal to the 
percentage solid angle excluded. This amounts to no 
more than 27% even for a high Fermi energy of 10 ev. 
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Effect of Impurities of Angular Correlation of Positron Annihilation Radiation*t 


R. L. DEZAFrAt 
Physics Department, University of Maryland, College Park, Maryland 
(Received September 22, 1958) 


Angular distribution measurements on two-quantum annihilation radiation from positrons stopping in 
liquid targets have been made as a function of concentration of certain impurities in the target materials. 
The impurities tested were Mn** and Co** ions (dissolved from their chloride salts) and NO.” and NO; 
ions (dissolved from their sodium salts) in water, and chloroform and the free radical diphenyl-picryl- 
hydrazyl in benzene. The paramagnetic ions are found to produce a strong enhancement of the narrow- 
distribution component, ascribed to exchange conversion between triplet and singlet positronium. Conversion 
cross sections of a few times 10~ cm? are obtained assuming a positronium velocity about 5 times thermal 
velocity at conversion. These are in fair agreement with recent determinations made from lifetime studies. 
The nitrate and nitrite ions may cause a further broadening of the broad component, which appears to be 
associated with the chemical binding of positrons to the ions. It is also found that positrons are chemically 
bound to the chloroform molecule. Some evidence is presented to show that the free radical (diphenyl- 
picryl-hydrazyl) may not, as previously supposed, act to convert triplet to singlet positronium, but may in 
fact give rise to chemical binding of positronium to the free radical. 

1. INTRODUCTION lations in solids. In a previous paper? we have investi- 
gated the so-called “temperature” effect on angular 
distribution measurements. The present paper is de- 
voted to a study of the effect of certain types of im- 
purities. 

Positrons entering many insulating materials, both 
liquid and solid, have a rather high probability of 
capturing an electron to form a positronium atom, either 


N the past several years, considerable interest has 
developed in the phenomena involved in positron 
annihilations in matter.' Among other objectives, the 
hope has been raised that positron annihilation studies 
may form a useful tool with which to investigate 
problems in solid-state physics. Before this objective 
can be realized, a thorough understanding is needed of jp jts triplet (85) or singlet (4S) ground state, before 
the various factors which can influence positron annihi- — annihilation finally occurs. The formation of posi- 
er Research supported by the Department of Defense. tronium may be inferred by the appearance of a long- 
{Part of the data given here was reported on at the 1958 lifetime component (from *S decay) in the lifetime 
Washington Meeting of the American Physical Society [R. L. spectrum of the annihilation radiation, and the proba- 
deZafra, Bull. Am. Phys. Soc. Ser. II, 3, 229 (1958) ]. ._ bility of formation may be determined from the relative 
t Now at the Physics Department, University of Pennsylvania, . 


Philadelphia 4, Pennsylvania. 

1For review of experimental and theoretical work see, for 
instance, S. Berko and F. L. Hereford, Revs. Modern Phys. 28, 
299 (1956) and R. A. Ferrell, Revs. Modern Phys. 28, 308 (1956). 


intensities of the short- and long-lifetime components.! 
Since the triplet state has three substates, from a purely 


~ 2R. L, deZafra and W. T. Joyner, Phys. Rev. 112, 19 (1958). 
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statistical basis positronium formation should result in 
a ratio of 3 to 1 between triplet and singlet populations 
in the ground state. Thus, multiplying the measured 
long (72) lifetime intensity by $ should give one the 
fraction of entering positrons which form positronium. 
Experiments show that this may reach 70% in some 
favorable cases.’ 

Positronium formation may also be inferred from 
angular distribution measurements. If one uses the 
usual linear defining slits in the distribution measuring 
apparatus, one measures the component of the mo- 
mentum of the annihilating pair in the center-of-mass 
system in a direction perpendicular to the long axis of 
the slits. Since, in general, positrons will be thermalized 
before annihilation, the angular distribution of positrons 
annihilating directly with atomic electrons will essen- 
tially be determined by the electron momenta alone. 
On the other hand, a much narrower distribution can 
arise from self-annihilation of singlet positronium, since 
only the small linear momentum of the positronium 
atom will be involved. (Annihilations from the triplet 
state cannot contribute to a narrow component, since 
they will involve either destruction by pick-off or 37 
emission. The latter has a very small probability of 
being detected by a two-slit measuring apparatus in 
which the slits are kept nearly collinear with the 
target.) 

Thus, if positronium is formed, a narrow component 
should appear in the angular distribution, which arises 
from self-annihilation of 4S positronium. (Pick-off 
annihilation from the 'S state is unlikely because of its 
short lifetime.) The validity of this expectation has 
been shown in several experiments.‘ In principle, one 
could determine the amount of positronium formed by 
measuring the relative intensity of the narrow com- 
ponent. In practice, this is very difficult however, due 
to the lack of a distinct separation between the narrow- 
and broad-component regions (except for the rather 
singular case of ice*). One can easily measure changes in 
the relative amount of narrow component under differ- 
ent conditions. It is possible that the amount of narrow 
component may be influenced in two distinct ways; 
either by alteration of the population ratio between the 
*§ and 'S states by a mechanism which produces con- 
version between the two states, or by an alteration of 
the over-all fraction of positrons which form posi- 
tronium. (A third method, which will not be considered 
here, would involve prealignment of the atomic elec- 
trons before positronium formation occurs.) 


2. APPARATUS 


The apparatus for measuring angular distributions is 
similar to that used by several other investigators‘ and 
has been previously described in some detail.? The 


*R. E. Green and R. E. Bell, Can. J. Phys. 35, 398 (1957). 

‘Page, Heinberg, Wallace, and Trout; Phys. Rev. 98, 206 
(1955); L. Page and M. Heinberg, Phys. Rev. 102, 1545 (1956); 
S. D. Warshaw, Phys. Rev. 108, 713 (1957). 
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width of the collimating slits was set at 1.14 milli- 
radians as seen from the target for the measurements 
described here, giving a reasonable compromise between 
counting rate and resolution. The movable slit was so 
arranged that it always remained in alignment along 
a radius line to the target, preventing aberrations at 
“large” angles. 

The liquid samples were held in a small tank meas- 
uring about 3X1 X} inches, mounted on the end of a 
brass rod for support. The front side of the tank, facing 
the positron source, consisted of a nickel foil 0.00004 
inch thick glued at the sides with a light coat of acrylic 
cement. The remaining sides of the tank were of 0.01- 
inch copper and were tapered to a sharp edge towards 
the front face. The foil passed greater than 99% of the 
positrons incident on it, and as the source (} inch in 
diameter) was placed only ~} inch from the target 
face, virtually no positrons could reach the relatively 
thick tank walls without first passing through sufficient 
liquid to be stopped. When used with water soluble 
samples, the interior of the tank, except for the foil 
surface, was coated lightly with Neoprene cement to 
prevent any chemical reaction between the tank and 
its contents. Access for filling was provided by a small 
offset ‘‘chimney” at the top. The positron source con- 
sisted of about 3 millicuries of highly purified Na” 
sealed on the end of a }-inch stainless steel rod. 

None of the distribution curves shown below have 
been corrected for the effect of finite slit width. The 
correction is quite small for the roughly triangular dis- 
tributions found here (except perhaps at the peak itself, 
where the error is on the order 3%), and further we 
shall mainly be interested in small changes occurring 
in the curves under varying conditions, rather than in 
the absolute shape of the curves themselves. Corrections 
for Compton, Thomson, etc. scattering of the emerging 
y radiation are negligible. Usually 3 or 4 runs of 1000 
counts per point were taken on each sample (fewer on 
certain samples). Points were averaged and plotted on 
translucent paper. The distribution was then folded 
about the line of greatest symmetry and a curve traced 
through the points for a best fit to both sides simul- 
taneously. 

3. EXPERIMENTAL RESULTS 
A. Paramagnetic Ions in Aqueous Solution 


(1) Co++—-The results of various concentrations of 
CoCl; in water are shown in Fig. 1. A progressive 
narrowing is apparent. The curves have been normalized 
to equal areas and each represents the average of two 
runs of 1000 counts per point. For greater clarity, a 
distribution taken for 4-molar CoC], is not shown. It is 
very similar to the 2-molar shape. Figure 1(A) shows the 
peak height as a function of molarity. The curve in 
Fig. 1(A) is drawn as a best fit to the experimental 
points, and is given here simply to indicate the saturable 
nature of the effect. A meaningful relation between Cot* 
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concentration and distribution shape will be derived in 
the discussion below. The location of the peak heights 
rests on one or two points only and therefore is less 
certain than the location of the curves as a whole, 
although the statistical accuracy is still good, i.e., 
about +2.3%,. (The possible error introduced through 
the normalization process is <0.5%.) All samples were 
prepared with distilled water and were held in the 
neoprene-lined tank described above. 

(it) Mn*++,—The results of various concentrations of 
MnCl, in distilled water are quite similar to those for 
CoCl, illustrated for Fig. 1, and will not be shown 
separately. The peak height for the area-normalized 
pure water curve falls somewhat lower, at about 77+4% 
of the 2-molar measurements. The same general com- 
ments apply to the Mn*+ measurements as were made 
above for Cot*. 

As a check on the influence of the Cl- ions on the 
distributions, a solution of 4-molar NaCl was prepared 
and tested. The effect on the angular distribution is 
shown in Fig. 2. The tendency is very slightly towards a 
broader distribution, and this can probably be ascribed 
to direct and pick-off annihilations occurring with the 
outer electrons of the Na*+ and Cl- ions. It is evident 
that the effects illustrated by Fig. 1 must be due to the 
Cot+ and Mn** ions and not to CI. 
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Fic. 1. Angular distribution in water as a function of CoCl 
concentration. Average 2000 counts per point. Peak height vs 
molarity is shown in (A) where the curve is arbitrarily drawn. 
A 4molar distribution very similar to the 2-molar distribution is 
omitted here for greater clarity. The curves are normalized to 
equal areas. 
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Fic. 2. Angular distribution of pure water vs a 4-molar solution 


of NaCl. The curves are normalized to equal areas. 


B. Nitrate and Nitrite Ions in Aqueous Solution 


Following the work of Green and Bell,’ the effects of 
NaNO, and NaNO; in distilled water were tested. 
Figure 3 shows the effect of various concentrations of 
NaNOs3. The effects of NaNO were essentially identical 
and consequently are not shown separately here. A con- 
siderable decrease is apparent in amount of narrow 
component present as the concentration increases, in 
contrast to the effect of the paramagnetic ions. The 
peak height of the area normalized curves as a function 
of NO; concentration is shown in Fig. 3(A). The 
saturation at higher concentrations is again evident, 
as it was with the paramagnetic ions. From Fig. 2, the 
Nat ions must have only a slight effect on the distribu- 
tion. 


C. Diphenyl-Picryl-Hydrazyl in Benzene 


The stable free radical diphenyl-picryl-hydrazyl 
(D.P.H.) was found by Pond*® to decrease the 3y decay 
in benzene, and the effect on lifetimes was later investi- 
gated by Berko and Zuchelli,® who found a progressive 
quenching of the r2 lifetime with increasing D.P.H. 
concentration. It was assumed that this was an obvious 
case of triplet-singlet conversion by electron exchange 
with the unpaired electron of the free radical. An 
investigation of the effect on angular correlation was 
undertaken here with unexpected results, which suggest 
5 T. A. Pond, Phys. Rev. 93, 478 (1954). 
6S. Berko and A. J. Zuchelli, Phys. Rev. 102, 724 (1956). 
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Fic. 3. Angular distribution in water as a function of NaNO; 
concentration, Average 4000 counts per point. The curves are 
normalized to equal areas. Peak height vs molarity is shown in (A), 
where the curve through the points is arbitrary. 


a more complicated process than the above experiments 


indicate. 

A quantity of D.P.H. was first prepared following 
the method of Goldschmidt and Renn’ and its effect 
tested in benzene. Rather than the expected narrowing, 
a considerable broadening was produced.* A check on 
the effect of possible contaminants was then made, and 
it was found that indeed chloroform, which could have 
been occluded in small quantities when the D.P.H. was 
crystallized from the carrier solution during prepara- 
tion, would produce measurable broadening in con- 
centrations of as little as 0.5% by weight. (More will 
be said on this later.) In order to completely rule out 
contamination by chloroform, a new batch of D.P.H. 
was then prepared using benzene as the carrier solution 
throughout. 

The most obvious contaminant was also tested, i.e., 
diphenyl-picryl-hydrazine which had not been converted 
to the free radical, or which had been converted back 
to the parent chemical again. The effect of a saturated 


7S. Goldschmidt and K. Renn, Chem. Ber. 55B, 628 (1922), 
in particular p. 638. Only the rather trivial conversion of dipheny]- 
picryl-hydrazine to the hydrazyl free radical need be performed, 
thanks to the present commercial availability of the former. 

8Shortly afterwards the broadening effect of D.P.H. was 
independently discovered by S. Berko (private communication), 
who was also able to test the effect on lifetimes, finding that the 
identical sample again quenched the 12 lifetime as reported 
earlier (see reference 6). 
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solution of diphenyl-picryl-Aydrazine compared to that 
of 5% by weight of D.P.H. in benzene is shown in 
Fig. 4. It is evident that although the hydrazine com- 
pound could produce most of the broadening (if indeed 
present in saturated quantity), the presence of the free 
radical seems to produce even more broadening, al- 
though the latter was present in less than saturated 
quantity. Unfortunately it seems difficult if not im- 
possible to quantitatively measure the relative hydrazyl- 
hydrazine concentration due to the fragility of the free 
radical form. The free radical seems to be slightly more 
soluble, however, and several successive crystallizations 
and dissolutions, before the angular distributions 
(Fig. 5) were taken, may have increased the D.P.H. 
concentration. The solutions also were kept away from 
light as much as possible. D.P.H. was undoubtedly 
present in quantity, as shown by its distinctive exceed- 
ingly deep purple color and the presence of a strong 
microwave electron spin resonance signal in the sample. 

As a consequence of the above mentioned uncer- 
tainties, the concentrations by weight of D.P.H. listed 
in Fig. 5, where the effect of increasing concentrations 
is illustrated, are almost certainly in excess of the true 
quantities. Various concentrations listed were obtained 
by dilution from the “5%” sample, so that the relative 
concentrations are correct, however. 
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Fic. 4. Angular distribution of a saturated solution of dipheny]- 
picryl-hydrazine compared to a 5% solution by weight of 
diphenyl-picryl-hydrazyl (D.P.H.) in benzene. The true con- 
centration of free radical in the sample is unknown. The curves 
are normalized to equal peak heights. 
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D. Chloroform in Benzene 


The broadening effect of chloroform (CHCl;) on 
benzene (CsHs) mentioned above is shown in Fig. 6. 
These curves (except for the pure benzene curve) are 
each derived from single runs of 1000 counts per point 
and consequently have less claim to accuracy than any 
of the other curves presented here. They were taken to 
give a qualitative indication of the effect of CHCl; on 
benzene and are presented here as such. For simplicity 
in preparation, the curves have been normalized to 
equal peak height, rather than equal areas. Their main 
interest lies in the fact that they show surprisingly 
small amounts of CHCl; are effective in producing 
broadening. A 0.5% concentration by weight represents 
a molecular ratio of about 1 to 100—thus the effect is 
quite disproportionate to the number of CHC1; mole- 
cules present. 


4. DISCUSSION 


A. The Paramagnetic Ions—Conversion 
of Triplet Positronium 


The results of Sec. 3 show that the paramagnetic 
ions Mn** and Co** produce a strong enhancement of 
the narrow component, implying the presence of in- 
creased amounts of singlet positronium. Since these 
ions should not affect the positronium formation mecha- 
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Fic. 5. Angular distribution in benzene as a function of con- 
centration of diphenyl-picryl-hydrazyl. The true concentration of 
free radical is less than listed, but all solutions were made by 
proportionate dilution from the “5%” sample. The curves are 
normalized to equal areas. Peak rate vs molarity is shown in (A), 
where the curve is arbitrarily drawn. Average 4000 counts per 
point. 
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Fic. 6. Angular distribution from benzene as a function of 
concentration by weight of chloroform. The curves are normalized 
to equal peak height and were taken with 1000 counts per point. 


nism, it must then be supposed that a change in the 
relative *S-'§ population is occurring after formation, 
due to the presence of a conversion mechanism. 

At first it might be supposed that the magnetic fields 
associated with the paramagnetic ions are responsible 
for the triplet-singlet conversion. A straightforward 
perturbation calculation show that this cannot be the 
case, however. One finds’ that the probability per 
collision that a magnetically induced triplet-singlet 
transition will occur is given by (2u3Cat/h)?, where Hy, 
is the average magnetic field experienced by a posi- 
tronium atom during the time ¢ of its passage near a 
paramagnetic ion, and yu is the Bohr magneton. Now 
let the radius of the 5C,, field be r and the velocity of 
the positronium atom be v. Then /-~r/v and if there are 
N paramagnetic ions/cm’ the rate of collision is on the 
order of r?Nvsec~!. Thus the rate of magnetic con- 
version, ¥, is given by 


Y™ (Qui yt/h)*r?No= (Qu yt/h)?Nr'/v. (4.1) 


For the average field 3,4, we may take the approxi- 
mation ,4=M/4rr’, where M is the magnetic moment 
of the ion. We set M= pu, where p is the Bohr magneton 
and # is a proportionality factor similar to the Landé g 
factor. Appropriate values of p for the iron group ions 
are listed by Kittel.” For Mn** one finds p=5.9 and 
for Co++, p=4.8. For our purposes we may thus take p 


9M. Deutsch, in Progress in Nuclear Physics (Buttersworth- 
Springer, London, 1953), Vol. 3, p. 131. 

10 C, Kittel, Introduction to Solid State Physics (John Wiley and 
Sons, Inc., New York, 1956), second edition, p. 219. 
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on the order of 5. Equation (4.1) then becomes 


y= (Su?/2ah)*N/1°0. (4.2) 
Taking r~10-§ cm, 2>6X10® cm/sec (>thermal 
velocity) and N=12X10” ions/cm*® for a 2-molar 
solution, one finally obtains y<8.4X 10‘ sec~!. But this 
is two orders of magnitude less than the self-annihilation 
rate of 710° sec~' from triplet positronium: There- 
fore, the effect of magnetic conversion on the triplet- 
singlet populations may be considered negligible even in 
the strongest paramagnetic ion solutions obtainable. 
The remaining possibility is that of exchange conversion 
between the triplet and singlet states. 

A quantitative experimental measure of the exchange 
conversion effect at different ion concentrations may be 
obtained from the angular distributions as follows. 
Distribution curves for various ion concentrations are 
area-normalized to the curve for pure water. Difference 
curves (having roughly a ‘‘w”’ shape) are then obtained 
by subtraction. The area of the central part of one of 
these w-shaped curves will represent the enhancement 
to the narrow component. [It is necessary to determine 
the lower boundary of this central region by extrapola- 
tion inward from the wings of the difference curve. 
The shape of this lower boundary, continuing into the 
wings, should have the shape of the broad component 
of the angular distribution (inverted), since this—i.e., 
the portion below the zero line of the difference curve— 
represents the attenuation of the broad component. | 
We shall denote the ratio of the area of the central 
portion of the difference curve to the area of the total 
distribution curve by a. 

Assuming that the narrow and broad component 
shapes do not alter significantly in the presence of the 
paramagnetic or halide ions, the difference ratio, a, 
should then represent the fraction of the total number 
of entering positrons being affected by the paramagnetic 
ions. Further, making the reasonable assumption that 
the ions do not affect the positronium formation mecha- 
nism, but serve only to furnish a positronium conversion 
mechanism, a should then represent directly the in- 
crease in the number of positronium atoms annihilating 
from the singlet state, i.e., a should be proportional to 
the efficiency of the *S<>1S conversion mechanism. We 
shall now derive a conversion-dependent expression for 
this proportionality which may be tested against the 
experimental results. 

Let Ps be the probability of finding a positronium 
atom, once formed, in the singlet state and P7 be the 
corresponding probability for finding it in the triplet 
state. If a conversion mechanism is present, giving a 
conversion rate y between the singlet and any of the 
three triplet states, then the rate of change of Pz and Ps 
with time is given by 


dP s/dt= — (3y+AstAp)PstyPr, 


‘ (4.3) 
dP 7/dt=3yP s— (ytArt Ap)Pr, 
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where Ag and Az are the singlet and triplet state self- 
annihilation rates, equal to 8X10° sec—! and 7.210® 
sec~!, respectively," and Ap is the pick-off annihilation 
rate, which must be determined experimentally for any 
given material. Simultaneous solution of Eqs. (4.3) 
gives 

Ps=Cs exp(—Ait)+ Ds exp(—A2/), 


4.4 
Pr=Cr exp(—Ail)+- Dr exp(—A2!), ae 


where 
Ai, 2= 6+ (6°—f?)}, 
5=2y+3(AstAr)+Ap, 
B?= (Art+Ap)(3y+AstAr)+y(AstAp), 


and Cs, Ds, Cr, and Dr must be determined from the 
initial conditions at /=0. Equations (4.3), (4.4), and 
(4.5) are identical in form with those of Dixon and 
Trainor,'* except that we have included here the effect 
of pick-off annihilations as well as conversion. Now the 
narrow component can presumably only arise from the 
self-decay of the singlet state. The probability Py of a 
positronium atom decaying in this manner is just the 
probability of being in the singlet state multiplied by 
the singlet state annihilation rate As and integrated 
over all time. That is, 


(4.5) 


Py = f AsP sd = As(Cs +Ds /r2), (4.6) 
0 


after substitution from Eq. (4.4). To determine the 
constants Cs and Ds, we assume the boundary condi- 
tions at ‘=0 to be Ps=} and Pr=} (a purely statistical 
distribution in the singlet and triplet states). From 
(4.3) and (4.4), we then obtain 


Cs= (AstAp—)2)/4(A1—Az), 
Ds=— (Ast+AP—A1)/4(A1—Az2). 
Substituting (4.7) into (4.6) and simplifying, we obtain, 


finally, as the probability of decay into the narrow 
component 


(4.7) 


Py=s(4y+¢)/4(y0+Q), (4.8) 


where 


o=Art Ap, 
6=3rA7+4AP+As, 
Q= (Ar+Ap) (Ast+Ap). 


Now let the actual percentage area of the narrow com- 
ponent be Ay. This represents the probability of forming 
positronium times the probability of decay into the 
narrow component. That is, Av=$/2Py, where [2 is 
the experimentally measured intensity of the long-life 
(triplet) component. 

The experimentally measured quantity a represents 


4 J. Pirenne, Arch. sci. phys. et nat. 29, 293 (1947); R. A. 
Ferrell, thesis, Princeton University, 1951 (unpublished), p. 226; 
and J. M. Radcliffe, Phil. Mag. 42, 1336 (1951). 

2 W. R. Dixon and L. E. H. Trainor, Phys. Rev. 97, 733 (1955). 
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Fic. 7. Plot of percentage increase in narrow-component 
area, a, vs conversion rate y, from Eq. (4.10), using experimental 
values appropriate for water for the quantities J, and Xp. 


the change in Ay. For our purposes, we shall take a 
equal to [Ay (at molarity M)—Ay (pure water) ]. But 
Ay for pure water, i.e., for y=0, is from Eqs. (4.8) 


A no=$12Pn =4]. Xs (AstAp) ], (4.9) 


which is of course as expected. Finally, then, we have 


a=AAyn= A vy—ANno= 1To[4Py—Xs (AstAp) ] (4.10) 


as the expression for the percentage change in the 
narrow component area. One sees that da/dy—0 as y 
approaches both zero and infinity." In Fig. 7, a vs y 
has been plotted using Eq. (4.10) and the experimental 
values Jo=0.21 and Apo1/72=5.8XK 108 seca!" The 
maximum value reached by a@ is about 0.15 although 
this is fairly sensitive to the value used for J» (e.g., 
I2=0.23 gives @max20.17). 

In Fig. 8 the experimental values for a are plotted as 
a function of molarity for Cot*+. The curves through 
the points represent the theoretical behavior of a vs 
molarity,'® as determined with the aid of Fig. 7 and 
the relation y= Vai, where \V =the number of ions/cm* 
= molarity X6.03X10-*" cm“, ¢=the average cross 
section (to be determined) for a conversion interaction, 
and #=the average positronium velocity when con- 
version takes place. Similarly treating the data for 
Mnt* and using 7=5 times thermal velocity, ~3X 10" 
cm/sec,'® the best fits in both cases are obtained with ¢ 
on the order of a few times 10~" cm?. The limiting 
curves in Fig. 8 are obtained by using ¢=8X10~" and 
8X10-*° cm?, and the limiting curves for Mnt* are 
found to lie at about ¢=8X10~-'§ and 2K10~" cm? 
indicating that the cross sections for Cot*+ and Mnt+ 
clearly lie between these values, with the best fit for 
Cot+ obtained with a somewhat smaller value for ¢ 


13 The latter is a consequence of the experimental numerical 
facts that J>~0.3 and Ap=6X 108 sec. 

4R, E. Bell and R. L. Graham, Phys. Rev. 90, 644 (1953). 
(Some results in this reference are superceded by those of refer- 
ence 3.) 

18 The asymptotic approach to the abscissa at low molarity is 
lost due to the scale factor. 

16 We may reasonably assume this as an approximate lower 
value for # on the basis of the narrow-component half-width of 
about 1.8 milliradians found in pure water. See further reference 2. 
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Fic. 8. a (experimental) vs Cot* concentration in water. 
The curves show the theoretical behavior for various cross 
sections, 


than that yielded by Mnt* (about 2X10~-" cm? vs 
8X10-" cm?). The validity of these cross sections 
depends to a great extent on what value one ought to 
use for } however. If conversion should take place at 
somewhat higher velocities than used here, ¢ would 
become proportionately smaller and vice versa. It is 
felt that taking 6 much Jess than that used above is not 
experimentally justified on the basis of the narrow- 
component distribution width in water, however."” 

The experimental and theoretical agreement for aimax 
would seem to justify the assumption that the broad 
and narrow components retain their basic shapes here 
but only change their relative intensities. If this were 
not so, the experimental values for a would rise above 
the theoretical anax at higher ion concentrations as the 
distribution shape became more and more distorted. 
(I.e., changes in distribution shape will produce non- 
zero values of a even though no change in the relative 
intensity of the broad and narrow components occurs.) 
This also agrees with the evidence in Fig. 2, which 
shows that even a 4-molar concentration of “inert” 
impurities has only a small effect on the distribution 
shapes. 

In any case, ¢ would seem to be at least two or three 
orders of magnitude less than the geometrical cross 
section for an ion. This is not surprising, however, 
when it is remembered that the positive ions are heavily 
shielded by the water molecules of hydration surround- 
ing them.'* It is perhaps remarkable that the conversion 
mechanism operates at all. 

It would be somewhat more convenient and experi- 
mentally more accurate to derive the conversion cross 
section by analysis of the 7; and 72 lifetime as a function 
of impurity concentration. A preliminary lifetime study 
for Mn*t* in water was made by Berko,"” with a tenta- 
tive result of ¢=5X10-*° cm?, but this work was dis- 
continued before full measurements were completed 


17 Here we may be wrong if a part of the narrow-component 
width determined from the difference curves is due to a serious 
change in the shape of the distribution, rather than a change in 
intensities. 

18 The hydration coordination number is probably 4; see J. D. 
Bernal and R. H. Fowler, J. Phys. Chem. 1, 515 (1933). 

19S. Berko and F. L. Hereford, reference 1, in particular, p. 303. 
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(private communication). Recently a thorough study 
of the effect of various paramagnetic ions in the iron 
and rare earth groups in aqueous solution has been 
reported by Bell.” Doubly and triply ionized atoms of 
the iron group all were found to give cross sections of 
a few times 10-" cm? in water. For Mn*t* and Cot+, 
the reported cross sections are, respectively, 2.5 10-" 
cm? and 5.3X10~-" cm?*. In determining these cross 
sections, however, thermal velocity was assumed as the 
mean positronium velocity, rather than 5 times this, 
as we have used above. Although we believe that one 
should in fact take 6 to be /arger than thermal velocity, 
in any event the cross sections derived by the two 
methods disagree by roughly a factor of 10 when equal 
velocities are used. 

The approximations necessarily made in deriving 
cross sections from the angular distribution measure- 
ments render the method more open to error than the 
more straightforward lifetime derivation, e.g., an error 
in assuming that the distribution shapes remain rela- 
tively constant, despite the arguments given above for 
believing this, could account for the discrepancy. The 
cross sections determined by Bell may thus be more 
nearly correct, but we believe that in any event they 
should be reduced, perhaps by as much as a factor of 5, 
to adjust for the fact that the mean positronium velocity 
at the time of annihilation seems to be significantly 
greater than thermal velocity in nonmetals.*:?! 


B. Other Impurities : The Chemical Binding 
of Positrons and Positronium 


(1) Nitrate and Nitrite Ions 


Good evidence for the chemical binding of positrons 
to nitrate and nitrite ions has been obtained by Green 
and Bell’ on the basis of lifetime studies. They have 
found that NO.- and NO;~ ions cause a decrease in 
the intensity of the 72 lifetime, but no shortening of 
the lifetime itself. From this they conclude that posi- 
trons are being removed by chemical binding from 
the reservoir of those which would normally form 
positronium. 

From Fig. 4 the addition of NO;~ ions (or similarly 
NO;~ ions) results in progressive broadening of the 
distribution. The over-all behavior merely corroborates 
the findings of Green and Bell, which indicated a 
decrease in the amount of positronium formed. The 
behavior of the broad component in these distributions 
is of particular interest, however. This behavior, as 
determined below, is shown in Fig. 9. 

From Green and Bell’s measurements’ one finds that 
a 4-molar NaNO; concentration the 72 intensity, J, is 
only ~2.6% in water. The narrow component (singlet 
positronium) intensity is then 3 of this or ~0.87%. 

*”R. E. Bell, invited talk at the Washington Meeting of the 
American Physical Society, May, 1958 [Bull. Am. Phys. Soc. 
Ser. II, 2, 182 (1958) ]. Note added in proof.—This data has since 


been published [R. E. Bell, Can. J. Phys. 36, 1684 (1958) ]. 
21 P. R. Wallace, Phys. Rev. 100, 738 (1955). 
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Fic. 9. Comparison of approximate broad components for pure 
water and 4-molar NaNOs. 


Thus shaving a mere 0.87% from the area of a 4-molar 
distribution near its peak should result in a very good 
approximation to the broad component in this concen- 
tration of NaNO;. The broad-component distribution 
from pure water is more difficult to obtain. From the 
total pure water distribution area, we have subtracted 4 
of the 7, intensity (i.e., ~7%) over a region around the 
peak estimated from the difference curves to be that 
occupied by the narrow component. One might also 
take the broad component from ice,? which is easily 
separable from the narrow component. There is no 
assurance that this should be the same as the broad 
component in the liquid form, but this does not seem 
too unreasonable, since it comes from direct and pick-off 
annihilations which should be little affected momentum- 
wise by phase changes. One in fact finds that both 
methods give very nearly the same result. Thus we may 
assume that we have a fairly good approximation to the 
broad component in pure water. This, along with the 
broad component in 4-molar NaNO; is shown in Fig. 9. 
The two curves clearly cannot be made to coincide 
even allowing reasonable errors in the estimated peak 
shapes, the NaNO; distribution being significantly 
wider. The results from 4-molar NaCl, Fig. 2, show 
that at most a small amount of this comes from the 
Na* ions. 

Additional evidence that the broad component is 
broadened in the presence of NO;- ions is furnished by 
the difference-curve areas. For a 2-molar solution com- 
pared to pure water, one obtains a value of a equal to 
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0.107+0.15 and for a 4-molar distribution, a value of 
a=0.123+0.015. Now if the difference ratio @ were 
caused only by a loss of narrow component, its maxi- 
mum value could be ~0.07 (from 4 the 72 intensity of 
21% found in pure water). It is thus apparent that the 
broad component must be getting broader to account 
for the larger values of a. It may be assumed that this 
broadening is in large part caused by the binding of 
positrons to the NO;~ ions.”* 

Because of this definite change in shape of the broad 
component which in practice is difficult to correct for, 
no quantitative analysis can be made of the angular 
distribution measurements such as was done for the 
paramagnetic ions. The peak height as a function of 
concentration, Fig. 3(A), can be used as a qualitative 
guide, however, as it is seen to behave in much the 
same manner as Green and Bell’s J. vs molarity curve, 
reaching sturation at about 3-molar concentration. 


(ii) D.P.H. in Benzene 


In the case of D.P.H. the experimental evidence 
presented in the previous section indicates that little 
or no *S <> 1S conversion is taking place. Although much 
of the broadening may be due to diphenyl-picryl- 
hydrazine, the free-radical form of the molecule seems 
to induce still more broadening, with no indication of 
the formation of a superimposed narrow peak. In 
accordance with the findings for NO. and NO; this 
suggests that some chemical binding may be present. 
The situation is not the same as that for the NO;~ ions 
however, since Berko and Zuchelli® have found that 
while the lifetime changes, the 72 intensity stays con- 
stant within an experimental limit of error of about 
10%. Ferrell has pointed out that this apparently 
conflicting evidence may be explained by assuming 
capture of positronium rather than positrons, and that 
the lifetime data of Berko and Zuchelli may be fitted 
as well to a straight line (indicating a positronium bind- 
ing mechanism) as to the curve representing the effect 
of a conversion mechanism. The failure of free positrons 
to be bound might, for instance, be explained by the 
necessity for some type of electron exchange binding in 
this case. 

2% We should note here that it is not evident, a priori, that 
formation of a positron compound should lead to a broader broad 
component. Thus it might be argued that positrons annihilating 
by pick-off from positronium might involve momenta as large if 
not larger than those involved in the annihilation of chemically 
bound positrons. The present evidence seems to indicate the 


opposite conclusion, however. 
RR. A. Ferrell, Phys. Rev. 110, 1355 (1958). 
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If a chemical method were available for separating 
the free radical from its parent hydrazine, so that one 
would be sure of no contamination from the latter, the 
question of which process is taking place could probably 
be settled satisfactorily by angular distribution meas- 
urements. A remeasurement of the lifetime behavior of 
D.P.H. in benzene with specific attention to the 72 
intensily would seem desirable also, since it is difficult 
to see why exchange conversion from *S to 'S posi- 
tronium by the free electron should not be dominant 
over binding if positronium is indeed being formed at 
a constant rate as the D.P.H. concentration increases. 


(iii) Chloroform in Benzene 

The effect of relatively few chloroform (CHCl;) 
molecules in drastically reducing the narrow component 
in benzene strongly suggests the prevention of posi- 
tronium formation by the chemical binding of positrons 
(although positronium binding would also be a possi- 
bility). Bell has recently verified that the chemical 
binding of positrons indeed is occurring here,”* since 
lifetime measurements show that the rz component 
decreases in intensity but not in lifetime upon the 
addition of chloroform to benzene. It is interesting to 
note that Deutsch*® has pointed out the possibility of a 
positron affinity with the similar Freon (CCl:F2) mole- 
cule to explain certain peculiarities in the 72 lifetime 
behavior of positrons annihilating in Freon at low 
pressures. Sufficient data is not available on the 72 
intensities at various impurity concentrations of chloro- 
form to allow one to determine the shape of the broad 
component accurately, as could be done in the case of 
water and NO;-. Thus, unfortunately one cannot tell 
yet whether the broad component also becomes broader 
in this case of binding. 

It would seem that further investigations into the 
phenomena of chemical binding, particularly over the 
large range of subtle variations available in organic 
compounds, might be of considerable interest in physical 
chemistry. 
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The cross sections for the H®(a,y) Li’ and He*(a,y) Be’ reactions have been measured at bombarding energies 
of 480, 720, 940, 1130, and 1320 kev. The cross sections at the lower bombarding energies may be fitted within 
the experimental uncertainties by the expressions ¢=0.12(1—0.00051£q) Ea! exp(— 125£474) b for the H® 
reaction and ¢=2.8(1—0.00055£4) Eq! exp(— 2502/4") b for the He’ reaction, with Eq in kev. 


INTRODUCTION 


HE H'(a,y)Li’ and the He*(a,y)Be’ reactions are 
of interest in astrophysics and nucleogenesis.’~* 
On the basis of the calculations of Cameron’ and 
Fowler’ the second reaction may be very important in 
the energy production of many stars during certain 
periods of their lifetimes. Our sun appears to be in just 
such a period. In addition they represent a means of 
bypassing the mass-5 barrier in the production of 
elements and may account for the anomalous over- 
abundance of certain light elements in some stars.” 
The pp-reaction chains in hydrogen-burning stars 
which contain sufficient quantities of Het may proceed 
in the following ways'”: 


H'(p,8+v)H?(p,y) 
He’ (He’®,2p)He', (1) 


(a,y) Be’ (e-,v)Li’ (p,a) He’, (2) 


(p,vy)B*(8tv) Be* (a)He', (3) 


where the following amounts of energy are released on 
the average, exclusive of the neutrino energy losses, in 
the conversion of 4 protons into an a particle: (1) 26.2 
Mev, (2) 25.6 Mev, and (3) 19.1 Mev. The relative 
importance of each chain will depend upon the tem- 
perature, the densities of the constituents, the ratio of 
the cross section for the He*(He’*,2p)He* reaction to 
that for the He*(a,y)Be’ reaction, and the ratio of 
the Be’(e-,v)Li’ cross section to the Be7(p,y)B* cross 
section. 

Due to the astrophysical interest an attempt was 
made to measure the cross sections for these reactions 
at as low a bombarding energy as possible. The reactions 
were found to proceed by nonresonant capture, thus 
making it possible to extrapolate the cross sections to 
very low energies with reasonable accuracy. 


1 A. G. W. Cameron, Bull. Am. Phys. Soc. Ser. II, 3, 227 (1958), 
and private communication. 

*W. A. Fowler, Astrophys. J. 127, 551 (1958), and private 
communication. 

3A. G. W. Cameron, Atomic Energy of Canada, Limited, Report 
AECL 454 (unpublished). 


PROCEDURE 


One of the 2-Mv Van de Graaff accelerators of the 
Naval Research Laboratory was used as a source of 
singly-ionized @ particles‘ for these studies. 

The H* and He® gases were contained in a small gas- 
target chamber, shown in Fig. 1. The beam of a particles 
entered the target chamber through a 25-yin. nickel 
window and were stopped at the other end of the 
chamber by a gold disk. The target chamber was 
filled with 94% He* to a pressure of 85 mm of Hg in 
order to study the He*(a,y)Be’ reaction and with 99% 
H® to a pressure of 20 mm of Hg for the H*(a,y)Li’ 
reaction. The number of a particles incident upon the 
gas was determined by measuring the charge collected 
in the chamber. 

At the highest bombarding energy, 1320 kev, the 
yield of y rays from these reactions was measured with 
a 3-in. diam by 3-in. long NaI (TI) crystal placed at 90° 
to the axis of the beam and at a distance of 1 in. from 
the axis of the target chamber. The absolute cross 
sections were determined from the calculated effi- 
ciencies®:* for NaI crystals under these conditions. Since 
the yields decrease very rapidly with bombarding 
energies, it was necessary to use the 5-in. diam by 
3-in. NaI (Tl) well crystal, shown in Fig. 1, in order to 
determine the yield at lower energies. 

Because the yields from these reactions are very low, 
it was necessary to determine the background under 
conditions as similar as possible to those under which 
the actual runs were made. This was accomplished by 
first taking a background run with the chamber filled 
with He‘; then a second run was taken for the same 
length of time and for the same amount of charge with 
the chamber filled with H* or He® to the same pressure 
as the background run. The H* or He® gas was then 
recovered; the chamber was again filled with He‘ and 
another identical background run was made. Two 
examples of the y-ray spectra obtained with a 20- 
channel differential pulse-height analyzer in the above 
manner are shown in Figs. 2 and 3. Each run took about 


‘ @ particles were chosen as the bombarding particles rather than 
He’ and H® ions because they produce fewer y rays when they 
strike most other nuclei. 

5 Lazar, Davis, and Bell, Nucleonics 14, 52 (1956). 

6 Wolicki, Jastrow, and Brooks, Naval Research Laboratory 
Report NRL-4833 (unpublished). 
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Fic. 1. Schematic dia- 
gram of the experi- 
mental apparatus. 
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one hour. The beam currents were limited to 0.2 or 
0.3 wa because of the fragility of the nickel window. 

In order to determine if the difference in charge of 
the H* and He’ nuclei would produce any effect on the 
background due to differences in the Coulomb scatter- 
ing, the chamber was filled with H'. It may be seen in 
Fig. 2 that the background with the chamber filled with 
H! was essentially the same as with the chamber filled 
with He‘. The background runs were normally taken 
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Fic. 2. y-ray spectra observed with H*, H!, and Het as target 
gases. Lower solid curve is with the average background sub- 
tracted from the gross spectrum. Of importance is the similarity 
of background with H! and He‘ as target gases. Data points are 
omitted for clarity. 


using He* instead of H! throughout the H* experiment 
in order to reduce the dilution of the H*. The back- 
grounds obtained with He‘ in the chamber were not 
significantly different from that obtained with the beam 
off except at the highest bombarding energy. This 
increase in background was probably due to the inter- 
actions in the Nal crystal of neutrons from C(a,n)O"* 
reactions.” 

The energy of the y rays corresponding to the ground- 
state transition was found to increase continuously 
with the bombarding energy in agreement with the 
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Fic. 3. y-ray spectra observed with He’ and He‘ as target gases. 
Lower curve is with the average background subtracted from 
spectrum with He’ as target gas. 

7The 1% of C8 in the very thin layers of normal C which 
accumulated upon the collimating apertures, window, and beam 
stopper would probably be sufficient to account for this observed 
increase in the background. Since this background was subtracted 
out in the procedure described above, it did not affect the data. 
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Fic. 4. The total cross sections for the H*°(a,y)Li’ and 
He*(a,y) Be’ reactions as a function of energy. The solid curves are 
for S, a constant in the expression. The dashed curves are for S 
energy-dependent, as indicated. 


following relationship : 
E,=Q+ (3/7)Em 


where Q is 1.583 Mev for the He*(a,y)Be’ reaction and 
2.465 Mev for the H*(a,y)Li’ reaction. This continuous 
change in y-ray energy confirmed the identification of 
these y rays with the reactions studied. 

In order to determine the mean energy of the a 
particles in the reaction chamber, a thick Li’ target 
was placed at the center of the chamber. The chamber 
was then filled to the normal pressure of He‘ used in 
taking the background runs. (The stopping powers of 
He and H do not differ sufficiently so that a correction 
need be made for this effect.) The shifts in the positions 
of the 400-, 820-, and 960-kev Li’(a,y)B" resonances 
were then measured, as well as their apparent widths. 
These three resonances provided an energy calibration 
curve by which the mean energy of the a particles in 
the chamber could be determined to an accuracy of 
about 20 kev. In addition, the observed width of the 
resonances gave an indication of the straggling of the 
beam of a particles. The a particles were found to lose 
on an average of 720 kev before reaching the center of 
the chamber (most of this loss was due to the Ni 
window) and the beam energy spread was about 120 kev 
at lowest bombarding energy (1200 kev incident on the 
window). The energy spread was only about 70 kev 
at the higher resonances. 

Due to this observed large straggling at low bombard- 
ing energy, the measurements were limited to a lower 
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t Fic. 5. The experimental values of the cross-section factor, 
S, as a function of the bombarding energy for the H*(a,y)Li’ and 
He®(a,y) Be’ reactions. 


bombarding energy of 480 kev. In addition, at this 
bombarding energy it was}difficult to identify the 
y rays originating from the reaction due to the rapid 
decrease in the cross section with energy. 


RESULTS 


The cross sections for the H*(a,y)Li’ and He*(a,y)Be? 
reactions are shown in Fig. 4. The uncertainties indi- 
cated in the values of the cross sections are due primarily 
to the statistical uncertainties and thus indicate only 
the relative uncertainties of the data. The absolute 
uncertainties of the data which arise from the uncertain- 
ties in the gas pressure, gas purity, solid angle, and 
crystal efficiency are estimated to be of the order of 30%. 

The horizontal bars indicate the spread of the beam 
energy in the target chamber due to the straggling 
caused by the nickel window and the energy loss in the 
gas. 

The curves in Fig. 4 represent two attempts to fit 
each set of data with an expression of the form’ 


Ss 2re*Z Zo 
an op(——), 
E. hv 


where v is the velocity of relative motion of the two 
particles (EZ, is measured in kev throughout this paper). 
This expression is based on an approximation to the 
barrier penetration calculation for a nonresonant 
capture cross section. A theoretical expression may be 
obtained for S of the following form: 


M,+M, 
su tee 08/0 


2 


where 
a=h?/(MZ,Z.e)=4.25X10-* cm, 


R is the radius of interaction, and I is the radiation 
width for y rays. Assuming R~4X10-" cm, we find 
S=160l (kev-barns) for the He'*(a,y)Be’ reaction. 


8 Burbidge, Fowler, and Hoyle, Revs. Modern Phys. 29, 560 
(1957). 

9H. A. Bethe, Revs. Modern Phys. 2, 186 (1957). 

10H. A. Bethe, Phys. Rev. 55, 436 (1939). 





H#(a,7)Li’?’ AND 
Salpeter" has assumed that I is about 0.1 ev, which 
gives a value of S=0.016 kev-barn for this reaction. 
This theoretical estimate appears to be too small by 
about a factor of 100. From the present experiment the 
best experimental estimate of S (for S a constant) is 
1.6 kev-barns. On the basis of a more refined expression*® 
for S, one expects S to vary with the bombarding 
energy according to S=So(1—a#,). In Fig. 5, S has 
been plotted as a function of the bombarding energy 
(note different ordinates for the two reactions). It may 
be seen that for both reactions S appears to vary in a 
linear manner for low bombarding energies and departs 
from this line at higher energies. In the above expression 
it has been assumed that only s-wave a particles 
contribute to the reaction; thus this departure of the 
cross-section factor from a straight line at higher 
bombarding energies may be due to the onset of p-wave 
a-particle contributions. A reasonable fit to the experi- 
mental data is obtained when So equals 0.12 kev-barn 
and a=0.00051 kev for the H*(a,y)Li’ reaction, and 
when So=2.8 kev-barns and a=0.00055 kev for the 
He’ (a,y)Be’ reaction. 

On the basis of these estimates of S for the 
He®(a,y)Be’ reaction and the calculations of Cameron! * 
and Fowler,’ it appears that chain (2) or (3) could 
compete very favorably with chain (1) at temperatures 
above 10 10° °K. 

1 FE. E. Salpeter, Phys. Rev. 88, 552 (1952). 
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From the spectra of y rays taken with the 3-in. 
diam by 3-in. Nal crystal it is estimated that at a 
bombarding energy of 1320 kev about 50% of the time 
both reactions proceed through the first excited states, 
that is the 478 kev state of Li’ and 431 kev state of Be’. 
In the present experiment it was difficult to estimate 
how the branching ratio changed with energy; since 
with the 5-in. diam by 3-in. Nal crystal used to measure 
the yield curves there was a large probability of stopping 
both y rays from the cascade. 

Riley” has found a cross section of 0.2 ub/sterad at 
90° for the H*(a,y)Li’ reaction at 1640 kev and a 
branching ratio of 5 to 2 for the ground state to first 
excited state transitions. On the basis of the combined 
uncertainties this is in reasonable agreement with the 
present work. 
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Phase-Shift Analysis of Proton-Proton Scattering Experiments below 40 Mev*t 


Matcotm H. MAcGREGOoR 
Radiation Laboratory, University of California, Livermore, California 
(Received October 27, 1958) 


A phase-shift analysis has been made of p-p angular distribution measurements at 1.855, 4.203, 9.68, 9.73, 
18.2, 19.8, 31.8, and 39.4 Mev. At 1.855 Mev, Coulomb effects plus the nuclear S-wave phase shift are 
sufficient to give agreement within experimental errors. At 10 Mev, S-, P-, and D-wave effects are apparent. 
At 40 Mev, F-wave components are also necessary. With the aid of the Clementel-Villi parametrization 
method, it has been possible to determine all of the least-squares fits to the angular distribution data in the 
S, P, D approximation. Polarization measurements and potential model calculations can be used to further 
restrict the allowable phase-shift sets. It is shown that angular distribution measurements with an accuracy 
of 0.1% would not lead to a unique set of phase shifts. Both double- and triple-scattering experiments are 


necessary in order to remove the ambiguity. 


I. INTRODUCTION 


HE spin-space scattering matrix for p-p elastic 
scattering contains, as is well known, five inde- 
pendent complex amplitudes. Puzikov, Ryndin, and 
* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t Preliminary accounts of this work were presented at the 1958 
Cornell meeting of the American Physical Society [Bull. Am. 
Phys. Soc. Ser. II, 3, 268 (1958) ], and at the Congrés International 
de Physique Nucléaire in Paris, France, July, 1958; published in 
Compt. Rend. Congrés intern. Phys. Nucleaire, Dunod, 92 Rue 
Bonaparte, Paris. 


Smorodinsky' have shown that, in view of the unitarity 
conditions on the elastic scattering matrix, only five 
independent experiments are necessary to specify the 
matrix. As an example of a set of five such experiments, 
they list angular distribution cross section, polarization, 
normal component of the polarization correlation tensor, 
and normal components of the triple scattering tensor 
(depolarization) for each of the protons participating in 


1 Puzikov, Ryndin, and Smorodinsky, Nuclear Phys. 3, 436 
(1957). 





1560 


TABLE I. Characteristics of the four types of P-wave solutions 
corresponding to each pair of S and D waves.* 


Solution type 3Po 3P; 5P2 


I V+ 
II L + 
Il L-— 
IV M- 


P(45°) 
M— S+ +. 
S- S- _ 
S + $+4- rs 
M+ S- -- 


* The P-wave splitting varies somewhat as S and D are changed. Table I 
is most valid for the (small) D-wave values predicted by nuclear potential 
models, In the table, L, M, and S stand for large, medium, and small 
(relative to each other), and + and — give the sign of the phase shift. The 
column headed P(45°) gives the sign of the polarization at a center-of-mass 
scattering angle of 45°. 


the second scattering. This set of experiments has the 
virtues that all scattering measurements are in a plane 
and that no magnetic fields are necessary. 

The present paper is an analysis of p-p scattering 
experiments below 40 Mev. At low energies only a few 
partial waves are expected to be important in the nuclear 
scattering, a fact that simplifies the phase-shift analysis. 
Unfortunately, the only accurate measurements in this 
energy range are angular distribution measurements. 
Hence the present paper is primarily a study of the 
restrictions imposed on phase-shift solutions by the 
single requirement that a good least-squares fit be ob- 
tained to the angular distribution. When the analysis 
was carried out using 4S», *Po, *P1, *P2 and 'D, nuclear 
phase shifts, it was discovered (not surprisingly) that a 
semi-infinite region can be described in the S—D plane 
inside of which equally good fits to the angular distribu- 
tion are obtained, and that for each S—D pair there are 
four sets of P waves that give equally good fits. It is 
shown in Sec. IV that angular distribution measure- 
ments accurate to 0.1% would not eliminate the fourfold 
semi-infinite continua of solution sets. The determina- 
tion of a unique phase-shift set in the S, P, D approxi- 
mation requires both double- and _triple-scattering 
experiments. 

The characteristics of the four sets of P-wave solu- 
tions corresponding to an S—D pair (in the S, P, D ap- 
proximation) are described in Table I. In general, sets I 
and III give positive polarizations, and II and IV give 
negative polarizations. An extrapolation of high-energy 
polarization measurements (see Sec. XII) shows a 
positive polarization, which indicates solutions of types 
I and III. Most nuclear potential model calculations 
(see Secs. XIII-XV) give a positive *Po, which would 
rule out III. However, Feshbach and Lomon? favor a 
large negative *P» corresponding to type III. Hence it is 
difficult at present to decide conclusively which type of 
solution continuum is the correct one, let alone being 
able to extract a unique set of phase shifts from the 
continuum (that is, being able to assign definite values 
to S and D). 

Precise low-energy polarization measurements will be 
difficult to carry out, since the polarization below 40 
Mev is expected to be very small—less than 1%. 


2H. Feshbach and E. Lomon, Phys. Rev. 102, 891 (1956). 
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Triple-scattering experiments sound even more difficult. 
However, the triple-scattering parameters are fairly 
large even at low energies (see Sec. XII). Hence experi- 
menters who are considering low energy polarization 
measurements should also consider the feasibility of 
some of the triple-scattering measurements. The advent 
of polarized proton ion sources will be a boon to workers 
in this field. 

In the present paper, Sec. II summarizes the experi- 
mental data, Secs. III-V show how many partial waves 
are necessary at each energy, Secs. VI-X give the de- 
tailed phase-shift analyses of the data, Sec. XI discusses 
error matrix calculations of the uncertainties in the 
phase shifts, Sec. XII covers double- and triple-scat- 
tering experiments, Secs. XIII-XV discuss the predic- 
tion of phase shifts by means of nuclear potential 
models, and Sec. XVI is the conclusion. 


II. p-p ANGULAR DISTRIBUTION DATA 


In precise phase-shift analyses, it is important that 
the experimental data be fully corrected. Since the 
present work includes analyses of data that have not 
yet been published, as well as cases where additional 
corrections were applied to data already published, it 
seems worthwhile to summarize the data and to discuss 
the corrections that have or have not been applied. 

Table II contains a summary of the data*~* used in 
the present analyses. In connection with Table IT, the 
following comments on the p-p data should be noted: 

1.855 Mev.—The original Wisconsin data (first part 
of reference 3) have been remeasured, since the geo- 
metrical corrections were found to be incorrect. Table II 
gives newer data. These data have been corrected for 
relativistic effects and for vacuum polarization effects.” 
As this paper was being prepared for press, final data 
were received from Knecht. The data differ slightly 
from the values given in Table II, but not enough to 
appreciably alter the results of the present work. The 
reader is referred to a forthcoming article by Knecht, 
Messelt, Berners, and Northcliffe! for the latest 1.855- 
Mev data. 

4.203 Mev.—The original data* contain the same 
geometrical errors as mentioned above for the 1.855- 
Mev case. The data in Table II have not been corrected 
for these errors. However, since the correction amounts 
to only 0.5% in cross section at most, and is considerably 

® Worthington, McGruer, and Findley, Phys. Rev. 90, 899 
(1953); Knecht, Messelt, Berners, and Northcliffe, Bull. Am. 
Phys. Soc. Ser. II, 3, 203 (1958); D. J. Knecht (private com- 
munication). 

*L. H. Johnston and D. E. Young, Bull. Am. Phys. Soc. Ser. II, 
3, 50 (1958); L. H. Johnston (private communication). 

5B. Cork and W. Hartsough, Phys. Rev. 94, 1300 (1954). 

® J. L. Yntema and M. G. White, Phys. Rev. 95, 1226 (1954). 

7 Burkig, Schrank, and Richardson, Phys. Rev. 100, 1805 
(1955); Phys. Rev. 113, 290 (1959). 

® Cork, Johnston, and Richman, Phys. Rev. 79, 71 (1950). 

* L. H. Johnston and D. A. Swenson, Phys. Rev. 111, 212 (1958). 

” L. Durand, III, Phys. Rev. 108, 1597 (1957). 


4 Knecht, Messelt, Berners, and Northcliffe, Phys. Rev. (to be 
published). 
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103.8 +4.26 
40.85+0.74 
20.63+0.23 
13.50+0.12 
10.87+0.09 
10.01+0.08 


8.083 


10.10 
12.12 
14.14 
16.17 


14.07 59.10+1.5 
16.08 37.72+1.0 
18.09 29.51+0.7 
20.10 25.84+0.7 


22.11 


10.026 847. 
14.035 218. 
16.040 


12.031 


7.14 


5 


16.018 637. 


780.83 
$755.1* 
3263.13 
3248.1* 


11 082.7: 
5 


12.0059 
14.0068 
16.0077 


20.0096 
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18.19 


75.49+ 0.7 


20.050 


1254.8: 


9.79+0.08 
9.85+0.08 
9.94+0.08 


22.23 


20.21 
24.24 


12.94+0.16 


7.52 


24.06+0.6 


24.12 23.18+0.6 
26.13 22.39+0.6 


30.15 23.19+-0.6 


30.14 24.79+0.25 


27.67 55.69+0.50 


24.059 


153.11--0.694 
118.32+0.380 


25.027 
30.032 


91.13* 
274.64* 


1249.9 
5 


1247.7! 


24.0115 
30.0140 


Ss 


oo 


10.86+ 
11.13% 


56.50 


13.10+0.14 40.38 


13.88+0.17 
13.95+0.20 


52.76 


40.19 23.71+0.6 40.04 


36.18 23.40+0.6 
27.10+0.19 50.23 24.54+0.6 


25.78+0.26 
60.24 27.29+40.16 60.26 23.88+40.6 64.98 


36.16 
53.71+0.54 40.18 26.30+0.21 
50.21 
70.26 
80.27 


52.26+0.43 
54.92+0.49 
55.24+-0.60 


49.94 
59.7 
60.28 


50.974 0.48 40.41 


51.934 0.49 
51.524 0.49 
53.00+ 0.50 
53.884 0.51 
53.97+ 0.51 


32.077 
36.086 
40.095 
50.114 
60.129 
70.139 


80.145 


106.31+0.320 
108.06+0.346 
111.030.366 
113.21+0.328 
114.13+0.331 


107.93+0.37 


35.036 
40.041 
50.049 
60.055 
70.060 


80.063 


90.065 


11.17+0.09 
11.16+0.09 
11.16+0.09 


70.56 
80.58 
90.60 


14.00+0.15 
14.30+0.15 


77. 


70.28 24.51+0.6 
80.29 24.26+0.6 
2+0.14 90.30 24.30+0.6 90.02 


27.38+0.14 
7 27.25+0.14 
1 90.28 27. 


5 


4.74+0.49 
3.86+0.4 
6.1140 


3 
5 
5 


79.88 
90.98 


68.48 


54.284 0.52 
54.49+ 0.52 


114.32+0.354 90.148 














4 See ref- 


© See reference 5. 
mb/sterad. ij 1-mm defining slits. 


b See reference 4. 


i Differential scattering cross section in c.m. system, 


Knecht, thesis, University of Wisconsin, 1958 (unpublished), and reference 11. 


bh Center-of-mass scattering angle in degrees. 


@ See reference 9. 


f See reference 8. 


14-mm defining slits. 


® See reference 3. Note added in proof.—For final values at 1.855 Mev, see D. 
e See reference 7. ; f 


k 2-mm defining slits. 
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less than this at large scattering angles, the phase shift 
values calculated from these data will be very close to 
the true values. The data have been corrected for 
relativistic angle and cross-section transformation and 
for vacuum polarization effects. The discussion in Sec. 
VI indicates the sensitivity of the calculated phase shifts 
to small changes in the angular distribution data. 

9.68 Mev.—Johnston and Young at Minnesota‘ have 
measured the p-p angular distribution at 26 different 
scattering angles, although only 15 angles are listed in 
Table II. The errors shown in Table II should be re- 
garded as preliminary, although they are expected to be 
very close to the final values. The data are corrected for 
relativistic effects. They are not corrected for vacuum 
polarization effects, although examination of the vacuum 
polarization corrections at 1.855 and 4.203 Mev” sug- 
gests that the correction is appreciable at 10 Mev, 
especially at small scattering angles. Since P-wave 
phase shifts are important at 10 Mev (see Secs. III and 
VII), vacuum polarization effects are pretty well 
masked by nuclear scattering effects. 

9.73 Mev.—The published data® were changed only 
by the addition of relativistic angle and cross-section 
transformation effects. 

18.2 Mev.-—Same comments as for 9.73-Mev data, 
above. 

19.8 Mev.’—The final values, with all geometrical 
corrections, were received from Richardson,’ who com- 
mented that although counting statistics were good to 
+1%, the final cross sections are believed to have 
relative accuracies of +1.5% and absolute accuracies 
of +2.5%. The principal reason for uncertainty is a 
possible small low energy contamination in the beam. 
Relativistic corrections have been applied. 

31.8 Mev.3—Same comments as for 9.73-Mev data, 
above. 

39.40 Mev.—Johnston and Swenson’ have made 
measurements at 27 angles, although only 15 angles 
were used in the present analysis. The data have been 
corrected for all geometrical and relativistic effects. 


III. S-WAVE FITS TO THE ANGULAR 
DISTRIBUTION DATA 

The simplest assumption about low-energy p-p scat- 
tering is that only Coulomb effects and S-wave nuclear 
forces are important. Thus it is useful to see at what 
bombarding energy the higher angular momentum com- 
ponents of the nuclear scattering become important. 
For the measurements at 1.855,’ 4.203,3 and 9.684 Mev, 
calculations were made to find the S-phase shifts which 
give the smallest least-squares value M, where M is 


defined as 
(0,)—cexp(9;) \2 
Ag exp (9) ) 


and Agex,p is the experimental uncertainty in the meas- 
ured cross section. The results are summarized in 


M= (1) 
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Table ITI. (In all phase shift calculations the equations 
used were those defined, for example, in the paper by 
Stapp and co-workers,” and the phase shifts are Stapp’s 
nuclear bar phase shifts.) 

The 1.855-Mev angular data used for the S-wave fit 
were obtained from the data in Table II by taking 
simple averages over the measurements at different slit 
widths. As Table IT shows, the small-angle cross section 
values thus obtained have uncertainties of a few tenths 
of a percent. A 'S» phase shift of 44.15++0.01° gives a fit 
to the data that is within 0.4% for the small angles and 
within about 0.1% for the large angles, as shown in 
Table III. This value for the S phase shift agrees with 
the value 44.160° obtained by Knecht.” (See Sec. XI 
for a discussion of the error calculation.) The observed 
deviations E(@) shown in Table III are not particularly 
suggestive of P- or D-wave effects. Hence, within the 
present experimental uncertainties, the 1.855-Mev data 
indicate pure S-wave nuclear scattering. 

The situation at 4 Mev is not so clear-cut. The ex- 
perimental measurements listed in Table II still contain 
the small geometrical errors discussed in Sec. II. As 
Table III shows, an S, P, D fit to the data gives a 
slightly smaller M value than the best S fit at 1S 
= 53.912°, but not significantly so. 

The 9.68-Mev data reveal definite P- and D-wave 





| | 


BOUNDARY OF REGION GIVING GOOD 
S,P,0 FITS TO o(@) 








607T- 


9.73 Mev (BERKELEY, 1954) 


268 Mev 
(MINNESOTA, 
1958) 


a 16.2 Mev (PRINCETON 
55 1954) 


19.6 Mev(UCLA, 
1958) 


31.6 Mev 
(BERKELEY, 
1950) 


SINGLET S PHASE SHIFT 


45T- 














4 
-1° o° a 1.5° 


SINGLET O PHASE SHIFT 


Fic. 1. Boundaries of regions inside of which good fits to the angu- 
lar distributions can be obtained in the S, P, D representation. 
2Stapp, Ypsilantis, and Metropolis, Phys. Rev. 105, 302 

(1957). 

8 D—D), J. Knecht (private communication). 
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effects. The least-squares sum for the best S fit is 
almost 3 times as large as for S, P, D fits (Table III). 
Furthermore the deviations, which are larger than the 
experimental uncertainties, indicate (constructive) P- 
wave interference effects in the region of the minimum 
(~30°), and a general asymmetry characteristic of a 
positive D-wave component. Extrapolation of higher 
energy phase shift results, and potential model calcula- 
tions (Secs. XIII-XV), also indicate definite P- and D- 
wave contributions at 10 Mev, and small but significant 
P- and D-wave components at 4 Mev. 


IV. CHARACTERISTICS OF S, P, D FITS TO THE 
ANGULAR DISTRIBUTIONS 

The S-wave approximation to p-p nuclear scattering 
fails even for an energy as low as 10 Mev, as shown in 
Sec. III. The S, P, D description of the scattering process 
is given in the present section. It will be shown in the 
next section that at 40 Mev, the S, P, D approximation 
fails, and F-wave components must be added. 

In making a phase shift analysis of p-p scattering 
using nuclear S, P, and D waves, we make use of the 
parametrization method developed by Clementel and 
Villi."* The application of this method to measurements 
at 40 Mev has been described in a previous paper.'® 
Clementel and Villi write the differential cross section in 
the form 


a (8) =Ao('S0,'D2,0) +A 1(0)Z: +A 2(0)Z2+A3(0)Z3, (2) 


where Z;, Z2, and Z; are certain combinations of the 
§Po, §P, and *P, phase shifts [Eq. (2) of reference 15]. 
Now if values for 4S» and ‘Dz are chosen and the least- 


TABLE III. Summary of S-wave fits to p-p angular 
distribution data. 


4.2034 9.68% 


53.912° 
0.267 
0.195 


Lab energy (Mev): 1.8558 


1S» phase shift for best fit 44.15+0.01° 
M value for S fit” see 
M value for S, P, D fit 


56.15° 
0.82 
0.30 


Deviation E(@) in %:° 
D(@) 
—0.93 
—0.21 
—0.99 
0.13 
—0.48 
— 1.93 
— 1.50 
0.33 


6c.m.4 6c.m. D(@) Bo.m 

12 16 0.18 12 

14 25 —0.16 14 

16 3 —0.41 16 

20 35 0.19 20 

24 —0.08 24 
30 5 0.19 
35 0.03 
40 : —0.14 

0.05 0.12 

60 0.19 5 —0.09 

70 0.19 

7 1.21 

1.28 

1.08 


® See discussion of these data in Sec. II. 

b M is the least-squares sum, see Eq. (1). 

© E(0) =[ecate(0) —oexp (0) ]/ceaic (0). 

4 Approximate center-of-mass scattering angle in degrees. 


14 Clementel, Poiani, and Villi, Nuovo cimento 2, 352 (1955); 
and E. Clementel and C. Villi, Nuovo cimento 2, 1165 (1955). 

16H. P. Noyes and M. H. MacGregor, Phys. Rev. 111, 223 
(1958). 
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squares sum M [Eq. (1) ] minimized, the Z’s can be 
uniquely determined.'® When the Z equations are solved 
for *Po, *P;, and *P2, it is found" that there are four 
sets of P waves that all give the same set of Z’s, and 
hence the same values for o(@) and for M. 

When the data of Sec. II were subjected to a phase 
shift analysis in the S, D, Z:, Z2, Z3 representation, it 
was found that at 20 Mev and below, the least-squares 
sum M is constant for all values of S and for a whole 
range of D values. (For the situation at 40 Mev, see 
reference 15.) When the Z equations were solved for the 
P phase shifts, however, it was found that only certain 
combinations of S and D waves lead to real values for 
*Po, *P1, and *P». Figure 1 gives regions in the S, D 
plane, for each set of data, inside of which real P values 
are obtained. Outside of these regions, good fits in the 
S, P, D approximation cannot be obtained. 

A number of investigations were carried out to de- 
termine the properties of the solution regions shown in 
Fig. 1. Removal of the Coulomb peak from the 9.68-Mev 
data did not change the shape of the solution region, and 
changed the resulting phase shift sets only slightly. 
This shows that attempts to fit the Coulomb peak were 
not dominating the results. A series of search problems 
were started at random phase shift values, with the S$ 
and D phase shifts held constant. For S—D pairs lying 
within the solution region (Fig. 1), one or another of the 
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Fic. 2. Variation of P phase shifts as the D phase shift is varied, 
with the S phase shift held constant. The P phase shifts are 
smoothly varying in going across the boundary of the solution 
region (Fig. 1), although good fits to the angular distribution are 
no longer obtained outside the solution region. The solution sets 
are labeled according to Table I. 
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Fic. 3. Variation of the least-squares sum M with changing D 
phase shift, holding the S phase shift fixed. This illustrates that, 
with S, P, and D waves, good fits to the angular distribution are 
obtained only inside the solution region (Fig. 1). 


Clementel-Villi P-wave solution sets was always ob- 
tained. For S—D pairs lying outside the solution region, 
P-wave solution sets were still obtained, but with much 
poorer least-squares fits to the data. 

The variations in the P-wave solution sets with 
variations in § and D are illustrated in Figs. 2-4. Both P 
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Fic. 4. Variation of P phase shift as the S phase shift is varied, 
with the D phase shift held constant. Above a certain value for the 
S phase shift, good fits to the angular distribution can no longer be 
obtained. 
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Fic. 5. Least-squares fits at 39.40 Mev. For S=30° and D=3°, 
good S, P, D fits to the angular distribution (but not to che 
polarization) are obtained. For S=40°, the solution boundary 
effects (Fig. 1) are apparent in the S, P, D solution, and F waves 
are needed to give good fits to the angular distribution. The arrow 
indicates the probable value for the D-wave phase shift, based on 
nuclear potential model calculations. 


and D waves have large cos*@ components, and for 
energies of 20 Mev and below, the cos‘? component in 
the angular distribution is unimportant [see the dis- 
cussion of Eq. (3) in the next section ]. Hence a change 
in the D wave can be compensated for by a suitable 
change in the P waves. Figure 2 shows how this works 
out in a particular case. Although the P-wave solutions 
are smooth functions of the D wave in passing across the 
solution region boundary (Fig. 2), the least-squares sum 
M rises sharply outside the solution region, as illustrated 
in Fig. 3. Figure 3 also shows that the addition of F 
waves does not improve the fit inside the solution region. 
(This is not true at 40 Mev, as will be shown in the next 
section.) F waves help somewhat in obtaining agreement 
outside the solution region, although the effect of crossing 
the boundary is still apparent. 

We have shown that if the single criterion of a phase 
shift search is to obtain the best possible least-squares fit 
to an angular distribution curve, the S, P, D approxima- 
tion at energies of 20 Mev and below gives four semi- 
infinite continua of solution sets. However, since M 
represents a sum over many angles, it might still be 
hoped that a certain portion of the angular distribution 
curve (for example, the interference dip) will show 
changes in the calculated cross sections for the different 
phase shift solution sets. An examination of the calcu- 
lated cross sections reveals that at any one angle, the 
cross section value is constant to within one- or two- 
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tenths of a percent for all solutions inside the allowed 
region. Hence even a very accurate angular distribution 
measurement will not be sufficient to eliminate any of 
these solution sets. 

The constancy of the cross section means that a cer- 
tain combination of squares of the scattering amplitudes 
[ Eq. (4.4) in reference 1] is constant for all of the solu- 
tion sets. However, the amplitudes themselves are not 
constant, and the polarization and triple-scattering 
parameters vary throughout the solution region shown 
in Fig. 1 and are different for solutions of the various 
types I-IV. Thus polarization and triple-scattering 
measurements will provide data to remove the phase- 
shift ambiguity. 


V. F-WAVE EFFECTS 


In the preceding section, it was shown in Fig. 3 that 
the addition of F waves did not improve the fit to the 
angular distribution in the solution region. (Since the 
solution regions shown in Fig. 1 contain the physically 
interesting ranges of S and D, any improvement in the 
fits outside the solution regions by the addition of F 
waves is of no practical importance.) Analysis of the data 
at 19.8-Mev yields curves similar to those shown in 
Fig. 3. Hence at 20 Mev and below, the angular distribu- 
tion data indicate no necessity for adding F-wave 
components. 

At 40 Mev the situation is considerably different. A 
solution region can be defined in the S, P, D approxima- 
tion, as shown in Fig. 1. However, good fits are not 
obtained at all points inside the region, using only S, P, 
and D waves. Figure 5 shows that if a D wave of 3.1° is 
chosen, a fit can be obtained for S, P, and D waves that 
is as good as when F waves are added. However, a D 
wave this large means that the S wave can be no larger 
than 33° or the S—D set will lie outside the solution 
region and the good fit will no longer be obtained. This 
is shown in the S=40° curve at the top of Fig. 5. A D 
wave of 3.1° is much larger than potential model calcu- 
lations predict, and an S wave of 33° is much smaller 
than the extrapolation from low energy results indicates. 
Furthermore, the S, P, D solutions that give reasonable 
fits to the angular distribution also predict large polari- 
zations, whereas the experimentally measured polariza- 
tion at 40 Mev is small'® (see Sec. XII). Hence any 
possibility of a satisfactory fit to angular distributions 
and polarizations at 40 Mev using only S, P, and D 
waves is ruled out. (These conclusions were stated in 
reference 15 and are included here again only for 
completeness). 

With the search code used in the present work, the 
’P,—®F, coupling parameter and *F, phase shift could be 
added to the phase shift search problem. When this was 
done, good fits to angular distributions were obtained 
for reasonable values of S and D, as shown in Fig. 5. 


16 Palmeiri, Cormack, Ramsey, and Wilson, Ann. Phys. (N. Y.) 
5, 299 (1958). 
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se-shift solution sets at 4.203 Mev.* 





§3.5° 








Solution I 


4.23 

3.14 

1.55 
—0.92 
—3.32* 


— 4,83 
—4.92 
—4.92 
— 4.69 
—4.18 


3.94 
0.65 
—0.17 


4.11 

3.10 

0.43 
—4.50* 


— 6.09 
—6.13 
—6.01 
—4.99 


—3.18 
—3.30 
—3,28 


—2.03* —3.01 


3.74 
—1.92 
—2.44* 
—3.67* 


— 1.68 
— 1.65 
— 1.62 
—1,.29 


Solution II 


11.81 
12.04 
12.04 
11.96 
11.18* 


—3.04 
— 2.37 
— 1.69 
—0.88 

0.33 


—2.38 
—1.68 
—0.92 
0.16 
1.46 


6.27 
6.55 
4.83 


— 1.00 
—1.50 
—2.11 
—2.70 


—2.09 
—0.57 


3.47* 


— 1.43 
—0.67 
0.44 
1.02 


2.64 


1.23 
2.36 


3.96* 


Solution III 


— 12.19 2.03 1.01 1.31 1.00 —6.68 


0.39 0.99 —4.64 0.70 0.50 —2.91 1.40 —0.21 


Solution IV 


5.96 —2.70 —3.80 4.85 —2.20 —2.30 


3.39 —1.60 1.32 1.71 —1.39 1.81 1.00 —1.00 


® The phase shifts are nuclear phase shifts in degrees. Solution sets noted with an asterisk lie outside the solution region (Fig. 2) and do not give as good 


fits to the angular distribution as the sets lying within the solution region. 


Also, solutions were obtained which give the small 
polarizations required by experiment. 

Since we have shown that F-wave effects are very 
important at 40 Mev, the question arises as to the im- 
portance of F waves at 20 Mev. Although good fits to 
the angular distribution data at 20 Mev are obtained 
using only S, P, and D waves, this does not necessarily 
rule out the existence of F waves. The angular distribu- 
tion cross section can be written in the form 


K*c=a+6 cos*6+<c cos‘@+ Coulomb terms 
+Coulomb-nuclear interference terms, (3) 


where K is the c.m. wave number and @ is the c.m. 
scattering angle. Now both D waves and F waves 
contribute to the cos‘@ term. Hence if c is large it will not 
be easy to distinguish between D- and F-wave effects. 
On the other hand, if c is small, then the main im- 
portance of the D wave lies in its contributions to 6 and 
to the interference terms. To the extent that it con- 
tributes to b, the F wave cannot be distinguished from 
P-wave effects. 

When the angular distributions at 20 Mev and below 
were analyzed in terms of Eq. (2), it was found that the 
cos‘@ component is quite small. For example, at 18.2 
Mev, the phase shift solution set: S=50°, Po=7.70°, 
P,=—5.38°, P»=4.18°, D=0.4°, which gives an excel- 
lent fit to the angular distribution, corresponds to the 
values a=0.63, 6=0.072, c=0.0027. Values at 19.8 Mev 
are a=0.62, 6=0.026, c=0.0027, and at 9.68 Mev are 
a=0.68, b=0.013, c=0.0002. At 39.40 Mev, on the 
other hand, we have a=0.55, b=—0.017, c=0.124. 
Hence for bombarding energies of 20 Mev and below, it 
is reasonable to talk in terms of S, P, and D waves only, 
even though at 40-Mev F-wave effects are so pro- 
nounced. 


VI. ANALYSIS OF 4.203-MEV DATA 


The Wisconsin p-p angular distribution data at 4.203 
Mev,*'’ as shown in Table II, have been analyzed in 
termsof.S, P, and D waves. The results are summarized in 
Table IV. The solution sets are continuous with respect 
to changes in S and D, of course, and the discrete values 
for S and D shown in Table IV serve to outline the 
nature of the solutions and can be used for interpolation 
if necessary. Solutions of types I and II have been 
mapped out in considerable detail. Solutions III and IV 
have P-waves that are approximately the negative of 
those for types II and I, respectively, and only a few 
solution sets are shown for these cases. Due to scaling 
difficulties, the Clementel-Villi parametrization method 
was not used to map out the solution region (Fig. 1) at 
4.203 Mev, but with the aid of the search code the 
boundary limits could be readily identified. The solution 
sets noted with an asterisk lie outside the solution region 
and hence do not give good fits to the angular distribu- 
tions. They are included here only for completeness. 

As discussed in Sec. II, the 4.203-Mev data still con- 
tain small errors due to inaccurate geometrical correc- 
tions. Also, vacuum polarization” corrections have been 
applied. To see the effect of the vacuum polarization 
corrections on the phase-shift solution sets, consider 
Table V, which gives phase shift solutions obtained be- 
fore vacuum polarization corrections were applied. A 
comparison of Tables IV and V shows that the effect of 
the vacuum polarization corrections is to change the 
phase shifts slightly. Thus unless the S phase shift is in 
the region where the P waves are very small (S>53.7°), 
the vacuum polarization corrections to the phase shifts 
at 4 Mev are not too important. Since the errors due to 
inaccurate geometrical corrections to the 4.203-Mev 
data are (coincidentally) about the same size as the 


vacuum polarization corrections, it follows that subse- 
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TasBie V. S, P, D phase-shift solution sets at 4.203 Mev with no 
vacuum polarization corrections applied. 
52° 53° 
3Po 5P; 8P2 sP; 
Solution I 
1.95 
2.17 
2.39 


~4.83 
—4.89 
—491 


3.84 
2.89 
1.62 


0.95 
—0.43 


—3,28 
— 3.20 


Solution IT 
—0.50 
— 1.00 
— 1.50 


—2.11 
—0.58 
1.53 


6.04 
6.35 
4.09 


9.36 
9.58 
9.49 


—2.42 
—1.72 
—0.96 


quent improvement in the 4.203-Mev data will not 
materially alter the phase shifts shown in Table IV. 

The uncertainties in the phase shifts shown in 
Table IV can be estimated by means of error matrix 
calculations, using the methods of Anderson ef al.!" (see 
Sec. XI). The polarizations corresponding to the phase 
shift solutions in Table IV were calculated and are 
summarized in Sec. XII. 

Recently Hull and Shapiro'* published the results of a 
phase-shift analysis of the 4.203-Mev p-p data in which 
they correctly showed that the angular distribution can 
be matched with solution sets having large P- and D- 
wave components (and hence large polarizations). A 
comparison of their phase-shift results with those of 
Table IV shows that their solutions are all of the types 
labeled II and III in Table IV. Furthermore, their 
solutions have large D values (for S<53° their solutions 
lie outside of the solution boundary region) and hence 
are in regions where *P» and *P, have the same sign, as 
can be seen in Table IV. Thus their statement that the 
phase shift sets are characteristic of L-S splitting is 
somewhat misleading, since over most of the solution 
region this is not the case. 


VII. ANALYSES OF 9.68-MEV AND 
9.73-MEV DATA 


Phase-shift analyses of the Minnesota 9.68-Mev data‘ 
and Berkeley 9.73-Mev data® were carried out in the 
same manner as described in the preceding section. Due 
to scaling difficulties, the 9.68-Mev data were analyzed 
with a 10° c.m. point omitted. Studies showed that this 
omission had a negligible effect on the phase shift 
solutions. 

When only S waves are used, the lowest M values that 
can be obtained are M =0.82 at 9.68 Mev for S=56.15°, 
and M=4.4 at 9.73 Mev for S=56.8°. [The least- 
squares sum M is defined in Eq. (1).] When P and D 
waves are added, the M values drop to 0.30 and 1.9 for 
the 9.68-Mev and 9.73-Mev cases, respectively. Hence 
both sets of data show definite improvement when the 


higher angular momentum components are added. 


17 Anderson, Davidon, Glicksman, and Kruse, Phys. Rev. 100, 
279 (1955). 
18M. H. Hull, Jr., and J. Shapiro, Phys. Rev. 109, 846 (1958). 
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As a first approximation, the M value as defined in 
Eq. (1) is expected to equal (n—p)/n, where n is the 
number of angles used in the fit and p is the number of 
parameters used in the phase shift analysis. Hence we 
expect M=0.64 for the 14-angle 9.68-Mev data and 
M =0.37 for the 8-angle 9.73-Mev data, when S, (split) 
P, and D waves are used. At 9.68 Mev, the M value 
obtained is about half of the expected value, showing 
that the errors quoted in Table II are somewhat con- 
servative. At 9.73 Mev, on the other hand, the observed 
M value is 5 times as large as expected, showing that the 
experimental errors are actually larger than shown in 
Table IT. 

The results of the phase-shift search are shown in 
Table VI. The phase shift sets obtained at 9.68 Mev and 
9.73 Mev are quite similar, although a slight shift with 
respect to the D wave can be observed. As stated in 
Sec. II, vacuum polarization effects were not included. 
Although a rough extrapolation indicates that the 
vacuum polarization correction is appreciable at 10 
Mev, the effect on the phase shifts in Table VI would be 
slight. 


VIII. ANALYSES OF 18.2-MEV AND 
19.8-MEV DATA 


This section includes the phase-shift analyses of the 
18.2-Mev Princeton data® and the 19.8-Mev UCLA 
data.’ The Princeton data does not include measure- 
ments at small angles, and the experimental uncertainties 
are very small. The UCLA data, on the other hand, does 
include measurements at small angles, but the quoted 
errors are rather large. The principal uncertainty in the 
UCLA data, as was mentioned in Sec. II, is a possible 
small low-energy contamination in the proton beam. 
The least-squares values expected at 18.2 and 19.8 Mev 
are 0.38 and 0.67, respectively, when S, P, and D waves 
are used. The actual values obtained were 0.05 and 0.61 
for the two cases. This shows that the 18.2-Mev errors 
are quite conservative, while the 19.8-Mev errors are 
about as quoted. However, if the point at 14° is dropped 
from the 19.8-Mev analysis, an M value of 0.17 is 
obtained as compared to an expected M value of 0.64. 
Hence with the exception of the smallest angle, the 
19.8-Mev errors are not as large as shown in Table IT. A 
study showed that dropping the 14° point from the 
analysis increased the 19.8-Mev *P phase shift by about 
10% and had smaller effects on the rest of the phase 
shifts. In mapping the 19.8-Mev phase shifts shown in 
Table VIII, all angles were used in the analysis. 

The phase-shift analyses of the 18.2-Mev data and 
19.8-Mev data are summarized in Tables VII and VIII, 
respectively. The solution sets are quite similar, al- 
though for the same P-wave splitting, the 18.2-Mev 
data require larger D waves than do the 19.8-Mev data. 
This is also borne out in the solution region boundaries 
shown in Fig. 1. Polarizations are summarized in 
Sec. XII. 
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IX. ANALYSIS OF 31.8-MEV DATA 


An inspection of the solution region for the 31.8-Mev 
Berkeley data*® shown in Fig. 1 indicates that it does not 
appear to be consistent with the other data at higher 
and lower energies, being somewhat shifted in the direc- 
tion of negative D-wave values. A phase-shift analysis 
of the data gives P waves that also correspond to a shift 
towards more negative D waves. The 31.8-Mev cross- 
section value at 90° shown in Table II agrees well with 
recent measurements at Minnesota.” If the angular 
distribution shown in Table II is altered by keeping the 
90° value fixed, but raising the small angle values up by 
some 15% in a smooth fashion, the resulting phase 
shifts agree rather well with an extrapolation of the 20- 
Mev results. Table [X shows the effect of this change on 
the phase shifts. 

At 40 Mev F waves are important, and the features of 
the S, P, and D waves at that energy have not yet been 
mapped out in a manner similar to the lower energy 
work. Hence it is not possible to say with certainty that 
the 31.8-Mev data are inconsistent with the other data. 
However, this appears to be the case. The data at 30.14 
Mev” appear to have an even larger systematic error. 
The cross section at @¢.m.= 11°, when compared with the 
data at 20 Mev and 40 Mev, seems to be low by perhaps 
50%. It should be pointed out that the measurements at 
both 30.14 Mev and 31.8 Mev were made many years 
ago. 

X. ANALYSIS OF 39.40-MEV DATA 


At 40 Mev, F waves must be included in any analysis 
aimed at giving a good fit to the angular distribution. 
This greatly increases the multiplicity of possible solu- 
tions. Also no convenient parametrization method such 
as the Clementel-Villi method exists for F waves. 
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Fic. 6. Summary of p- polarization measurements (reference 
21) at @c.m.=45°. The solid curve is the polarization predicted by 
the nuclear potential model calculations of Gammel and Thaler 
(reference 26). 

 Y.S. Tsai and L. H. Johnston, Bull. Am. Phys. Soc. Ser. IT, 3, 
204 (1958). 

*” F. L. Fillmore, Phys. Rev. 83, 1252 (1951). 
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Angular distribution, polarization, and triple-scattering 
measurements are all essential in order to limit the 
multiplicity of solutions. The logical approach at the 
present time is to go up to an energy where these 
measurements do exist, determine the magnitudes of the 
F waves at that energy, and then extrapolate down in 
energy. Such a program is outside of the scope of the 
present paper. We shall limit ourselves here to showing 
that a solution does exist at 40 Mev that represents a 
reasonable extrapolation upward from the low-energy 
data. 

The search code used in the present work includes the 
1$o, ®Po, *Pi, *P2, \De, €2, and *F2 nuclear bar phase shifts, 
as defined by Stapp.” When S, P, and D phase shifts 
representing an extrapolation of a typical type I 20-Mev 
phase-shift solution set were used as the starting points 
for a search problem, with ¢2 and */; set initially at zero, 
the search ended with the following phase shifts: 
1S9= 40°, ®Po= 15.7°, §P1 = —8.2°, *P2=3.8°, 'D2=0.55°, 
€2= —0.54°, §F,=1.41°. This solution set gives a reason- 
able extrapolation of the S, P, and D waves, small but 
significant values for the F waves, and a polarization at 
45° of about 1.5%, in agreement with experiment (Sec. 
XII). Other phase-shift solution sets at 40 Mev are 
given in reference 15. 


XI. ESTIMATION OF THE ERRORS IN 
THE PHASE SHIFTS 


The error matrix method" can be used to infer the 
uncertainties in the phase shifts. However, application 
of this method caused difficulties that are not completely 
understood. The *P» phase shift has a much larger 
percentage error than any of the other phase shifts, and 
this may have been the cause of the trouble. The in- 
verted error matrix was very sensitive to slight changes 
in the original matrix, and the diagonal elements of the 
error matrix were often negative. About all that can be 
said is that the uncertainty in *Po is in general a few 
degrees for all solutions, and that the uncertainties in 
the other phase shifts are about a degree, with the 'D, 
phase shift being accurate to perhaps a tenth of a 
degree. 


TABLE IX. S, P, D phase-shift solution sets 
at 31.8 Mev (!5)=45°).® 





Data raised 15° at 
small angles 
3P) 


Data as given in 
Table II 
1De 3Po 3P; 3P2 1IDe 3Po 





Solution I 
2.16 0.4 
3.03 

3.73 1.2 


—7.49 14.33 —7.02 
— 6.80 


—5.48 


—0.2 3.85 
0.2 —4.34 
0.6 —7.73 


—10.7 —6.85 


Solution II 
—2.00 0.4 


—4.31 0.8 
—4.85 1.2 


— 6.09 
—2.84 
—0.24 


15.57 
17.30 
16.45 


—3,.21 
0.61 
3.58 


—0.2 12.55 
0.2 10.49 
0.6 7.94 





® Phase shifts in degrees. 
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TABLE X. Calculated double- and triple-scattering parameters at 18.2 Mev. 
The calculations correspond to the phase shift sets given in Table VII.* 


C.m. 
scatt. 
angle 
(deg) 


1So =50°, 'D2 =0.4° 
Solution types 


Ill 


189 =50°, Sol. I 
Values for 'De 
0.4° 0.6° 


1D. =0.4°, Sol. I 
Values for 'So 
50° S1° 
P(6) 
—0.6 
0.5 
1.0 
0.9 
0.5 


—1.5 
—0.3 
0.5 
0.6 
0.3 


—0.6 
0.5 
1.0 
0.9 
0.5 


-0.4 
0.8 
1 
0.9 
0.5 


D(6) 
30 
—28 
—14 
—10 
—7 


48 
1 
7 
6 


1 


30 23 
—28 -23 
~14 ~9 
—10 —3 
~7 -1 


| 
1 me Gy 
Mower 
ah od 
hme VIN 


33 


5.4 


Cnn (9) 


—80 ~82 —85 5 


— 80 


—85 90 -80 


® The solution types are those listed in Table I. The scattering parameters are defined in reference 12, and the values are given in percent 


XII. DOUBLE- AND TRIPLE-SCATTERING 
EXPERIMENTS 


In the preceding sections it was shown that there 
exists a multiplicity of phase shift solutions that give 
agreement with angular distribution measurements—a 
multiplicity that even very accurate angular distribu- 
tion measurements would not remove. Polarization 
measurements can be used to remove some of the 
ambiguity. Unfortunately the smallness of the polariza- 
tion below 40 Mev makes accurate measurements very 
difficult. Figure 6 summarizes the experimental p-p 
polarization measurements at a scattering angle of 45°. 
The lowest energy point is P(45°)=1.2541.25% at 47 
Mev.*! These results indicate that the polarization 
below 40 Mev must be very small indeed. As a partial 
confirmation of the fact that the polarization continues 
to be small at low energies, Brockman” measured a 
polarization at 17.7 Mev of —1.2+2% at a cm. 
scattering angle of 60°. 

Table X summarizes the double- and triple-scattering 
parameters” that correspond to the phase shift solution 
sets given in Table VII. From Table X it can be seen 


21 This figure is from reference 16. 
2K. W. Brockman, Jr., Phys. Rev. 110, 163 (1958). 


that solution types I and III have positive nuclear 
(@>30°) polarizations, while II and IV have negative 
polarizations. An extrapolation of the high-energy 
polarization measurements indicates that at low energies 
the nuclear polarization is small and positive. Thus the 
ambiguity is reduced from four to two semi-infinite 
phase shift solution sets. The magnitude of the polariza- 
tion at 18.2 Mev would of course provide additional 
information. However, it is shown in Table X that the 
magnitude is a function of both the S and D waves, and 
that the shape of the polarization curve as a function of 
angle is roughly the same for a range of S and D values. 
A polarization measurement at 18.2 Mev with an abso- 
lute accuracy of 0.1% at all angles would probably 
permit a choice between solution types I and III on the 
basis of the shape in the Coulomb interference region, 
but it would still leave a range of S—-D combinations 
that would match both the angular distribution and 
polarization measurements. 

Since the low-energy polarization is so small, as 
shown in Table X and Fig. 6, it seems worthwhile to 
investigate the triple-scattering parameters. Some of 
these parameters” are listed in Table X for the 18.2- 
Mev case. As can be seen, the parameters are rather 
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TABLE XI. Calculated polarizations at a center-of-mass scattering angle of 50 degrees.* 


Solution I 





0.05 
0.20 
0.01 


Solution II 


4.203 Mev 


0.05 
—1.49 
—0.40 


9.68 Mev 
0.1 
— 1.08 
—0.31 
18.2 Mev 
0.4 
—0.61 
—0.28 
—0.06 


19.8 Mev 





Solution IIT 


Solution IV 





0.05 
—0.67 
—0.20 


0.05 
— 1,03 
—0.21 


0.2 0.3 0.4 0.2 0.3 
— 1.43 
—0.87 


—0.90 
—0.65 
—0.07 


1.03 
0.46 
0.05 


0.74 
0.21 
0.01 


0.90 
0.36 
0.03 


0.4 0.2 0.4 0.2 
— 2.04 —0.28 0.54 —1.39 
—1.01 —0.12 0.37 —0.58 
—0.09 —0.02 0.05 —0.04 





* Phase shifts in degrees; polarizations in percent. These calculations correspond to the phase-shift solution sets in Tables IV, VI-VIIT. 


large, so that triple-scattering experiments may be 
comparable in difficulty with polarization measure- 
ments at low energies. A measurement of D(@) at a 
single angle, for example, would permit a choice between 
[-II and III-IV solution types. This measurement 
combined with a knowledge of the sign of the polariza- 
tion would single out one solution type as the correct 
one. Just how many experiments would be necessary to 
assign precise values to S and D depends to a con- 
siderable extent on the accuracy of the measurements. 

As a guide to experimenters planning to carry out 
polarization measurements, Table XI summarizes calcu- 
lated polarizations at @..m.=50° for phase-shift solution 
sets given in the preceding sections. 


XIII. CALCULATION OF NUCLEAR PHASE SHIFTS 
IN BORN APPROXIMATION 


In the preceding sections we have seen that angular 
distribution measurements can be fit by a multiplicity of 
phase-shift sets, and that polarization measurements 
only partly remove the ambiguity. Since no other ex- 
perimental data exist in this energy region at the 
present time, the one remaining method of limiting the 
phase-shift sets is to calculate the phase shifts using a 
“reasonable” potential model. At the low energies 
considered here, the S phase shift is large, but the P and 
D phase shifts are small. Calculation of the S phase 
shift thus requires a knowledge of the potential in the 
vicinity of the repulsive core. But the P and D phase 
shifts, however, should be determined primarily by the 
outer part of the nuclear potential. In this and the 
following section, calculation of the small phase shifts 
only is attempted. 


Since the P and D phase shifts are small, a Born ap- 
proximation calculation was first carried out. Coulomb 
wave functions were used as eigenfunctions, and the 
nuclear potential was chosen to be the asymptotic 
second-order meson potential* extended to the origin. A 
difficulty arises in calculating the *P2 phase shift by this 
method, since the replacement of the tensor operator by 
“effective potentials” acting in each (J,/) eigenstate 
separately brings in off-diagonal contributions in this 
case (see the discussion of this point in the following 
section). However, the effect of these contributions can 
be estimated. 

Evaluation of the Born approximation integral at a 
lab energy of 18.2 Mev gives the following phase shifts: 
§Po=8.0°, §P;= —5.0°, *Px~1—2°, 1D.=0.37°. (These 
phase shifts will be compared with other calculations in 
the next section.) The asymptotic meson potential is 
only valid for distances of the order of 2X10~" cm or 
greater. Examination of the Born approximation inte- 
gral shows that the contribution of the outer region 
(r>2X10-" cm) is 0.7, 0.7, 0.5, and 0.98 of the total 
integral for the four phase shifts, respectively. Hence the 
outer region is quite important for the P waves and all- 
important for the D wave. Thus the use of the asymp- 
totic meson potential all the way in to zero distance is 
probably not too bad for the P waves and seems 
justified for the D wave. A repulsive square-well core 
with a height of, say, 100 Bev and a radius of 0.5 10-" 
cm produces a negligible change in the phase shifts. 

Although the Born approximation seems accurate for 


*Twadare, Otsuki, Tamagaki, and Watari, Progr. Theoret. 
Phys. (Japan), Suppl. No. 3, 37 (1956). 
* Reference 23, p. 36. 
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the D-wave calculation, it is apparent that the region 
near the core is of some importance for the P waves. 
The question arises as to what an infinite repulsive core 
would do to the phase shifts. In an answer to this 
question, the next section describes calculations made 
using the same nuclear potential but based on an 
integration of the radial wave equation rather than on 
the Born approximation. 


XIV. CALCULATION OF NUCLEAR PHASE SHIFTS 
BY INTEGRATION OF THE RADIAL 
WAVE EQUATION 


The nuclear potential chosen is the asymptotic second- 
order meson potential® combined with a repulsive core. 
Since the meson potential contains a tensor operator, 
mixing of the /-states occurs, and it is necessary to use 
coupled wave equations. However, as we restrict our- 
selves to the calculation of only P and D waves, the use 
of an uncoupled radial wave equation in each eigenstate 
separately leads to difficulty only for the *P2 phase shift, 
which couples to the */2 phase shift. Using the WKB 
approximation, we can define an “effective potential” 
that will act only in the *P», eigenstate,” and carry out 
the calculation with an uncoupled equation. 

The core region was specified by a value for the core 
radius and a value for the logarithmic derivative (Lo) of 
the wave function at that radius. In this manner the 
sensitivity of the calculation to conditions near the core 
could be investigated. The integration was carried out 
by numerical iteration, using the Livermore Univac 
computer. At a sufficiently large value of r, the loga- 
rithmic derivative of the wave function was matched to 
Coulomb wave functions in a standard manner. 

The results of calculations at 18.2 Mev are given in 
Table XII, which shows the dependence of the phase 
shifts on conditions at the core radius. For an infinite 
repulsive core (Lo= %), the calculated phase shifts are 
in good agreement with the Born approximation calcu- 
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TABLE XII. P- and D-wave phase shifts at 18.2 Mev as a function 
of the value of the logarithmic derivative at the core. 





—1 

—2 

—5.4 
—10 


— © 


187.59 175.52 
190.15 175.81 


180.23 





8 To is the logarithmic derivative at a core radius of 0.58 K10-" cm. 
b Phase shifts in degrees. 


lations of the preceding section. If the logarithmic 
derivative at the core is varied, however, the P phase 
shifts can assume any values, as shown in Table XII. 
The D phase shift is almost independent of conditions 
at the core, as is expected from the discussion in the 
preceding section. Since the Born approximation and 
infinite repulsive core calculations, which represent in a 
sense the two limiting cases of core potentials, are in 
agreement for the P phase shifts, it is tempting to say 
that these calculations are correct at least to the extent 
of giving the proper signs for the phase shifts. 
Calculations of phase shifts for an infinite repulsive 
core at several energies and for several core radii are 
given in Table XIII. Also included for comparison are 
the Born approximation calculations, and phase shifts 
calculated by Gammel and Thaler®® and Signell and 
Marshak.”’ The agreement between the Gammel-Thaler 
phase shifts and the phase shifts calculated in the 
present work is very good, even though quite different 
potentials are used in the two models. The Signell- 
Marshak phase shifts are essentially n-p phase shifts 
since Coulomb effects were not included and should not 
be compared quantitatively with the other calculations 
shown. They do agree in sign and general magnitude 


TABLE XIII. Phase shifts calculated from the asymptotic meson potential with an infinite repulsive core. 
Other calculations are also included for comparison. 








1Do 


0.027 
0.14 
0.14 


0.38 
0.38 
0.37 
0.42 
0.37 
0.09 
0.37 
0.2 


* Phase shifts in degrees. 
> See reference 26. 
¢ See reference 27. 


Comments 


Infinite repulsive core 
Infinite repulsive core 
Infinite repulsive core 
Infinite repulsive core 
Infinite repulsive core 
Infinite repulsive core 
Infinite repulsive core 
Infinite repulsive core 
Born approximation 
Gammel-Thaler® 
Gammel-Thaler> 
Signell-Marshak* 


35 See, for example, J. S. Ball and G. F. Chew, Phys. Rev. 109, 1385 (1958) 


26 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957). 
27 P, S. Signell and R, E, Marshak, Phys. Rev. 109, 1229 (1958), 
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TaBLe XIV. Type I phase shift solution sets for the D waves 
given in Table XIII. 


1De 8Po 3Pi P(50°)' 
19.8 Mev 
2.84 —7.39 
1.52 —6.40 
0.01 — 5.20 
-2.61 — 3.33 


1.04 
0.73 
0.47 
0.26 


0.42 
0.42 
0.42 
0.42 


18.2 Mev 
9.43 —6.99 
8.99 —6.12 
8.01 —5.34 
7.22 —4,34 
6.04 — 3.20 
4.61 -1.62 


0.38 
0.38 
0.38 
0.38 
0.38 
0.38 


9.68 Mev 
—5.03 
—4.50 
— 3.90 
—3.19 
—2.10 
—0.94 


~ 


0.14 
0.14 
0.14 
0.14 
0.14 
0.14 


Gn on se he oe 
eo 


Aanaanwuw 
On 


a 


4.203 Mev 
1.78 —3.35 
1.00 —2.56 

- 2.06 — 1.80 
151 — 1.40 
0.82 -1.10 


0.027 
0.027 
0.027 
0.027 
0.027 


aa viv 
Ge Ge Ge Ge Ga 
OD eh 


* Phase shifts in degrees 
» Polarization in percent 


with the Gammel-Thaler and asymptotic meson po- 
tential calculations, giving P waves characteristic of 
solution type I. 


XV. COMPARISON OF CALCULATED PHASE 
SHIFTS WITH EXPERIMENT 


In the potential model calculations just discussed, the 
D-wave phase shift was found to be determined by the 
outer edge of the nuclear potential. Although some 
ambiguity arises in the calculation of the P waves, the 
models shown in Table XIII favor type I solution sets 
(we rule out type II by polarization arguments). With 
the point of view that the D wave is known from the 
model calculations and that the type I solution is the 
right one, a comparison between calculated phase shifts 
and experimentally-allowed phase shifts is given in 
Table XIV, using the D waves given in Table XIII. A 
comparison of Tables XIII and XIV shows that the 
agreement, while qualitatively good, is not precise 
enough to permit the determination of the S phase 
shift, for example. 

It would be desirable to be able to say just what 
modifications in the nuclear potentials are required in 
order to fit the experimentally determined phase shifts 
within errors. However, such an undertaking should be 
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attempted after enough experiments are available to 
permit the elimination of the phase shift multiplicity. 
Also, it is already clear that the meson-theoretic poten- 
tials give phase shifts that are in good qualitative agree- 
ment with the p-p experiments discussed in the present 
paper. To try to obtain precise quantitative agreement 
may mean that the static concept of the nuclear po- 
tential is being taken too seriously.”* 


XVI. CONCLUSIONS 

The principal conclusion of the present work is that 
both polarization and triple-scattering experiments will 
be necessary in order to obtain an unique set of p-p 
phase shifts, even at low energies. Since the low energy 
polarizations are small and the low-energy triple-scat- 
tering parameters are large, the two types of experi- 
ments may well be of comparable difficulty. 

At 1.8 Mev, the scattering is purely S wave within 
experimental errors. At 10 Mev, P- and D-wave effects 
are apparent. At 40 Mev, F waves are needed, even if 
the only criterion is a reasonable fit to the angular 
distribution data. The P-wave splitting in the S, P, D 
approximation is very sensitive to small changes in the 
S and D waves, and examination of Tables IV, VI-IX 
shows that the experimental angular distribution data 
are not all in agreement. Measurements at extremely 
small scattering angles are not particularly important 
with regard to nuclear phase shift determinations, since 
only Coulomb effects are being measured. More im- 
portant are precise measurements of the shape and 
absolute magnitude of the cross sections. When con- 
sidering effects such as vacuum polarization, the small- 
angle results are, of course, of considerable interest. 

The rather extensive tables of phase-shift solution 
sets were included both because they serve to illustrate 
just what limitations are imposed by the existing ex- 
perimental data, and because they are convenient 
starting points for future work. 
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The angular distributions of the alpha particles from the reaction C(He’,a)C at 4.5 and 2.0 Mev have 
been analyzed from the point of view of nuclear stripping. By symmetrizing the wave function of the co 
plete Hamiltonian with respect to the exchange of alpha particles, the heavy-particle stripping amplitude is 
formally included. The experimental distributions change decidedly between 2.0 and 4.5 Mev, and the calcu- 
lated curves employing a combination of pickup and a-stripping from C® agree quite well with the experi- 
mental distributions. Interference between the two channels plays a major role in the final expressions. 


I. INTRODUCTION 


HE theory of direct interactions'? has been 

utilized successfully in recent years to analyze 

the angular distributions of particles from (d,n), (d,p), 

and inelastic scattering reactions. Reactions employing 

He’ or H® as the bombarding particle are subject to 

analysis as direct interactions where both pickup? and 
stripping can occur in the same process. 

The C*(He'’,a)C” reaction has been studied at 2 and 
4.5 Mev by Holmgren, Greer, Johnston, and Wolicki.* 
Their results show marked variations in the angular 
distributions. At 4.5 Mev the angular distribution of 
the alpha particles oscillates rapidly, exhibiting two 
pronounced minima, one at 70°, the other at 145°, and 
three maxima at 25°, 115°, and approximately 180°. 
The two forward maxima are of approximately the same 
amplitude. The angular distribution corresponding to 
a bombarding energy of 2 Mev exhibits a forward 
maximum at 0°, a minimum at 55°, and a strong 
backward intensity. (See Figs. 1 and 2.) 

The analysis in terms of the pickup of a neutron by 
the He* was inadequate to describe either angular 
distribution. It was suggested‘ that an analysis in- 
corporating the process of the heavy-particle® stripping 
of an alpha particle from C" with the process of pickup 
might account for the observed angular distribution. 
The following discussion formally incorporates these 
processes, and the results exhibit the characteristics 
found in the experimental angular distributions. 


II. DEVELOPMENT OF THE DIFFERENTIAL 
CROSS SECTION 


The general approach to be used in this development 
has been treated at length by Fulton and Owen.® The 

+ Supported by the U. S. Atomic Energy Commission. 

* General Motors Fellow. 

1§. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951); 
A. B. Bhatia et al., Phil. Mag. 43, 485 (1952). 

2 All pertinent references are given by W. 
Technical Report No. 29, Case Institute of 
(unpublished). 

3H. D. Holmgren, Phys. Rev. 106, 100 (1957); Holmgren, 
Greer, Johnston, and Wolicki, Phys. Rev. 106, 102 (1957). 

4H. D. Holmgren and E. A. Wolicki (private communication). 

5 G. E. Owen and L. Madansky, Phys. Rev. 105, 1766 (1957); 
L.. Madansky and G. E. Owen, Phys. Rev. 99, 1608 (1955). 

6 T, Fulton and G. FE, Owen, Phys. Rev. 108, 789 (1957). 
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stripping of an alpha particle from the C® nucleus can 
be incorporated formally by constructing the total 
wave function to be symmetric for the exchange of 
alpha particles. After the first-order terms which 
describe the direct process are separated from the 
higher-order terms, the symmetry can be exhibited in 
the initial state®’ or in the final state.*:* In the analysis 
of the (He*,a) reactions the latter approach is the more 
convenient. 

The total Hamiltonian for the reaction C!(He’,a)C” 
can be written 


H=HetT,tVinetHut Vint Vue 
po Hpt+ Tat VastHut+ V tat Vue. 


The subscript C refers to the C” core for the neutron n 
in C', and the subscript B refers to the Be® core for 
an alpha in C’. The subscript H will refer throughout 
to the incident He® nucleus. The total Hamiltonian H 


(1) 
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90° 180° 
Ox 
Fic. 1. Theoretical curve of Eq. (23) for the reaction 
C8 (He3,a)C” at a bombarding energy of 4.5 Mev in the lab 
system. The points are the data of Holmgren et al., reference 3 


7A. P. French, Phys. Rev. 107, 1655 (1957). 
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Fic. 2. Theoretical curve of Eq. (23) for the reaction 
C8(He',a)C” at a bombarding energy of 2.00 Mev. The points 
represent the data of Holmgren, reference 3. 


can be split up in various ways to describe asymptotic 
conditions. 


In order to describe the initial state for the pickup 
of n by H, we write 


Ho =Hcet+TitVactdu, 
and 


H,©=VantVuc. 


H, is the zeroth order Hamiltonian for the initial 
state, while H, is the corresponding initial-state 
perturbation. 

In like manner for the pickup process the final state 
Hamiltonian and the corresponding perturbation are 


Ay? =Hcet+T,+HatVun, (4) 
Hy? =VactVuc. (5) 
The initial and final state eigenfunctions and Green’s 
functions are defined by these operators : 
(E—Hy™)y; =0, 
(E—H")G,=1, 
(E— Hy); =0, 
(E—H,)G2=1, 
(E—H)¥=0, 
(E—H)G=1. 
vi? =exp(iky- Ry) 
X exp{ —iky-[(M,/M1)Rit(Mc/M1)Re}} 
Xfunc)(Ra—Re)éicéin; (7) 
exp{ika-[(M./Ma)Rit+(Mu/Ma)Ru)} 
Xexp(—ika:Re)ficnzy)(Ri—Radésc&snésa. (8) 


(6a) 
(6b) 
(6c) 
(6d) 
(6e) 
(6f) 
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The position vectors R; are vectors relative to the 
center of mass of the complete system. The mass M, 
refers to the mass of the C™ nucleus. The function ¢ 
refers to the single-particle bound-state wave functions 
of the neutron in the initial and final states. The 
functions é refer to the internal wave functions of the 
remaining nucleons. As described in a previous paper,® 
the wave function of the complete Hamiltonian can 
be written 

V°=G.H,° 14+GH,®)y,. (9) 

In order to obtain VW in a form which emphasizes an 
alpha from the C™ as the outgoing alpha particle, we 
use a rearrangement of terms. The initial-state Hamil- 
tonian and perturbation are 
Ao =HgtHatHut V ba, (10) 
H,®=VantVup. (11) 


The subscript B refers to the Be® core of the alpha 
particle bound in C®, 
The final-state Hamiltonian emphasizing this process 
is 
Ay =Hgt+Huyt+VustHa, 
Ay =Vant Vas. 


Note that the He* system is captured by the Be® 
core. Again initial- and final-state wave functions and 
Green’s functions are defined : 


(E-Hy™ yy, ™ =0, 
(E—Ho™)Gn=1. 


(12) 
(13) 


(14a) 
(14b) 
The corresponding asymptotic functions are 


¥; =exp(iky- Ry) 
X exp{ —iky- [(Mp M,)Ret+ (M. M1)R.}} 
Xxuas)(Ra— Re) éizéin; (15) 


and 
¥; =exp(tk,- Ra) 
Xexp{ — ik, . [(Mu/Mr)Ryt+ (M B/Mr)Rp}} 
Xx) (Ra—Ra)ésptsué sa. 
The wave function VY of the complete Hamiltonian 
can then be written in a form which stresses a nuclear 


alpha particle as an outgoing term. 


V=G,H,% 1+GH,)y;. 


(16) 


(17) 


It is recognized that actually there are three alphas 
in the C® available for this process. Thus the operations 
of Eqs. (2) through (9) could be carried out again. By 
making use of the exchange properties of the individual 
wave functions, however, it is easily seen that the three 
a particles contribute equally. Thus the additional 
processes enter only as a multiplicative factor. 

As yet no symmetry properties have been imposed 
upon ¥ to take into account the exchange of the various 
alpha particles. It should be remarked that the super- 
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scripts on VW do not denote different ’s but serve to 
identify the process stressed in a given development : 


Voy. 


The rearranging of the leading terms,* however, proves 
convenient when we require the function to be sym- 
metric under the exchange of alphas. By utilizing ¥“ 
us the exchange wave function, the alpha-stripping 
process is formally included when the projection of the 
symmetrized function T is taken on the function Z; 
(defined below) with a(1) going out. We construct 
T(1,2) to be symmetric for the exchange of alpha 
particles 1 and 2. It is assumed that alpha 1 results 
from the pickup process, and alpha 2 results from the 
stripping process: 


T(1,2) = (1,2) +0 (2,1). (18) 
As described previously,® we are interested in the 
projection of T(1,2) on a particular final state Z,, and 
wish to consider the coefficient of Z srac1y7! exp (tka*%a(1)) 
aS Te1) is made large. 
The scattering amplitude is 


! 


+f | Hy (14+-GH,®) |i). 


T= (f 1H, (14+GH,") 1") ) 
(19) 


In Eq. (19) the superscripts 1, 2, 3, 4 refer to the 
eigenfunctions of a specific zeroth order Hamiltonian. 
It is assumed that direct interactions arise from the 
leading terms only. Even more specifically, we need 
retain only V,c from H,® and Vga from H,. The 
differential cross section for the direct interaction is thus 


da MaMuMtk. 


ae a 
dQ (Qrh?)?M rk final 


av initial 

Van|i*)|2. (20) 
Expressions (7) and (15) for the initial state and (8) 
and (16) for the final state are not in the form of total 
angular momentum wave functions. They result, 
however, from a partial expansion of the angular parts 
of the total angular momentum functions. The initial- 

state wave function can be written as 
V,= exp(iky- Ry)éin exp(ik ‘ROWvi(7ims,R,,- aie (21) 


where y;(j,,u:,R,,,-- +) is the total internal wave function 
of C" with total angular momentum j; with projection 
ui, and the final state wave function as 


W,= exp (ikke: Ra)Esa exp (ike: ReWo(jeyuesRu,- ++), (22) 


where Ve(jcyuc,Ru,:++) is the total internal wave 
function of C"’, with total angular momentum jc with 


projection ye. 


8A similar approach was carried out in reference 6 for (d,n) 
reactions where antisymmetrization was required. 


REACTION 


C1? (He* ,a)C?? 


The angular part of the matrix element for either 
process in (20) is evaluated by expanding (21) in terms 
of (22) with plane-wave and Clebsch-Gordan expan- 
sions. For the pickup channel, ¥i(ji,ui,Rn,-- +) in (21) 
is expanded in terms of the set of product functions 
funcy)(R»—Rc) representing the C™ nucleus as a 
neutron plus C” core. Thus (21) becomes 

Wi= Lo (ji ncje| miai—ucucei™, (23) 


Mae 


where J nc is the total angular momentum of the neutron 
relative to C” and (jiJncjc|uimi—ucuc) is the Clebsch- 
Gordan coefficient corresponding to the vector addition 
j3:=Jnctjc. The angular functions in y;" are then 
further expanded in terms of those in y,° and the 
product function {in7)(Rn—Ru)ésn in Ys represent- 
ing the alpha particle as He* plus the neutron is written 
as an expansion in the set of its total angular momentum 
functions. Thus (8) becomes 


yA= > (jag HI nit | babtHHa— bi s, (24) 


wH 


corresponding to the vector addition ja=jatJnun, 
where ja is the spin of the alpha particle with projection 
Ma and J, is the total angular momentum of the neutron 
relative to He’. 

The plane-wave propagation of the neutron away 
from the C™ nucleus serves to define its direction of 
propagation as a preferred axis of quantization for 
expansion (23). Similarly, the direction of its plane-wave 
propagation toward He* defines a preferred axis for 
expansion (24). It is found, however, that the second 
plane wave propagates with orbital angular momentum 
!,u=0, and thus the angular functions for the pickup 
channel can be expanded with the axis of quantization 
defined by the propagation of the neutron away from 
from C. The coefficients in these expansions give the 
angular part of the matrix element for this channel. 

For the heavy-particle stripping channel, expansions 
similar to (23) and (24) are made to express C™ as an 
alpha particle plus Be® core and to combine the Be’ 
core and He* into the C” nucleus. In this case Be’ 
propagates toward He’ with /7,=0, and the axis of 
quantization for the angular expansions is defined by 
the direction of propagation of the alpha particle away 
from C. The same axis of quantization must be used 
for both matrix elements in (20), and it is convenient 
to transform the functions of the heavy-particle 
stripping channel to the pickup axis. This transfor- 
mation introduces the associated Legendre function 
Pap)” '*® (cos) into the heavy-particle angular matrix 
element. The angle @ is the angle between the two axes 
(K, and Kg, defined below), and is a function of the angle 
of the outgoing alpha particle. The angular matrix 
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element thus contributes a non-numerical factor to the and 
total matrix element. 
Ill. THE ANALYSIS =(f | Tem. t+€ap— Ta—Ta—TH\t™). (25b) 
The radial matrix elements appearing in the differ- 


; Here €nc and €az represent the binding energies of the 
ential cross section presented in Eq. (20) can be 


outer neutron in C® and an alpha particle in C, 
considerably simplified by noting a simple relation respectively, T:.m. is the total kinetic energy in the 
between the potentials and the two initial-state center-of-mass system, and 7;= (—h?/2M,)V;7. 

Hamiltonians : The procedure followed is to substitute the Fourier 
transforms of the bound-state functions into the matrix 
elements. These Fourier transforms will constitute the 
=(f@ | Tem. Aéne— Te—Tn—Ty|i"’), (25a) major components of the angular distribution. They are 


Vince |ie 


Cunc)(R,—Rc)= (27) if [6 acy (Ky1’) exp(?K,’-[R,,— Re |)dKy’, 


Ci¢nn) (Ry»— Ry) = (27) if fr nu) (Ky’) exp(7k,’-[R,— Ry })dk,’, 


— ne if fe ws) (Ke’) exp(iK,’-[R,—Rp))dKe’, 


X1(HB (Ry—Ra)= (27) if. 0 fr By ( Ko’) exp(7ke’- [Ry —Rz })dk,’. 


These transforms can now be inserted into the integrals of Eq. (25). The operators 7; can be applied to the 
exponential functions under the integral sign and the integrations over all spatial coordinates performed, giving 


( f - V nc 7 “af as f ak,’ ak, F, nit)* (Ky )G, nf (K,’) 


uw. 4? w. «3 
xT. “ eel Mr ib +M,, (Ki ki) +Mc (K+ ki) | 
M; M, |] 


«6(K,’— (k.— (M, M, ky })6(k,’— [( Mn 'M..)Ka—ku }), (26a) 


and 


(J . VaB 4 Af a« f aK. dk.’ Fine *(k.’)G, ¥ ny) (Ko’) 


M, : Mp 
x | ip m. 1 €aB vn H Ri" T M. (kK: - kv) + M B (K+ kv) | 
M, M, 


«6(K.’— (k,+ (M. M, )Ky })5(ke’— [ky + ( Mu M r)ka ]), (26b) 


Integrating over the momentum coordinates, we obtain 


de MMuMrka ; . Ae : 
=— A;|? z CF nny* (Ki) Gin) (Ki) +—C oF 1178) * (Ka) Gia) (Ke) 
dQ (2rh*)?M rky final 


Ay 
av initial 
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where 
h? 
C71 To) ga Le m.1 Ent is 


C2(T 0) = Te.m.+€Ba— 


a1VE n 


K, — k,— ( M, /M7)ku, 
k, = (My /M,.)ka—ku, 
K,=k.+ (M./M1)ku, 


ko=ky+(My/M pk, 


» * * 
Ay [-- Sf fa 


REACTION C?3 (He?,a)C?!? 


—(tun Ra? +phnc Ra? — 2ka- Ky), 


(Map Ra? +n pe Ra? — QuBn 'k,- Ky), 


Eckindr. 


a a oe | ae ae 
Ao f . fin Esn Esa §iBindT, 


M,M, 


Mops ; , 
(M,+M,)M, 


The vector arguments of the function in (27) indicate the angular matrix elements. When these are evaluated 
as discussed above and initial states averaged over and final states summed over, the differential cross section 


becomes 


do MyMuM rk, 


- Ay “ CiF, nH *(Ry)G, n¢ (K) . 
dQ (2rh?)?M rk 


+2(As 'Ay) cosBCCoF yn1 *(R)Gicne (K1)F icy py* (ke) Grae) (K ») + | (Ad ‘Ay)CoF 1( By* (Re) Gray (K 2) sa 


where cos@ arises from the transformation from the 
heavy-particle stripping axis of quantization K, to the 
pickup axis K, and @ is the angle between K, and Ky. 

The Butler integrals 7, in general must be modified 
by a cutoff procedure in order to fit the experimental 
data. This cutoff procedure at present is supported only 
by phenomenological arguments relating to the absorp- 
tion of the incoming wave at points inside of the target 
nucleus and to Coulomb and nuclear scattering dis- 
tortions of the incident and outgoing wave. 

Reducing the amplitude of ¢; and x, for r<R has the 
practical effect of increasing the relative amplitude 
of the momentum wave function at large momenta 
and causing the momentum wave function to oscillate 
more rapidly. These effects of course imply distortion, 
since all distortions of the wave function generally 
provide a relative change in the shape of the mo- 
mentum distributions. 

In the ordinary deuteron stripping problem the 
so-called continuous momentum functions G; are 
associated with momentum transfers K which vary 
slowly over the angular distribution, with the result 
that changes in the integration of G; have little effect 
on the final result. 


(28) 


In the analysis of the C(He',a)C” reaction the 
momentum transfer K, varies in magnitude by a factor 
of 2. In addition the Gyxc) function passes through 
zero once in the interval from 0° to 180°. Thus the 
Giinc)(Ki) and to some extent Gijas)(K2) are quite 
sensitive to variations in 0. 

The data could be fitted using integrations from 
Q— © in the case of Ginc)(K1). However, a much 
more satisfactory fit is obtained when Gync)(Ki) is 
cut off in the same manner as used for the F; functions. 

The data were fitted with Eq. (23) using the cutoff 
radii R; for Fyniz)*, Re for Fic py*, a) for Gyncy, and a» 
for Gian). The theoretical curves of Eq. (28) and the 
experimental points are shown in Figs. 1 and 2. Table | 
presents the parameters used for the curves shown 
(radii are in units of 10-" cm). 


TABLE I. T fe pera) used in the theoretical 


curves [ Eq. (28) ] of Figs. 1 and 2. 


Ex (nC) l(nH) Il(a@B) 1(HB) 


2.0 Mev 1 0 1 0 
4.5 Mev 0 1 0 
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IV. DISCUSSION AND CONCLUSIONS 


The agreement between the curves obtained from 
Eq. (28) and the experimental data is rather striking 
when one considers the approximate nature of such a 
first-order calculation. Such agreement, however, may 
not be surprising when the fundamental amplitudes 
governing the angular distribution exhibit a rapid 
osc'llation over the interval from zero degrees to 180 
degrees. 

The use of distorted waves in the main should tend 
to smear out the peaks and shift the maxima and 
minima. The freedom of the choice of the “cutoff 
radius” in large part takes the latter distortion into 
account. 

Better fits to the data could have been achieved 
perhaps by additional variations in the parameters. 
It is well to emphasize that we should not expect much 
more than the general structure of the angular 
distribution. 

Specific consideration of distortions has been omitted 
throughout. For example, the data at 2.00 Mev below 
the Coulomb barrier should have a sizeable correction 
arising from Coulomb effects. The fact that some varia- 
tion in the parameters was required at this energy 
suggests the presence of distorted waves. The success 
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of the fits suggests that the interpretation of the reaction 
C(He'’,a) at these energies as a direct interaction is 
consistent with experiment. A large part of both 
theoretical distributions is supplied by the interference 
between the “pickup” and “heavy-particle stripping” 
channels. Furthermore, the variations between the 
curves for the two energies are accounted for by the 
kinematics. 

Satchler® has suggested that the magnitude of the 
exchange components provides a measure of the cluster 
parameters which arise in the many-body problem. 
Hence one could measure the relative cluster ampli- 
tudes, for example, by studying the heavy-particle 
components of (He*,p), (He’,d), (He*,He*), (He*,a) 
reactions using a given target nucleus. 
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Radiations from Tb?*° 


J. T. Hottoway* anp L. JAckson LAsLETT 
Institute for Atomic Research and Department of Physics, Iowa State College, Ames, Iowat 


The decay of Tb'** has been studied following its production by the Tb'(y,3n)Tb™® reaction with 
64-Mev bremsstrahlung. In the 5.6-day activity, 18 gamma transitions were detected with energies between 
89 kev and 2060 kev. The K x-radiation of Gd was associated with this activity, while no Dy radiation was 
found. No annihilation radiation was detected. The gamma spectrum was observed in coincidence with the 
Gd x-ray and found to be closely similar to that observed alone. No evidence of B-decay was found and it 
is concluded that the observed decay is by orbital electron capture. A relatively weak 5.5-hr activity, 
ascribable to Th'*®", was also produced by the (y,3) reaction. 


INTRODUCTION 


NFORMATION pertaining to the decay of Tb!** 
has been reported previously by a number of in- 
vestigators, notably Wilkinson and Hicks,’ Handley 
and Lyon,? Mihelich e¢ al.,°4 and Dillman ef al. 
After bombardment of europium with 10-Mev alpha 
particles, Wilkinson and Hicks observed a (5.0+1)-hr 
activity which appeared to emit hard electrons, posi- 
trons, soft x-rays, and a hard quantum background. 
This activity was assigned to Tb!** on the basis of yield. 
Handley and Lyon produced Tb!** by proton bombard- 
ment of enriched isotopes of gadolinium and observed 
activities with half-lives of 5.5 hr and 5.2 days which 
appeared to be isomeric. By absorption measurements, 
the 5.5-hr activity was identified as a single beta group 
with an end-point energy of 0.14 Mev. The longer- 
lived component was found to consist of two beta 
groups with maximum energies of 0.2 and 0.6 Mev, 
K x-rays from gadolinium, and ten gamma rays. No 
annihilation radiation was detected. 1 x-rays from 
dysprosium with a 5.5-hr half-life were observed and 
attributed to a highly converted weak gamma ray. 
Mihelich ef al.§* have obtained Tb'** by ion- 
exchange separation following proton bombardment of 
isotopically enriched gadolinium. They have found an 
88.4-kev isomeric transition with a 5.5-hour half-life, 
eight gamma-rays with energies from 89.10 kev to 
422.2 kev associated with the 5.6-day activity, but no 
conclusive evidence for a transition de-exciting the 
first excited level in Dy'®® which might be fed by 8 
decay of Tb'®®. Two of the gamma rays had energies 
corresponding to levels known to exist in Gd!*®, 
Gamma-gamma and beta-gamma coincidence meas- 
urements have been made by Dillman ef al.,°:® after 


* Present address: Physical Sciences Division, Office of Science, 
Office of the Assistant Secretary of Defense for Research and 
Engineering, Washington 25, D. C. 

t Work performed in the Ames Laboratory of the U. S. Atomic 
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1G. Wilkinson and H. G. Hicks, Phys. Rev. 79, 815 (1950). 

2T. H. Handley and W. S. Lyon, Phys. Rev. 99, 1415 (1955). 

3]. W. Mihelich and B. Harmatz, Phys. Rev. 106, 1232 (1957). 

4 Mihelich, Harmatz, and Handley, Phys. Rev. 108, 989 (1957). 

5 Dillman, Henry, Gove, and Becker, Bull. Am. Phys. Soc. Ser. 
II, 2, 341 (1957). 

6 Henry, Dillman, Gove, and Becker, Bull. Am. Phys. Soc. 
Ser. II, 2, 341 (1957). 


irradiation of terbium oxide with bremsstrahlung of 
240-Mev maximum energy. Initial results®:* suggested 
that Tb'®** may decay by orbital electron capture and 
by 8 emission, although the observed electrons may 
alternatively be interpreted as of secondary origin. 

In view of the existence of points of disagreement con- 
cerning the possibility of 6+ and B~ decay it was judged 
desirable to investigate this nuclide further, especially 
in regard to the association of the observed gamma-rays 
with decay to Gd'®*, Terbium metal and terbium oxide 
samples were irradiated with 64-Mev bremsstrahlung 
to produce Tb'* by the reaction Tb!®(y,3n)Tb'®*. This 
method of production complements to some extent the 
techniques employed by previous workers in that, while 
a single target isotope is involved, the lower bremsstrah- 
lung energy reduced the danger of confusion from com- 
peting spallation reactions. Several such irradiations 
were made, and the ensuing radioactive products 
were examined with a Geiger-Miiller counter, a large 
gas-filled proportional counter spectrometer, and scintil- 
lation spectrometers utilizing both NalI(Tl) and 
anthracene crystals. 


EXPERIMENTAL 


A sample of pure terbium metal weighing 5.75 g was 
irradiated for 16 hr in the external 64-Mev bremsstrahl- 
ung beam of the Iowa State College electron synchro- 
tron. Subsequently, the total activity of a 300-mg 
portion of the sample, consisting of several small 
slivers, was measured with an end-window Geiger- 
Miiller counter and recorded at 15-min intervals with 
an automatic printer for a period of 25 days after 
irradiation. Simultaneously, a preliminary survey was 
made of electromagnetic radiation from the remainder 
of the sample, using a scintillation spectrometer and a 
256-channel electronic pulse-height analyzer.’ 

Analysis of the Geiger-Miiller data revealed a pre- 
dominant 5.6-day activity and a small fraction of 
shorter-lived component, while the scintillation spec- 
trum was found to contain numerous gamma-rays with 
energies between about 80 kev and 2 Mev with a half- 
life of the order of several days. Accordingly, two further 
irradiations were made: one long run to increase the 


TR. W. Schumann and J. P. McMahon, Rev. Sci. Instr. 27, 
675 (1956). 
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Fic. 1. Scintillation spectrum of electromagnetic radiation from 
Tb,O; sample following 136-hr irradiation by 64-Mev bremsstrahl 
ung. The energies given at the top of the figure are in kev. 


intensity of the gamma spectrum and a short irradiation 
to emphasize any short-lived activity which might be 
present. 

The long run consisted of a 136-hr irradiation of a 
2.93-g sample of pure Tb,O; in the form of a fine powder, 
which was then shaped into a circular disk 6 cm in 
diameter and placed 2 in. from a 2-in. diameter by 
2-in. thick Na(TI) crystal mounted directly on a 
DuMont Type 6363 photomultiplier tube which was 
selected for low internal noise and optimum resolution. 
The gamma-ray spectrum thus obtained with the help 
of the 256-channel analyzer is shown in Fig. 1. Although 
lines lying below 150 kev are not readily distinguishable 
in this figure, a re-examination of the low-energy end of 
the spectrum at high amplifier gain revealed complete 
agreement, within the limits of resolution of the scintilla- 
tion counter, with the eight transitions between 89 and 
423 kev which Mihelich ef al.‘ reported as occurring 
in the 5.6-day decay of Gd'**, The limited resolution 
prevented any improvement in Mihelich’s energy 
assignments within this region. Energy calibration of 
the spectrum shown in Fig. 1 was accomplished by 
simultaneous comparison with gamma-rays from Co® 
and acceptance of Mihelich’s values for the energies 
of transitions at 199.4 and 356.6 kev. The observed 
transitions at 534, 767, 1216, 1423, 1826, and 2060 kev 
are in good agreement with those reported by Handley 
and Lyon.” 

Electromagnetic radiation in the region around 50 kev 


AND LL. 


LASLE TT 


from this same source was also examined with a 
large, high-resolution, argon-methane filled proportional 
counter spectrometer® and, although gadolinium K 
x-rays were observed, no K x-radiation from dysprosium 
could be detected. The resolution of the proportional 
counter was adequate to separate these two radiations 
if both had been present. 

The main interest here is in the gamma transitions 
above 500 kev. In an effort to associate these with the 
decay of Gd'** following K capture in Tb'®, an x-y 
coincidence experiment was arranged as shown in Fig. 2. 
The window of the single-channel differential analyzer 
was centered on the Gd K x-ray peak and adjusted in 
width to accept three-fourths of all Gd K x-rays while 
rejecting seven-eights of any Dy K x-radiation which 
might be present. The coincidence gate of the 256- 
channel analyzer was opened for 3 usec by a trigger 
pulse from the single-channel analyzer, during which 
interval scintillation counter pulses could be accepted 
for analysis and display. The 3-usec gate length was 
necessary because of fluctuations in electron drift 
time in the proportional counter. An 8.7-usec delay line 
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Fic. 2. Block diagram of instrumentation for x-y coincidence 
measurement of radiations from Tb!**, 


was inserted in the scintillation counter channel to 
compensate for this drift time and delay in the single- 
channel analyzer. No distortion of the gamma singles 
spectrum was observed when this delay line was 
properly terminated. 

The scintillation spectrum of gamma-rays in coin- 
cidence with Gd K x-rays is shown in Fig. 3. The coin- 
cidence counting rate appeared markedly greater when 
the single-channel analyzer was centered on the Gd K 
x-ray peak than when adjusted to a higher energy at 
which Dy x-rays would have been most efficiently 
selected. Although the resolution has suffered as a 
result of the relatively low coincidence counting rate 
and the correspondingly severe demands upon the 
long-term stability characteristics of the electronic 
circuits involved, most of the peaks visible in Fig. 1 
are Clearly discernible here, with three exceptions. The 
intensity of the 2.06-Mev transition was so low that 
its inclusion in the coincidence run would have required 
a considerable increase in counting time. The 155.2-kev 
peak is probably obscured by the line at 199.4 kev, 


* Holloway, Lu, and Zaffarano, Rev. Sci. Instr. (to be published). 
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and it appears likely that the peaks at 262.7 and 296.7 
kev are present but unresolved. 

The sample for the short irradiation was a stack of 
leaves of terbium metal with a thickness of about 
50 mg/cm? which was irradiated for 5 hr and divided 
into two parts, one of which was used for a 150-hr 
Geiger-Miiller measurement of total activity. While 
this Geiger-Miiller run was in progress, the gamma-ray 
spectrum from the other sample was examined at 
frequent intervals over a period of 127 hours with the 
scintillation spectrometer and the 256-channel analyzer. 
These successive records of the gamma-ray spectrum 
revealed a general tendency for the activity to decay 
with a 5.6-day half-life, but three regions were given 
special scrutiny. These were the K x-ray region around 
43 kev, the region around 90 kev which should include 
the 5.5-hr 88.4-kev isomeric transition in Tb'®®™ and 
the 89.10-kev transition of the 5.6-day activity in Gd!** 
reported by Mihelich ef al., and, lastly, a peak at 
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Fic. 3. Scintillation spectrum of electromagnetic radiations 
from Tb!** in coincidence with Gd K x-rays. The energies given 
at the top of the figure are in kev. 


124 kev which appeared to exhibit a half-life greater 
than 5.5 hr and less than 5.6 days. This half-life was 
determined to be 12.6 hr, but until it has been studied 
further, preferably by irradiating and analyzing several 
samples of terbium metal and oxide, it must be regarded 
as possibly due to an unidentified contaminant. After 
correction for time of irradiation and decay, the pre- 
dominant half-life found in all these measurements was 
5.6 days, the largest observed fraction of 5.5-hr activity 
being about 5% in the case of the Geiger-Miiller data. 

When the terbium foil was examined with an an- 
thracene scintillation spectrometer, a spectrum was 
found which suggested the possible presence of beta 
groups with end points around 200 and 600 kev as 
reported by Handley and Lyon, but the shape of the 
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spectrum remained substantially unchanged when a 
30-mil aluminum absorber was interposed between the 
source and crystal, so it seems highly unlikely that the 
observed spectrum was that of beta-rays emitted from 
the terbium. 


SUMMARY AND CONCLUSIONS 


In the activity observed after irradiation of terbium 
by 64-Mev bremsstrahlung, 18 transitions have been 
detected, with energies between 89 kev and 2060 kev. 
The lowest eight of these agree well with transitions 
found by Mihelich ef al.‘ to occur in Gd!** with energies 
of 89.10, 111.9, 155.2, 199.4, 262.7, 296.7, 356.6, and 
422.2 kev. Of the remaining ten, which have energies 
of 534, 767, 934, 1061, 1143, 1216, 1423, 1650, 1826, and 
2060 kev, six agree well with lines seen by Handley and 
Lyon.” This agreement in energy, the similarity of the 
spectrum when observed in coincidence with the K 
x-radiation from gadolinium, and the absence of any 
evidence for beta decay or positron emission all lend 
support to the belief that the transitions occur in Gd!®* 
following orbital electron capture by Tb!®® with a half- 
life of 5.6 days. 

The absence of annihilation radiation suggests little, 
if any, positron emission, and no evidence of beta decay 
was found. The spectrum observed with the anthracene 
crystal is attributed to the production of secondary 
electrons by electromagnetic radiation from the source 
material. 

The relatively small fraction of 5.5-hr activity, 
although surprising at first, is believed to be due in 
large measure to the thickness of the sources and the 
softness of the radiations associated directly with the 
Tb!” state, Mihelich e/ a/.4 having shown that the 
isomeric transition involves strong L-conversion. 

It seems possible that some of the gamma-ray lines 
reported by Dillman ef al. and not observed in this in- 
vestigation may have originated in nuclides other than 
Tb! due to the high energy of the bremsstrahlung 
employed in their irradiations. 
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The shape of the allowed beta spectrum and the directional correlations of the allowed beta ray and 
gamma or alpha ray have been investigated theoretically with an assumption of VA. We take into account 
the Coulomb field due to the daughter nucleus, the finite de Broglie wavelength effect, and the contribution 
of the second forbidden matrix elements, Pt(r?), M(a-r), Mior*), M((o-r)r), M(ysr), and M(aXr), 
simultaneously. Relations between coordinate-type and momentum-type matrix elements are given in the 
nonrelativistic approximation. In this case, It(@Xr)/M(e)=M-. The correction factors for the beta 
spectra of B® and N® as well as their ratio have almost no energy dependence, since several corrections 
cancel each other. On the other hand, this ratio varies by 12% over the whole spectrum, if we adopt 
M(aXr)/M(e)=M(uyp—pn) as given by Gell-Mann. The beta-alpha directional correlation of Li® is 


discussed also. 


I. INTRODUCTION 


N an allowed transition, the ordinary theory gives 

the beta spectrum to be constant if we divide the 
beta intensity by the statistical factor. Furthermore, it 
gives isotropies of the directional correlations of beta 
rays and alpha or gamma rays. This comes from the 
fact that the ordinary theory assumes s-wave leptons 
only. However, when the electron energy becomes very 
large, there appear some contributions from p- and 
d-wave leptons. These contributions are mainly inter- 
ferences between s waves and p or d waves. They are 
about (v/c)(pp) and (pp)? times as large as that of the 
§ waves, where v is the average velocity of nucleons 
inside the nucleus, p is the electron momentum in units 
of mc, and p is the nuclear radius in units of the electron 
Compton wavelength. We call these the contributions 
of the second forbidden transition to the allowed beta 
decay. 

The above effect for the allowed beta spectrum was 
first calculated by Fujita and Yamada to determine the 
upper and lower limits of Cp/Cr from the beta spectra 
of He® and B”.! These authors treated the correction 
factor for the beta spectrum by expanding Ly in a power 
series in (pp) up to the quadratic terms and taking into 
account the interferences between 9Ji(8e) and 9) (Ber’), 
IM((Be-r)r), M(Bysr), or M(BeXr). Directional corre- 
lations taking into account the same effect were given 
by Morita and Yamada and applied to the beta-alpha 
correlation of Li’.? Zweifel also calculated the allowed 
beta spectrum with contribution from the second 
forbidden transition.2 He assumed STP or VTP 
interactions, 

Recently, Gell-Mann noted again the same effect in 
the beta spectrum, with momentum-type matrix ele- 

* A preliminary work of this paper was presented at the Con- 
ference on Weak Interactions, Gatlinburg, 1958 [Bull. Am. Phys. 
Soc. Ser. II, 4, 79 (1959) ]. This work partially supported by the 
U. S. Atomic Energy Commission. 

1J. Fujita and M. Yamada, Progr. Theoret. Phys. (Kyoto) 
10, 518 (1953). 

2M. Morita and M. Yamada, Progr. Theoret. Phys. (Kyoto) 


13, 114 (1955). 
P. F. Zweifel, Phys. Rev. 95, 112 (1954). See also reference 8. 


ments, Pt(ysr) and P(eXr), only.* He estimated the 
magnitude of J(a@Xr) also. Since his beta-decay inter- 
action involves an additional term, which represents 
the beta decay through the meson cloud of the nucleon 
(e.g., p— at+n, rt > 2° +et++, and n+7°— n’), the 
magnitude of It(@Xr) estimated by him is large com- 
pared with that given in the old theory; see Appendix. 
Here we call the theory of beta decay, which does not 
have the meson-current term as above, the “old 
theory.” In order to test his theory, Gell-Mann con- 
sidered the measurement of the allowed beta spectra of 
both charges. Comparing these two spectra, the effect 
due to the I(a@Xr) term may become twice as large, 
because Re(C4*Cy+Ca/*Cy’) {Dt* (o)M (aX r)} changes 
its sign if one changes the sign of the charge of the elec- 
tron. Its energy dependence on the electron is linear. 

We know, however, several corrections to the allowed 
beta spectrum, which are proportional to the electron 
energy and change their sign if the sign of the electron 
charge is changed, even within the framework of the 
old theory of beta decay. Namely, there are Coulomb 
corrections to the electron wave functions as well as to 
the nuclear matrix elements. In particular, the Coulomb 
term in the finite de Broglie wavelength effect is im- 
portant. Without making an estimate of these correc- 
tions, we cannot obtain any conclusion on the validity 
of Gell-Mann’s theory of beta decay in comparison with 
experimental data. 

In this paper, we will give the allowed beta spectrum 
including terms up to the order of (fp)*. The contribu- 
tion of the second forbidden transition to the allowed 
beta decay and the finite de Broglie wavelength effect® 
are then included simultaneously. Using the same pro- 
cedure, the directional correlations of the allowed beta 
ray and alpha or gamma ray are given. In Sec. II, the 
parameters of the beta ray® are given. With them, the 
beta spectrum, beta-alpha, and beta-gamma directional 

«M. Gell-Mann, Phys. Rev. 111, 362 (1958). 

5M. E. Rose and C. L. Perry, Phys. Rev. 90, 479 (1953). 
Rose, Perry, and Dismuke, Oak Ridge National Laboratory 
Report ORNL-1459, 1953 (unpublished). 

6M. Morita and R. S. Morita, Phys. Rev. 109, 2048 (1958). 


1584 





HIGHER 


correlations are easily expressed. In Sec. III, the beta 
spectra of B” and N” are discussed in connection with 
Gell-Mann’s work.‘ In Sec. IV, the beta-alpha directional 
correlation of Li’ is discussed. A discussion of results is 
given in Sec. V. In the Appendix, relations between 
nuclear matrix elements, which contribute to the al- 
lowed beta decay from the second forbidden transition, 
are given in the nonrelativistic approximation. 


II. FORMULAS 

Since the calculation is straightforward, we write 
here the final results only. We assume a linear com- 
bination of vector and axial vector as the beta inter- 
action. Formulas for a linear combination of scalar, 
tensor, and pseudoscalar will be obtained by inspection 
together with a rule described on page 2052 of reference 
6. We use the same notation® and the units h=c=m=1. 
Possible interferences between the allowed matrix ele- 
ments and the proper second-forbidden ones, 9)(R;;), 
M(T:;), M(Az;), and M(S,;.), in the angular distribu- 
tions are very small. They are omitted throughout this 
paper. Furthermore, formulas are given for the allowed 
transitions of beta decay only. 


1. Parameters for Beta Ray: b;,‘" 


boo = (\Cv 2+ | Cv’ |DL IMA) |2Lo 
+2{M*(1)M(r?)} (—EK2Lo +43 K No) 
+ 2{7M*(1)M(a-r)}(—FKLo+No)]. (1) 


— 3-4 = ([Ca 2+ [Ca’ |) CMU) |*Lo 
— 2{IMN*(o)M (or?)} (EK2Lo+F4K No) 
+2{M* (@)IM((e-r)r)} ZK No 
+ 2{iM* (@)M (ysr)} (—FKLot+No) | 
+ 2{M*(o)M (aX r)} Re(Ca*Cy+Ca"Cy’) 
X(GKLo+No). (2) 
(3) 411 = 2( (Ca 2+ Ca’ KM )M(or")} 
X FKLie— Noy) +{DU (@)MC(e-r)r)} GKLit+3 N21) 
+ {IM* (o)M(ysr)} 2L 12 ]— 2{M* (OM (aX r)} 
<[Re(Ca*Cyt+Ca"Cy’) Lie 
= is Im(Ca*Cy+Ca'*C 'y Hy }. (3) 
In the above equations, Lo, etc., are the following com- 
binations of electron wave functions: 
Lo= (2p°F)"'[g_-? + fr" ] 
=3(1+y)—(5/3)aZpW —4a(Zp/W)—}p’p?— 1. (4) 
No= (2¢°F)Lf-ig- 1— figs 
= — (p’/3W)y— (aZ/2p) +3 (aZ)?W — (p?/9W) (aZ)? 
+ (11/18) p’aZp — — (p?/3W)—(aZ/2p). (5) 


Ly= (2p°F)—'p'[g_1 fe cos(6_1—82) 

— fig » CoS(6;—6_2) | > —p?/3W. (6) 
Hy.= (2p*F)'p [ga fe sin (6_1— 52) 

— fig-2 sin(6:—6_2)]—> —4paZ. (7) 


ORDER CORRECTIONS TO 


ALLOWED Bg DECAY 


Na = (2p°F)p~*[_g_1g2 cos(6_1— ds) 
+ fif—2 cos(6:—6_2) ]—> — (1/15) p” 
— (p?/6W)(aZ/2p). (8) 


The expressions for Lo and No involve the finite 
de Broglie wavelength effect. The arrow in each equa- 
tion indicates the approximations (aZ)*1 and (pp)<1. 
In Eqs. (1) through (8), the formulas are given for a 
negatron decay. In order to obtain the corresponding 
formulas for a positron decay, the following substitu- 
tions should be performed: Z——Z, Cy—Cy*, 
Cy’ 2 —Cy"*, Ca— —Ca"*, and C4’ mae Ca*. 

Previous calculations by Fujita and Yamada!” (STP 
assumption) agree with Eq. (2), if the necessary replace- 
ment of symbols is performed, while Zweifel’s calcula- 
tions’ disagree with Eq. (2) in many points.* Equation 
(1) is consistent with Zweifel’s calculations.’ Equation 
(3) is also consistent with reference 2, if we put Z=0.° 
If we assume the nuclear matrix elements as the phe- 
nomenological parameters, which may be determined in 
accordance with experimental data, Eq. (2) involves 
the beta spectrum given by Gell-Mann‘ as a special 
case. 


2. Intensity of Beta Ray 


The intensity of the beta ray in the decay scheme 
jj is given by 


P(W)dW = (2n°)[_(27:4+1)/(27+1) ] 
XF(+Z,W)pWK*CdW for ef, 
with 
C= bop —3-1B,,. (9) 


Here C is called the correction factor for the beta spec- 
trum. The energy variation of C also depends on the 
nuclear matrix elements. Now we assume”: 


IM (r?) = 3p" (1), (10) 


IM(a-r)~F (AaZ/4p)M(r?) fore. (11) 
Wear?) = Zp"M(e), 
M((e-r)1r)~ inp" Mio), 
IM (ysr) = (1/2M)M (6) +F (AaZ/4p)IMN((o- 41) r) 


for e* 
Max r) = MMe). 


Here M is the rest mass of a nucleon. A is nearly one, 

7 There is a misprint in reference 1, which was noticed by 
Yamada at the time of its publication. In Eq. (6), the sign of 
JS Bo* f (80-r)r should be reversed. 

8 We do not know whether Zweifel’s calculation is based on a 
different approximation. 

® There are two misprints in reference 2, which were known at 
the time of its publication. In the fifth line of Eq. (1), —p*/5 
should be read as — p*/30; and in the seventh line of this equation 
the front sign is minus instead of plus. 

1 As is known from their derivation, Eqs. (10) through (15 
may involve an error of a few tens of percent. However, this does 
not change our further discussion. In the case of the high ft value, 
a special consideration is necessary ; see Sec. IV. 
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except for light nuclei where A is very large; see Eq. 
(A6). Equations (10), (12), and (13) follow from the 
— of uniform density of nuclear matter. In 
Eq. (13), » will be given, e.g., by the single-particle 
shell model. Equations (11), (14), and (15) are given in 
the nonrelativistic approximation in Appendix. 
If we assume Gell-Mann’s theory of beta decay,‘ then 
M(aXr)=M(up—p,)M(o)=4AM-"Mie), (15’) 


with 


C4 Cr=C,’; Cy ‘=—}; A= 1.2. 


In this case, Pt(ysr) may have a different value from 
that given by Eq. (14). Since, however, we have no 
idea how to calculate it, we assume Eq. (14) for Y(ysr), 
hereafter. 

Substituting Eqs. (4) through (8) and (10) through 
(15) into Eqs. (1) and (2), the correction factor for 
the allowed beta spectrum becomes 
C= (\Cy|*+ | Cy’ |?) MU) |2{3 (1 +y)4+ (3/20)A(aZ)? 

+aZp[ —}(5SW+W) +76 (A—2)K+-y5A(2?/H 

—p[3p°+3K2+ (2/15) (Kp?/W) }} 

+(1Cal2+ | Ca’ |?) Mo) 244 (1+7)+ (3/20)An 

X (aZ)*taZpl — 3 (S5W+W) +76 (An—4n+2)A 

+ oAn(p?/W) ]—p*$p?+2K2+ (2/15)(2n—1) 

x (Kp?/W) ]4+M (4 (—1 2A) K+ 3(—142d7) 
< (p?/W)+ (2A 1) (aZ/2p) |} for e*. (16) 


If we adopt Eq. (15’) instead of Eq. (15), the correction 
factor of the i at beta spectrum becomes 


(16’) 


C=([Egq. (16) with all 2\~ replaced by 8 ]. 


In Eqs. (16) and (16’), we have included the finite 
de Broglie wavelength effect only for Lo of M(e). When 
we consider it for all of the terms in doo and };,, the 
change of C is of the order of CX10~*. As we can see 
from those formulas, the individual spectral shape may 
be different from that given by Gell-Mann.‘ 
3. Directional Correlations 
The directional correlations are always expressed by 
W (0)=1+A2P2(cos6). (17) 
) By correlation in the decay scheme j 
ji—* jr 
1,= [ 5 (3 bP F(A Vjji ne LyLy' joj ) 
=[COo(Lijzj)]}. (18) 
correlation in the decay scheme j—*— 
72473, where 1 is unobserved. 
A2=[— (9) F2(11 7 j1)G2(Li jojs) F2(LeL2'jsj2) ] 
is [CS o(Lijess \Go(Lejajs)) 
wy and @ are defined by 
hn(LL’ jojo) 
=Div(j 


(b) B—y2 


jr jr 


(19) 


L! je) Gal L'\\ ju) Fn (LL jojo), (20) 


MORITA 


)atl—ie Jb 


O,(Ljajo) - D~1(ja L jo)? (- 
XW (Jajajrjo; nL)[(2ja+1) (2jo+1) }. 
In particular, 
So(LLjajo) =Go(Ljajo) = Li (ja\,L) jo)’. 


(c) B—a correlation in the decay scheme j—*— 
jx—*—j2, where only the Lth partial wave of the alpha 
ray is on 


A; o=[— 2)4b,; 


(21) 


(Af) Fo(Lilijeji)Li(Lit 1) J 
+C[L,(Li+1)—3). 
A generalization of Eq. (22) is obtained from Eq. 
(18) with the replacements" 
(7,071 —1 20) (Je L, I) (2 zs" Ji) 
— (L,Ly'00) 20) (je! Li! 1) Ge) Ly’) fj) 
(Je) Li, Ji)? | (Go Laije) |)? in So. 


(22) 


*« 


In Eqs. (18), (19), and (22), we use the following 
approximations : 
C= |W) |?+A? |WMe(e) (23) 
— (F) by =A? |M(@) |?(p?/ W) { F PoaZp(2An—3n+1) 
+ p*[ (2/15) (n +1) K+ (2/25) (3n—-1)W] 
+ (2/3M)(+d7'+1)} 


for e° 


(24) 
(15), we obtain 


(24’) 


If we adopt Eq. (15’) instead of Eq. 


— (§)'byy =[Eq. (24) with A replaced by 41. 


Here the finite de Broglie wavelength effect is entirely 
neglected. 

In C, the second forbidden matrix elements are 
omitted also. If we take into account these effects, 4» 
changes by the order of 42X10~. 

Similar calculations for beta-gamma correlation have 
been done by Bernstein and Lewis,” and by Boehm, 
Soergel, and Stech.” 


III. BETA SPECTRA OF B® 


Recently Gell-Mann estimated that the ratio of the 
intensities of the negatron in the decay of B™ and the 


AND N® 


\¢ 


13.370 ly 


Fic. 1. Level dia- 
gram of B®, C, and 
N® in units of Mev. 
It is simplified from 
that of reference 14. 


12 


1M. Morita, Progr. Theoret. Phys. (Kyoto) 15, 445 (1956), 
especially p. 456. M. Morita and R. S. Morita, Phys. Rev. 110, 
461 (1958), especially p. 464. 

® After this work was completed, a similar calculation has been 
published, namely, J. Bernstein and R. R. Lewis, Phys. Rev. 112, 
232 (1958). 

’® Boehm, Soergel, and Stech, Phys. Rev. Letters 1, 77 (1958). 
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positron in the decay of N” varies by about 20% over 
the whole spectrum. In this section, we show its analysis 
based on our formulas. 

The level diagram of B”’, C”, and N® is shown in 
Fig. 1.44 In Eqs. (16) and (16’), »=43 for both e~ and et, 
if a nucleon goes from p; to p;. A is 10.0 for e~ and — 13.2 
for e+. Using these values and Eq. (16), the correction 
factors for beta spectrum (labeled C_ and C, for B® 
and N®, respectively) are almost constant in all energy 
regions. Consequently, C_/C, in this approximation has 
no energy dependence. Several corrections cancel each 
other in this case. On the other hand, C_ and C, from 
Eq. (16’) have some energy dependence. They are 
shown in Fig. 2. The ratio, C_/C,, normalized by 
[M(e) of e~/M(e) of e+] is given in Fig. 3. Its variation 
over the whole spectrum is 12%. This is the sum of the 
contributions of 16% from the Pi(exXr) term, —3% 
from the finite de Broglie wavelength effect, and —1% 
from the other matrix elements. Here, we have adopted 
Eq. (15’) as Pt(aXr). This corresponds to a=2M— 
in the notation of reference 4. If we use a=2.4M™ in 
reference 4, we have a 20% effect due to the Pt(eXr) 
term instead of 16%. Equation (21) in reference 4 
agrees with our Eq. (2), if we put Z=0 and neglect the 
finite de Broglie wavelength effect and coordinate-type 
matrix elements. When we take various values for 
coordinate-type matrix elements and )t(ysr), the C_/C, 
does not differ appreciably from Fig. 3, because charge- 
dependent parts of these matrix elements are very small. 
(In this case, the energy variation of C_ or C, may 
change.) 

Since there is the negatron decay from B”™ to the first 
excited state with 4.43 Mev of C, the possible energy 
region to test the energy variation of C_/C, may be 
restricted to 27.2mc?>W>18.5mc*. Then, we expect 
only 4% of the variation of C_/C, from Eq. (16’) and 
none from Eq. (16). The lack of knowledge of the 
positron decays to the excited states of C” brings 
further uncertainty in the experiment. However, future 
experiments with extra high precision are able to answer 
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Fic. 2. Correction factors for beta spectra of BY, C_, and of 
N®,C,, given by Eq. (16’). They are almost constant if we use 
Eq. (16). 


44 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
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the difference between Eqs. (16) and (16’), namely be- 
tween the old theory and the Gell-Mann’s one. 


IV. BETA-ALPHA DIRECTIONAL CORRELATION OF Li* 


The beta decay of Li® leads primarily to the forma- 
tion of the Be® nucleus in its first excited state, which 
decays into two alpha particles. The decay scheme is 
2,— 2,—0,. The spin of Li’ was recently determined 
by an experiment on the beta-alpha-alpha directional 
correlation.’> Experiments on the beta-alpha directional 
correlation were performed by several authors.'® The 
latest experiment by Hanna ef al. gives W(0)=1 
+a cos’é with a=0.01+0.03 when it is averaged over a 
large part of the energy range.'® 

A theoretical investigation of this beta decay was 
performed by Morita and Yamada? taking into account 
the contribution of the second forbidden transition to 
the allowed one. They aimed to find a possible anisotropy 
of the directional correlation in the allowed beta decay, 
while the ordinary theory gives no anisotropy. They 
calculated the interference terms, {t*(8e)Nt(6er")}, 
{M* (Bo) M((Bo-r)r)}, and {M*(Be)M(BaXr)}, with 
an assumption of tensor only. Formula was given in the 
approximation Z=0. In the numerical calculation, 
they assumed (Ber?) ~IN((Be-r)r)~pMW(Be) and 
Wt (BaX r)=0. In the same approximation the result for 
VA is a=0.005 at W=Wo. 

From Eqs. (22) through (24), the anisotropy co- 
efficient, ‘‘a,” of the beta-alpha directional correlation 
occurring in the expression 


W (0)=1+ 4 cos*é (25) 


a= | — 75aZp(2An— 3n+1) 
W 


6 
t rata +-—(3n—- pW] 


25 


] 
+= 141) |5(1122)F (2202). (26) 
M 


If we adopt Eq. (24’) instead of Eq. (24), we obtain 


a=[Eq. (26) with replacing \~' by 4]. (26’) 
Assuming n=? and A=12.7, the “a” is evaluated at 
Wo=26mc*. a~0.01 from Eq. (26), and a~0.03 from 
Eq. (20’). 

There is a possibility that the estimated value of ‘‘a”’ 
from Eq. (26) increases about ten times. The reason is 


16 Lauterjung, Schimmer, and Maier-Leibnitz, Z. Physik 150, 
657 (1958); M. Morita, Phys. Rev. Letters 1, 112 (1958). Note 
added in proof.—After this work was completed, two papers on 
the similar experiments have been published by Lauritsen, Barnes, 
Fowler, and Lauritsen, Phys. Rev. Letters 1, 326 and 328 (1958). 

16C, M. Class and S. S. Hanna, Phys. Rev. 89, 877 (1953). 
D. St. P. Bunbury, Phys. Rev. 90, 1121 (1954). Hanna, LaVier, 
and Class, Phys. Rev. 95, 110 (1954). The data given in reference 
15 may be useful. 
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Fic. 3. The ratio of correction factors for beta spectra of B” 
and N®, C_/C,, given by Eq. (16’). It is almost constant if we 
use Eq. (16). The curve is normalized by [IN(@) of e~/M(o) 
of et} 


as follows: The log /t of Li* is 5.6 and quite large.’’ This 
means that the Yt(e) is about ten times smaller than 
that of the favored transition. Then, the ratios between 
We) and the other matrix elements may increase 
about ten times. Consequently, if the experimental 
value of “a” is ~3% or larger, the effect may or may 
not be what Gell-Mann calculated. On the other hand, 
if it is very small, the estimated value of Y(aXr) by 
him is improbable. In this connection, a precise meas- 
urement of the beta-alpha directional correlation of Li‘ 
is desirable. Furthermore, if the sign of ‘‘a”’ is positive, 
the spin of Li’ is 2,. The theoretical expression of “‘a” 
for the assumption of 1,(3,) of the spin of Li’ is given 
from Eq. (26) or (26’) with a multiplication factor 
—1(—2/7). This is another method of determining the 
nuclear spin of Li®. 

The situation is almost the same for the beta-gamma 
directional correlation. For example, the experimental 
data on F* ® are well explained with our theory. 


Vv. CONCLUSION 


The energy variation of C_/C, depends mainly on 
the magnitude of the 9(exXr) and partially on the 
finite de Broglie wavelength effect to Lo of the Mt(e) 
term and on the Coulomb corrections. The latter two 
effects reduce the former one. Another determination 
of the value of 9(@Xr) is the beta-alpha or beta- 
gamma directional correlation, in which the beta decay 
has a small ft value. 

We did not discuss the radiative corrections due to 
the virtual as well as real photons. Although these 
corrections have the same sign for both charges of 
electrons, their ratio has some energy dependence, be- 
cause of the difference of the maximum energy.'® 
Therefore, before doing comparison with experimental 
data and our formulas, it is necessary to subtract the 
effect due to the radiative corrections from the data. 

17 This is completely different from the case of B? whose highest 
beta decay has log /t=4.2, see reference 1. 

18 A. Schwarzschild, Conference on Weak Interactions, Gatlin- 
burg, 1958 [Bull. Am. Phys. Soc. Ser. II, 4, 79 (1959)]. For 


radiative corrections see, T. Kinoshita and A. Sirlin, Phys. Rev. 
(to be published) ; and S. M. Berman, Phys. Rev. 112, 267 (1958). 
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Since the finite-size correction to the beta spectrum is 
small in the low Z, we have not considered it. A possible 
effect of the strange particles has been neglected also. 

In the mth forbidden transition of beta decay, we 
expect also the finite de Broglie wavelength effect and 
the contribution from the (n+2)th forbidden transition. 
For example, the spectral shape in the unique forbidden 
transition with B;; may deviate from the so-called a- 
shape (namely, energy dependence of K*+ p*), when the 
maximum energy of the electron is very large. The 
negatron decay of N'* is the typical case.”? Furthermore, 
in the beta-alpha and beta-gamma cascades, the direc- 
tional-correlation functions may have a cos‘# term, if 
beta decay is caused by B,; and the multipolarity of the 
gamma ray is quadrupole or higher. The ordinary 
theory gives no cos‘@ term. In fact, such a calculation 
has been done by Kotani and Ross” in the case of the 
first forbidden transition. 

Higher order corrections to the beta-neutrino correla- 
tion, beta-circularly polarized gamma correlation, and 
longitudinal polarization of the beta particles are at 
most 10% of the main asymmetries. Calculation for 
them will be published in a forthcoming paper. 
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APPENDIX. RELATIONS BETWEEN NUCLEAR MATRIX 
ELEMENTS OF BETA DECAY 


In this Appendix, we derive relations between nu- 
clear matrix elements, which contribute to the allowed 
beta decay from the second forbidden transition, in the 
nonrelativistic approximation. We follow the similar 
calculations of the first forbidden matrix elements given 
by Ahrens and Feenberg,” and of the nth forbidden 
ones given by Yamada.” Especially, the latter is useful 
for our purpose. Substituting ysr for X in Eq, (15) of 
reference 23, we obtain 


(Wy | yar | Wi) = — (2M) (Xz | yar(@- p)+ (a: p)ysr| X;) 


= — (2M)-(X;|2(0- p)r+ie!X;). (Al) 


Substituting (o-r)r for X in Eq. (16) of reference 23, 
we obtain 


(W>|[Ho,(o- 4) ry) = (2M) 1 (X;| [p*,(@-n) |X) 


= —iM—(x;|(o-p)r+(o-r)p|X,), (A2) 


with 


Ho= —> (ax: pit MB, . 


19S. Weinberg, Phys. Rev. 112, 1375 (1958). 

*® The author would like to express his sincere thanks to Dr. 
L. J. Lidofsky for mentioning N’®. 

21 T. Kotani and M. Ross, Progr. Theoret. Phys. (Kyoto) 20, 
643 (1958). 

2 T. Ahrens and E. Feenberg, Phys. Rev. 86, 64 (1952). 

* M. Yamada, Progr. Theoret. Phys. (Kyoto) 9, 268 (1953). 





HIGHER ORDER CORRECTIONS TO ALLOWED 8 DECAY 


y and x are the wave function of a nucleon and its large Here 


component, respectively. p is momentum vector of the 
nucleon in this Appendix. & is the nucleon number. Now 
we can prove easily the following equality, by using 
Eqs. (3) and (16) of reference 23. 

(X;| (or) p| Xi) = (X;| (@- p)r|X,). 
Inserting Eqs. (A2) and (A3) into (A1), the result is 


(Ws| ver |) 
= —4(2M)7 (Ws |0 |i) — 27H | (Ho, (0-1) r]|Y) 
- ~i(2M)(ylely) 
+i(AaZ/4p) (W;| (o-r)r}y,). 


Awi+t(W;—-W,)A'Z— for e*. (A6) 


W,; and W, are energy eigenvalues of the initial and 
final nuclei, respectively.*4 A is nearly one, except for 


(A3) light nuclei. Similarly, 
IM(a- 4) =F (AaZ/4p)M(r’), (An) 
and 


M(aXr)= MM (oe). (A8) 


If we assume Gell-Mann’s argument on Jt(a@Xr) 


[Eq. (26) of reference 4], the right-hand side of Eq. 


_ (A7) should be multiplied by (up—un). Then, 


Consequently, 
IM (ysr) = (2M)"M (6) F (AaZ/4p)IN((e- r)r) 
for e*. (A5) 


WMi(eXr)=M(up—w,) MO). (A9) 


4 See also Eqs. (18), (20), and (21) of reference 22. 
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Ratio of Asymmetric to Symmetric Fission of U®* as a Function 
of Neutron Energy*t 
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Phillips Petroleum Company, Atomic Energy Division, Idaho Falls, Idaho 
(Received October 15, 1958 


Radigchemical measurements of the relative yields of the fission products Mo”, Ag!"!, Ag", and Cd's 
from the low-energy neutron-induced fission of U2* have been made at various neutron energies. The energies 
chosen were thermal, 1.8, 2.3, and 4.7 ev, the latter three corresponding to the peaks of previously reported 
resonances. It was found that the ratio of asymmetric to symmetric fission is larger at the 1.8- and 2.3-ev 
resonances than at thermal energies. At the 4.7-ev resonance however, this ratio is the same as at thermal 
energy, to within experimental uncertainties. In addition, it was found that the ratio for epi-cadmium 
neutrons differed from that for thermal neutrons. The results are consistent with Wheeler’s prediction that 
the ratio of asymmetric to symmetric fission should depend upon the spin state of the fissioning nucleus 


INTRODUCTION 

NE of the features of present ideas'? concerning 

slow-neutron-induced fission is the interesting 
prediction that the ratio of asymmetric to symmetric 
fission should be different for the two possible spin 
states of the compound system formed upon the addi- 
tion of a neutron to the nucleus. According to the 
collective model! the rotational levels through which 
the compound nucleus must pass in order to fission may 
have considerably different fission thresholds for the 
two spin states, differing perhaps by as much as 1 Mev. 
A recent theoretical analysis** of the U* fission cross 

* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

} Preliminary results of this work were reported at the New 
York Meeting of the American Physical Society, January, 1958. 
See Bull. Am. Phys. Soc. Ser. IT, 3, 6 (1958). 

1 J. A. Wheeler, Physica 22, 1103 (1956). 

2J. A. Wheeler, Conference on Neutron Physics held at 
Gatlinburg, Tennessee, November, 1956 [Oak Ridge National 
Laboratory Report ORNL-2309 (unpublished) ]. 


3M. S. Moore and C. W. Reich (to be published). 
4C. W. Reich and M. S. Moore, Phys. Rev. 111, 929 (1958). 


section has indicated that a large fraction of the fission 
cross section at thermal energies arises from nuclei of 
one spin state of the compound nucleus, and that the 
prominent resonances at 1.8 and 2.3 ev are associated 
with the other spin state. In addition, the broad 
resonance at 4.7 ev is thought to belong to the same 
spin state as that which predominates at thermal 
energies. The slow-neutron-induced fission of U** thus 
provides an ideal case for investigating Wheeler’s ideas. 


EXPERIMENTAL PROCEDURES 


The U** used in the present work was obtained in 
two lots from Oak Ridge National Laboratory. Analyses 
of samples of the two lots showed the following uranium 
isotopic composition : 

Lot 1: U™*, <0.02%; U™, 98.35% ; U™, 1.26%; 

U5, 0.21%; U8, 0.18%; 
Lot 2: U™, <0.02%; U™, 97.90%; U™, 1.78%; 

U5, 0.05% ; U8, 0.28%. 
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Both batches of uranium contained about 0.3% Th 
and 0.8% Al plus easily detectable amounts of long- 
lived fission products not completely removed in the 
process in which the U** had been made. Each batch 
of uranium was converted to U;Ox by ignition in air at 
red heat. The presence in the ignited material of the 
impurities Th and Al as insoluble oxides, as well as 
the long-lived fission product impurities necessitated 
additional steps in the purification of the short-lived 
fission nuclides radiochemically isolated in these 
experiments. 

The object of these studies was to compare the ratio 
of asymmetric to symmetric fission for fission by thermal 
neutrons and fission by resonance neutrons. For thermal 
fission, irradiations were made in the VG-23 facility of 
the Materials Testing Reactor (MTR) where the 
thermal flux is ~210" n/cm? sec and the cadmium 
ratio for indium is ~800. In these irradiations about 
0.8 mg of U** as uranyl nitrate was evaporated on an 
aluminum foil; the foil was folded to retain the uranium 
and fission products, and was placed in a polyethylene 
capsule for insertion in the reactor by means of a 
pneumatic transfer device. After irradiation, the entire 
aluminum-uranium package was dissolved in nitric acid 
in the presence of appropriate fission product carriers 
and mercuric nitrate catalyst, the latter added to hasten 
the aluminum dissolution. The various fission products 
were then chemically isolated, and their relative yields 
determined by means of radiochemical techniques. 

Irradiations with neutrons of resonance energies were 
made in the Bragg beam of the MTR crystal spec- 
trometer.® The neutrons were diffracted from the (1011) 
planes of a beryllium crystal. For these irradiations the 
resolved neutron beam intensity was increased at the 
expense of resolution by reduction of collimation. A 
cadmium filter placed in the beam served to reduce the 
intensity of thermal neutrons striking the sample. 
However, there was evidence of a small thermal com- 
ponent which was thought to be due to thermalization 
in the beam shielding materials. The energy resolution, 
AE/E, was as follows: ~16% at 1.8 ev; ~18% at 
2.3 ev; and ~25% at 4.7 ev. 

For the spectrometer irradiations, the U** oxide was 
placed in thin-walled (5 mil) aluminum cans. The 
samples employed in these irradiations consisted of 2 
to 3 grams of U;Os, each being accurately weighed 
before irradiation. Most of the irradiations on the 
spectrometer lasted from 24 to 72 hours, and corrections 
were made for significant fluctuations in the power level 
of the reactor during this period. Since relatively large 
quantities of uranium were involved in these irradi- 
ations, the entire aluminum-uranium package was not 
dissolved as it had been in the thermal irradiations. 
Instead, the powdered uranium oxide was poured from 
the irradiation container into a glass vessel containing 


5 J, E. Evans, Atomic Energy Commission Report IDO-16120, 
1953 (unpublished). 
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appropriate carriers and nitric acid for the dissolution. 
In the earlier parts of the work, the spectrometer- 
irradiated samples were not shielded; later, the alumi- 
num cans were covered with 20-mil cadmium sheet to 
prevent thermalized neutrons from reaching the sample. 

Two irradiations were made on the crystal spec- 
trometer with neutrons of 0.0253 ev energy, in order to 
compare the fission product yields with those obtained 
for thermal irradiations made in the VG-23 graphite 
facility. No significant differences were observed in the 
mass yield ratios obtained from these two kinds of 
irradiations. The fission rates obtainable in the spec- 
trometer irradiations were approximately 3.510" 
fissions per minute per gram of U™ at 0.0253 ev, 
1.0107 at 1.8 ev, 4.0108 at 2.3 ev, and 1.1108 at 
4.7 ev. 

In addition to the spectrometer irradiations, a 
number of in-pile irradiations were made in positions 
in the reactor having appreciable epi-cadmium neutron 
fluxes. Samples for these irradiations consisted of 0.08 
mg of uranium, evaporated on aluminum foil as in the 
thermal neutron irradiations. However, they were 
inserted in 3-in. i.d. cadmium tubing having a wall 
thickness of 20 mils. In these irradiations, the fission 
yields give the effect of all epi-cadmium resonances, 
integrated over the flux distribution at the position of 
irradiation. One irradiation was made in the VH-1 
facility where the thermal flux is ~2X10" n/cm? sec 
and where the experimental cadmium ratio of a 40-mil 
Co wire is ~17. Others were made in the VG-7 facility 
where the thermal flux is 1.5 10" 2/cm? sec and where 
the cadmium ratio of a 3-mil gold foil is ~8. 

The fission products Mo”, Ag", Ag™*®, and Cd""® were 
separated from the irradiated U** to determine the 
ratio of asymmetric to symmetric fission at the various 
neutron energies. The molybdenum isotope was chosen 
as a product typical of asymmetric fission (near the 
top of the light peak in the mass yield curve) and the 
silver and the cadmium isotopes were chosen as typical 
of near symmetric fission (near the bottom of the trough 
of the mass yield curve). Sufficient activity was always 
produced during the in-pile irradiations to provide 
satisfactory counting rates for most fission products. 
This was not true, however, for the spectrometer 
irradiations where the effective fluxes were much lower. 
Studies of the longer lived fission products, especially 
those lying in the trough of the mass yield curve, were 
therefore not possible. The choice of nuclides investi- 
gated was dictated by these considerations as well as 
by others (e.g., well-known parent-daughter relation- 
ships, ease of detection, etc.). Because of the rather 
low-counting rates of products of small fission yield, 
it was necessary to process the entire portion of irradi- 
ated uranium as a single sample, rather than to divide 
it into aliquot parts and to perform replicate analyses. 
Accordingly, sequential analyses for molybdenum, 
silver, and cadmium were made on all irradiated 
samples; separately repeated irradiations and radio- 
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chemical analyses provided the basis for estimating 
the precision of the measurements. 

Preliminary steps in the recovery of the desired fission 
products were performed in glove boxes. Further 
chemical separations were then completed on the 
laboratory bench top. The small amounts of acid- 
insoluble materials remaining after the dissolution of 
the uranium required special removal by the use of 
multiple filtrations through Millipore filters. 

Standard radiochemical procedures were employed, 
but additional purification cycles were needed to obtain 
fission product samples sufficiently free from the U** 
and U* decay products present in the unirradiated 
uranium. The silver and cadmium procedures were 
those of Glendenin and of Bayhurst and Barnes, respec- 
tively, as described by Kleinberg.6 The molybdenum 
procedure was that developed by Ballou as described 
by Coryell and Sugarman.’ 

Since all that was necessary was a comparison of the 
ratio of mass yields of asymmetric to symmetric fission 
products for thermal fission with that for resonance 
fission, determinations of absolute fission yields were 
not required. It was sufficient to compare the saturated 
activities of the various fission products (which are 
directly proportional to the absolute fission yields), 
each product counted in a standard manner. All Mo* 
samples were counted on an end-window, flowing 
methane proportional counter. In some of the earlier 
experiments, silver samples were counted on this same 
counter. In later work, however, all silver and cadmium 
samples were counted on a low-background (about 2 
counts per minute) end-window Geiger counter. All 
counting rates were corrected for chemical recovery 
and decay, and all samples were normalized to an 
arbitrary standard sample thickness by means of self- 
absorption-self-scattering correction curves empirically 
constructed for this purpose. In most cases, decay 
corrections and resolutions of complex decay curves 
were based on weighted least-squares analyses of the 
counting data carried out on an IBM 650 data proc- 
essing machine. A few of the early curves were resolved 
by graphical analyses. 


EXPERIMENTAL RESULTS 
The comparisons of the ratio of asymmetric to sym- 


metric fission may be made in terms of the quantity R 
defined as follows: 


where A is the saturated counting rate for any nuclide, 
s denotes one standard nuclide (Mo™” in this case), and 


®J. Kleinberg, Los Alamos Scientific Laboratory Report 
LA-1721 (unpublished). 

7C. D. Coryell and N. Sugarman, Radiochemical Studies: The 
Fission Products (McGraw-Hill Book Company, Inc., New York, 
1951), Paper No. 257, National Nuclear Energy Series, Plutonium 
Project Record, Vol. 9, Div. IV. 
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TABLE I. Comparison of Mo®/Ag"! yields for thermal and 1.8-ev 
fission (end-window proportional counter). 


No. of 
determinations R 


Mo”/Agi! 
Sat. act. ratio 

203+5.8 5 

2474+3.3 4 


Neutron 
energy 


Thermal 


1.8 ev 1.217+0.038 


x any other nuclide. The unprimed activities refer to 
thermal neutron fission and the primed activities to 
resonance fission. 

In a few early experiments the ratio of yields of 
Mo*”/Ag'® were compared for thermal and for 1.8-ev 
resonance fission. The observed value of R, based on 
four shorter (approximately 18 hr) resonance irradi- 
ations and three thermal irradiations was 1.23. How- 
ever a large uncertainty had to be associated with this 
value. This was due to the difficulty of satisfactorily 
resolving the low-counting-rate silver decay curve into 
its 7.5-day Ag, 3.2-hr Ag'”, and 5.3-hr Ag'® com- 
ponents. To improve the precision, Mo”/Ag"' ratios 
were determined from longer irradiations. The Ag!!! 
was selected because its decay curve was not compli- 
cated by the presence of the shorter lived silver activi- 
ties, which were allowed to decay before beginning the 
Ag!" counting. Results of these experiments are shown 
in Table I. 

In experiments performed after those reported in 
Table I, all silver samples were counted on a low- 
background counter to improve the counting statistics. 
The use of this counter was necessitated by the rela- 
tively lower counting rates of the samples, brought 
about by the lower neutron fluxes available at the 
higher resonance energies and the lower fission cross 
sections of these resonances. In addition, Cd'® samples 
were also isolated to provide another measure of the 
change in the ratio of asymmetric to symmetric fission. 
In this case, the Cd" is perhaps a better fission product 
to examine than the lighter silver fission products since 
the former is a product of almost completely symmetric 
fission. The results of these measurements are presented 


in Table IT. 
DISCUSSION 


The results from the crystal spectrometer irradiations 
listed in Tables I and II have been corrected for the 
contributions to fission made by thermal neutrons, by 
neutrons incoherently scattered, and by neutrons 
scattered into the samples from the surroundings. The 
sum of these corrections accounted for approximately 
7% of the symmetric fission obtained at 1.8 ev and for 
approximately 25% of the symmetric fission at 2.3 ev. 
However, at 4.7 ev these background corrections 
amounted to ~90% of the symmetric fission observed. 
The errors expressed in Tables I and II are the standard 
error of the mean based upon the number of determi- 
nations listed, and do not include the errors associated 
with the background correction factors. Since the 
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TABLE II. Comparison of thermal and resonance fission in U2 (low-background Geiger counter). 


Mo”/Ag!! 
Sat. act. ratio 
Thermal 314.543 .9 14 
2.3 ev 377 +18 7 
4.7 ev 301 + 6 3 
All epicadmium 342 +8 6 
resonances 


No. of 
determinations 


Neutron 
energy 


correction factors were small at the lower resonance 
energies, errors in these factors are expected to affect 
the final value only slightly. However, at the 4.7-ev 
resonance where background neutrons accounted for 
90% of the fissions, any error in determination of the 
background correction factor would markedly affect 
the accuracy of the value obtained. 

At the 1.8- and 2.3-ev resonances, a significantly 
greater ratio of asymmetric to symmetric fission is 
observed than at thermal energy. The data at the 4.7-ev 
resonance, although subject to large error, are consistent 
with the prediction® that this ratio should be the same 
as for thermal fission. 

The in-pile irradiations were made at two different 
positions in the reactor, which were recognized to have 
different flux distributions. The results obtained at these 
two positions were, however, identical within experi- 
mental error, and have been grouped together in Table 
II for convenience. The results of the epi-cadmium 
irradiations made in the reactor show a somewhat lower 
asymmetric-to-symmetric ratio than do the irradiations 
at the individual resonances at 1.8 and 2.3 ev. This is 
perhaps due to the fact that the epi-cadmium irradi- 
ations integrate the effect over all resonances, some of 
which are associated with one spin state and some with 
the other. Also, because there were significant numbers 
of neutrons having energies of one Mev and higher, 
there was also some contribution from high-energy 
fission, resulting in a relatively larger symmetric 
component. 

The epi-cadmium results are to be compared with 
the results of similar experiments made on U** by the 
Los Alamos Radiochemistry Group.* It is interesting 
to note that the results of the latter work are in sub- 
stantial agreement with these results on U**, both in 


“8 Los Alamos Radiochemistry Group, Phys. Rev. 107, 325 
(1957). 
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1.200+0.059 
0.957+0.022 


1.088+0.023 


AND TROMP 


No. of 
determinations R 


Mo”/Cdue 
Sat. act. ratio 
236.747 .6 13 
335 +22 7 
244 +39 2 


284 + 8 7 


1.415+0.103 
1.03140.168 


1.200+0.052 


magnitude and in direction. It may also be noted that 
both in the 2.3-ev fission and in epi-cadmium fission, 
the observed R values are significantly greater for 
Mo*”/Cd" than for Mo*/Ag"™', i.e., the effect becomes 
more pronounced as completely symmetric fission is 
approached. 

The results presented here are in apparent disagree- 
ment with those of Roeland, Bollinger, and Thomas’ 
who compared thermal neutron fission of U"* with 
1.8-ev neutron fission and found within the accuracy 
of the experiment that the mass distributions were the 
same. Their results were obtained using a double-sided 
ionization chamber technique. Radiochemical experi- 
ments similar to those reported here have also been 
carried out by Nasuhoglu e¢ al.," in which resonance 
fission of U** was investigated. The results of the latter 
experiments indicated no significant change in the ratio 
of asymmetric to symmetric fission in going from 
thermal to resonance neutrons. However, it appears 
that the experiments were not sufficiently sensitive to 
measure small changes. 
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The real potential derived by optical-model analysis of data on elastic scattering of alpha particles is 
used for calculation of barrier penetrabilities for all known alpha decay groups of even-even nuclei. The 
barrier penetration factors were calculated by numerical integration in the WKB approximation taking 
into account centrifugal barrier effects, but ignoring noncentral interactions. Using these penetration factors 
and the experimental alpha half-lives, the reduced level widths 6? are calculated. Ratios of 5? values for 
ground and excited-state alpha groups are tabulated as a set of reduced hindrance factors. 


INTRODUCTION 


HEORETICAL calculations of barrier-penetra- 

tion factors for alpha emission have traditionally 
been made by assuming an abrupt nuclear cutoff to 
the Coulombic potential at some ‘effective nuclear 
radius,” although some attempts have been made to take 
into account the effects of a finite range to the nuclear 
potential.!* Uncertainties regarding the nuclear poten- 
tial for alpha particles have made it difficult to gain 
much knowledge of the absolute probabilities of alpha- 
particle formation by nuclei. It is important that one 
be able to separate the barrier penetrability from the 
intranuclear dynamic effects on alpha-decay rates. 
By using a nuclear potential derived from alpha- 
scattering information, we hope to have obtained such 
a fundamentally more significant treatment of alpha- 
decay data. 

Recently there have been careful optical-model 
analyses of alpha-particle scattering data, and these 
analvses define the real potential in the nuclear surface 
region quite well. Originally, potentials of the Woods- 
Saxon form were used in the optical-model analysis.’ 
There were some problems of nonuniqueness of fits 
and some apparent dependence of potentials on the 
alpha-particle bombarding energy (see discussion by 
Rasmussen‘). Calculations of barrier-penetration factors 
for ground-state transitions of even-even alpha emitters 
have been made with the aforementioned nuclear 
potential.‘ 

Igo has continued a careful study of the problem of 
optical-model analysis and has recently published a 
simple exponential expression for the real part of the 
alpha-nuclear potential valid in the surface region for 

V|<10 Mev’: 


r—1.17A3 
V (r) = —1100 exp; -|- —|| Mev, 
| 0.574 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

+Summer visitor, Department of Physics, University of 
Washington, Seattle, Washington. 

1R. G. Thomas, Progr. Theoret. Phys. (Kyoto) 12, 253 (1954). 

2H. A. Tolhoek and P. J. Brussard, Physica 21, 449 (1955). 

3R. D. Woods and D. S. Saxon, Phys. Rev. 95, 1617 (1954). 

4 J. O. Rasmussen, Revs. Modern Phys. 30, 424 (1958). 

5G. Igo, Phys. Rev. Letters 1, 72 (1958). 


where ¢ is the distance in fermis (1 fermi=10-" cm) 
and 1 is the mass number. This expression gives a 
good fit for target elements from argon to lead and for 
bombarding energies between 18 and 48 Mev. 


METHOD OF CALCULATION 


It seems reasonable to expect that this potential 
should be nearly that experienced by alpha particles 
(3 to 8 Mev) emitted in alpha decay. Accordingly, we 
have used Igo’s potential to calculate barrier penetra- 
tion factors for most of the known alpha emitters. We 
have taken the natural logarithm of the penetration 
factor P to be equal to twice the WKB integral, 


ko (2M)} 2Ze2—s i ; 
f =| vin ——-—— Hi+1)—E] dr, 
R 4 


h r 2mr* 


evaluated between the inner and outer classical turning 
points, where the integrand vanishes. Here M is the 
reduced mass of the alpha particle, Ze is the charge on 
the daughter nucleus, / is the orbital angular momentum 
of the emitted alpha, and £ is the total decay energy 
that would be exhibited by the nucleus if stripped of 
its orbital electrons, i.e., alpha-particle energy plus 
recoil energy plus electron-screening corrections as 
given in Eq. (25.1) by Perlman and Rasmussen.*® 

The integrations were carried out numerically by the 
use of an IBM-650 digital computer. The outer turning 
point was found by solution of a quadratic equation 
and the inner turning point was found by a simple 
iterative procedure. The barrier integral was evaluated 
by a modified Simpson’s-rule summation with the 
barrier region divided into 128 equal intervals. Simpson’s 
rule was modified at the ends to better take into account 
the fact that the integrand is zero at the turning points 
and behaves there as C!r—R,|?. The Simpson’s rule 
applied is 


Tye= §Ar (391 +4 yet 2yst4yat 2y5+ «°° 
+ 2103+ 414+ 2y125+ 4yyo6t+ 3397 ). 


The error introduced by using only 128 intervals is 


6J. Perlman and J. O. Rasmussen, in Handbuch der Physik 
(Springer-Verlag, Berlin, 1957), Vol. 42, p. 151. 
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Experimental data 
a-particle 
energy with 
screening 
correction 
(Mev) 


Partial 
half-life 
for a 
decay* 


Mass 
‘ (sec) 


Atomic 
No, 


No. 


1.58 (23) 1 
(15) 1 


1.92 
2.57 
3.18 
2.53 


3.33 
2.63 


5.609 
5.404 
5.252 
5.142 
5.332 
8.810 
7.714 
6.808 
6.032 


6.173 
6.071 
6.297 
7.162 
6.317 


5.521 


144 


6.590 
5.717 


4.813 


6.367 
5.458 
4.718 
4.044 


6.709 
5.923 
5.357 
4.807 
4.538 
4.219 


6.230 
5.803 
5.535 
5.202 
4.938 


(10) 


(3) 
(7) 
(12) 
(17) 


(2) 
(6) 
(9) 
(12) 
(14) 
(17) 
(5) 
(7) 
(9) 
(11) 
(13) 


(6) 
(7) 
(8) 
(5) 
(7) 
(8) 
(7) 
(4) 


oo 
mn 
w 


90 


na 
= 


~ 

wun 
CoN 
= 0O 


90 


92 
92 


92 


ra 


6.943 
1.798 
2.321 
7.83 
7.53 
1.415 


5.40 
8.50 
2.822 
2.073 
1.201 


2.317 
1.404 
6.050 


1.285 
3.02 
3.45 
6.98 


1.150 


92 


z 


94 


94 
94 


96 
96 
96 


6.291 
6.150 
5.839 


6.794 
6.302 
6.066 
6.154 


7.242 


98 
98 
98 
98 


100 


a@ group 
intensity 
(%) 


00 
00 


100 


™ 
- Oo 


~Is 
a 


SISINIDA QA =~ 
SON onTU 





Calculated results 
Barrier 
penetration 
tactor® 
P 


Reduced 
width 


8 
(Mev) 


_ Ri 
(fermis) 


0.0083 
0.0152 
0.0852 
0.0555 


0.013 
297 


8.44 
8.47 
8.50 
8.77 


8.95 
8.95 : 


2.18 (—42) 
1.19 (—34) 
7.52 (—30) 
5.44 (—43) 


.16 (—37) 
—46) 


Sr 


SL SN NNR Onn em mnmnnmn Oo 


0.0250 
0.0299 
0.0165 
9.0104 
0.00676 
3 0.0714 
—16) 0.111 
—19) 0.109 
—22) 0.120 


0.00957 
0.0180 
0.0119 
0.322 
0.184 
0.161 


0.138 
0.146 
0.152 


0.145 
0.124 
0.127 
0.151 


0.0951 
0.123 
0.112 
0.113 
0.103 
0.203 


9.11 
9.13 
9.15 
9.17 
9.20 
9.35 
9.33 
9.32 
9.32 


9.19 
9.21 
9.24 
9.34 
9.34 
9.33 


9.35 
9.34 
9.34 


—25) 
— 26) 
— 26) 
—27) 


| 
~) 
an 


NwWnAOSm Sw 
| 
—t 


KON WA PNW 


ee CR ee 
° 


~ 


=o 


uN eee 
Com Won 
—_O OUMnT 


wurut 
2) 


= 


9.37 
9.36 
9.37 
9.37 


9.38 
9.38 
9.39 
9.40 
9.41 
9.42 


9.42 
9.43 
9.44 
9.46 
9.47 


9.47 
9.49 
9.50 


9.53 
9.54 
9.56 
9.58 


WH bt 
Nan 
— GW 


38) 


3.26 (—23) 
8.70 (—27) 
.51 (—30) 
34 (—33 
71 (—35) 
7.67 (—38) 


0.112 
0.0876 
0.0786 
0.107 
0.0930 


0.0877 
0.0697 
0.0649 
0.0577 
0.0447 


0.0594 
0.0976 


0.0505 


3.56 (— 26) 
2.65 (—28) 
9.30 (—30) 
9.75 (—32) 
1.90 (—33) 


9.87 (—27) 
2.16 (—27) 
5.60 (—29) 


3.02 (—25) 
1.70 (—27) 
1.16 (—28) 
3.56 (—28) 
9.62 


4.09 (—24) 


* The number in parentheses is the power of 10 by which the preceding number is to be multiplied. 


somewhat different for different alpha emitters, being 
greatest for the lowest energy cases. In a typical case, 
the ground-state transition of Cm™?, we have J3. (32 
intervals) = 31.0526, Je4=31.0159, and Jyos= 31.0129. 
The absolute error in 23 is probably less than | J125— 64! 
or 0.003. Rounding errors in the computer at the eighth 
significant figure are probably two orders of magnitude 


less than this. Thus, the penetration factors calculated 
here should be accurate to about 1%, the error con- 
sistently given penetration factors that are on the low 
side. Using the experimental decay rate data, we 
calculate a reduced alpha emission width & from the 
following expression : 

h=8P/h, 
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TABLE II. Excited state transitions. 


Experimental data 
Partial 
half-life 

fora 
decay* 
(sec) 


Calculated results 
Barrier Reduced 
penetration width 
factor 61? 
P (Mev) 


a-particle 
energy with 
screening 
Atomic correction 
No. No. (Mev) 


a group Spin 
intensity and 
(%) parity 


3.16 (—31) 0.00931 


1.62 (—21) 0.186 
6. 0.259 
4.56 2 0.132 


0.229 
0.0163 
0.186 
0.103 


0.226 
0.0220 
0.0705 


~ 
a 


84 4.544 0.0012 


564 90 (—2) 0.2 
782 5.44 (1) 0.3 
020 3.31 (5) 0.07 


.268 3.8 (1) 4 

946 0.0094 
801 0.032 
.756 0.002 


5.481 Ke 5) 4.9 
5.186 0.01 
5.076 0.01 


on 


86 


wn 
hr bd bh 


88 


i. 
+ 4 + + 


- — doh 


wun 


4.15 (—29) 
1.29 (—29) 


[ seats. obs 


mh bh 


0.291 
0.0529 
0.0966 


to 
ee 


4.629 »: { AA 
4.376 0.014 
4,219 0.0021 


6.258 85. : 19 0.181 
6.130 7 - Si 0.0445 
6.063 0.6 a 0.157 


28 t ). 2 0.248 
0.4 “a 0.0143 
0.2 4 : ‘ 0.0584 
0.03 0.00703 


26 : 3 0.230 

0.2 . 3. 35 0.0659 
0.03 - 0.00413 
0.001 0.00109 
8x10-° 7.33X10™ 
8x 10° 4.24XK10™4 


0.277 


—~) 
1+ 


manu 
i ° 


4.381 (17) 5.70 (—39) 
1.798 (6) 32. 24 (—27) 
.06 (—28) 
72 (—28) 


0.229 
0.0602 
0.0101 


0.193 
0.0397 
0.00193 


05 (—30) 
9.95 (—32) 
39 (—32) 

0.171 


0.0441 
2.78X 10-4 


485 (—35 


are to have fundamental significance as a calculation 


where A is the decay constant, and / is Planck’s 
of the probability current impinging on the barrier, 


constant. This definition is equivalent to the previous 


definition of applied to the model with the sharp-cutoff 
potential (see reference 6, pp. 149 to 151). 
RESULTS—-GROUND-STATE TRANSITIONS 

Table I lists for even-even nuclei the data used, 
most of which are from Table I of reference 6, and three 
computed quantities of interest: R;, the radius at 
which the alpha of the particular energy considered 
will enter the barrier; P, the penetration factor; and 
6", the reduced emission width. 

It is to be noted that R,; is a function not only of 
mass number but also of energy. One sees, for example, 
a discontinuous increase of about 0.2 fermis for Z= 84 
in going across the 126-neutron shell, where the alpha 
energies increase discontinuously. If these calculations 


it is essential that the process of formation of alpha 
particles from their constitutent nucleons does not 
take place within the region of r> Rj. It is reasonable 
to suppose that alpha formation more readily occurs 
in the surface region than in the nuclear interior, since 
the low nucleon density in the surface means a small 
fermi momentum and less inhibition of nucleon clusters 
by the exclusion principle. 

Electron-scattering experiments have shown that 
the charge density in Bi?” falls to half its central value 
at 6.47 fermis and to one-tenth at 7.82 fermis (see 
reference 4). R; values for the polonium isotopes of 
about this mass number are ~9.2. The R; values 
obtained here with the Igo potential seem sufficiently 
larger than the size parameters of the nuclear charge 
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TABLE IT.—Continued 


Experimental data 
Partial 
half-life 

for a 
decay* 
(sec) 


Calculated results 
Barrier Reduced 
penetration width 
factor 612 
P (Mev) 


a-particle 
energy with 

screening 

correction 


a group 
intensity 
(%) 


Spin 


Atomic 
N parity 


vO. 


92 0.152 


0.0759 


6.76 (—36) 
2.51 (—37) 


27 
0.5 


7.53 (14 


2 
$4 


0.265 
0.0384 


23 
0.1 


2-4 


44 


92 


0.118 
0.00880 
0.00550 


30.9 
0.18 
0.002 


2+- 
4+ 


mn 
— 


94 


am 
re 


ie) 


~s 


0.0913 
0.00395 
0.00931 
0.00409 
0.0173 


— 


28 

0.095 
0.004 

7X 10-6 
1.2X10~ 


24.5 
0.1 


2.822 (9) 


en 
ne, > 
BERS 
Ww & bh 


~ 
wn 


2.073 (11) 0.112 
0.00737 


26 0.1103 


1.201 (13) 


1.404 (7) 0.0688 


9.83 10-4 
0.00701 
0.0602 
5.95104 
0.0186 
0.0148 


26.3 
0.035 
0.006 
3X 1075 
3.2K10™4 
1.4X 10 
2X1075 


ee ee ee ee wy 
1 


23.3 
0.016 


4 


22 
0.16 
0.015 


17 
(7) : 
( 
7.202 
7.102 


100 (4) 


0 


® The number in parentheses is the power of 10 by which the preceding 
density to give reasonable assurance that alpha forma- 
tion does not appreciably occur within the potential 
barrier defined by the optical model potential. Values 
of P and & are given to three significant figures although 
in many cases, especially the rare earth examples, the 
experimental uncertainty in energy and half-life are 
such that only the order of magnitude of 6? is significant. 
The results for 7sPt! are so anomalous as to cast 
doubt on the experimental data. 

Figure 1 is a semilogarithmic plot of 6? vs neutron 
number. For comparison with 6 calculated with 
other potentials, refer to Fig. 5 of reference 4 and 
the associated discussion. There are no important 
differences between the trends of & from Table I of 
this paper and the & values calculated with the earlier 
Igo-Thaler potential, as discussed in reference 4. 


15.: 


17 


0.0557 
4.34 10~ 
0.00494 


0.0409 
0.00253 
0.00692 


0.0337 


X10 


0.0494 


) 0.00666 


0.0244 


A 0.00459 


number is to be multiplied 


RESULTS—-EXCITED-STATE TRANSITIONS 


The extensive alpha-particle spectroscopic studies of 
the last few years have revealed many new transitions 
to excited states of even-even nuclei, and studies of 
associated gamma and electron radiations have made 
possible the definite spin assignments of many of these 
excited states. In other cases the systematic energy 
trends of excited states of even-even nuclei usually 
permit one to assign spins with confidence. (For an 
excited level populated by alpha decay from the 
ground state, 0+, of an even-even nucleus, the parity 
must be even if the spin is even, and odd if the spin is 
odd.) 

Table II presents the results of the calculations on 
excited-state transitions. Table II is of the form of 
Table I except for an additional data column giving the 
assumed angular momentum /, The data are principally 
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taken from Table I of reference 6, except for / values, 
which were not given there. Our / value assignments 
come from various publications, from inference from 
energy level systematics, and from private communi- 
cations.’ 

The usual basis for discussion of rates of excited- 
state alpha transitions in even-even nuclei is the 
hindrance factor, F, the ratio of the rates of ground-state 
and of excited-state alpha intensities of the given 
nucleus multiplied by the ratio of barrier-penetration 
factors calculated by some prescription not taking into 
account any centrifugal barrier effects. Of more funda- 
mental significance when angular momenta can be 
assigned to transitions, is the reduced hindrance factor, 
defined similarly to F except that the barrier penetra- 
bility prescription takes into account the centrifugal 
barrier effects. (See p. 181 of reference 6 for discussion 
of this terminology.) 

We have calculated reduced hindrance factors as 
simply the ratio of & for the ground-state transition to 
6,” for the excited-state. These ratios are summarized 
in Table III. 

For the spherical nuclei (region of Pb*’*) the calculated 
6 values probably have fundamental significance in 
terms of the probability currents impinging on the 
barrier. For the spheroidal nuclei the interpretation is 
more complicated, and numerous publications have 
been devoted to the problems associated with this 
asphericity. For these spheroidal nuclei our calculations 
may serve as a basis for further analysis—a basis with 





2 


2 


Reduced Alpha Width 8 (Mev) 
° 
6 


2 


° 
S 





Neutron Number (Parent) 


Fic. 1. Plot of reduced widths, & for ground-state alpha groups. 
Alternate even atomic numbers are plotted on different ordinate 
scales to avoid the overlapping of points. The break at 126 
neutrons has long been noted. The break is less in ratio for this 
diffuse nuclear potential than for the sharp nuclear potential 
usually assumed. The 6 values for Rn#!® and U8 are high in 
this as in other treatments. 


7 Tam especially indebted to Dr. F. Asaro and Dr. F.S. Stephens 
for communication of several of their unpublished spin assignments 
and other data. 
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TABLE ITI. Hindrance factors of excited-state transitions 
in even-even nuclei. 


Energy of Reduced hindrance factor 
final state t 4+ 6+ i- 
(kev) state state state 


Pow? 804 
Rn 609 
Rn” 545 
Rn 510 
Ra%2 324.6 
650 b 
800 0.695 
850 
241 
540 
650 
187 
450 
610 


111. 
242 


309 


Alpha 
emitter 


Other 
state 


84.4 0.502 


117 (3 —) 


299 (5 —) 


0.861 


19,2 (8+) 
4.54 (0+) 


0.958 


0.835 


44 1.013 

146. 

303. 

514 11.6 (8+) 

605 
~930 
~1010 

42.8! 

141.8 


292 


~3.8 (0 
( 


+) 
~4.8 (2+) 


42 
140 
291 

44 

43.4 

143 
42 
140 


somewhat more theoretical justification than presently 
published hindrance-factor values. 
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TABLE IV. Reduced hindrance-factor comparison 
for Cm* and Th™. 


Reduced hindrance 
factor 
Centrifugal Perlman 
barrier and 
factor® Rasmussen* 


Excited- 
state Spin 
energy and 
(kev) parity 


This 
work 


Hindrance 


Nucleus factor® 


Cm 0 O+ (1) (1) (1) 

44 2+ 1.7 1.6 _ 1.01 

146 44 390 4.9 ; 71 

304 6+ 350 29 10 

514 5000 340 ~ 12 

605 500 : 380» 

935 20 18> 

1030 o 45 2 24> 
0 - (1) (1) 
68 . 1.1 6: 

210 12 

253 38 

320 : 370 

416 8200 

445 5- 4900 


» See reference 6. 

» These are the reduced hindrance factors that would be calculated 
ising the intensity values used in reference 6. The entries in our Table III 
are based on newer revised experimental intensities and are different. 


Let us compare our reduced hindrance factors for 
Cm** and Th” with results of earlier calculations. 
Hindrance factors and centrifugal-barrier factors have 
previously been given® for Cm’? and Th”. The values 
of our Table III are to be compared with the quotient 
of hindrance factor and centrifugal-barrier factor. 
Table IV gives this comparison. 

Our calculations seem to yield systematically some- 
what lower (5 to 15%) values of the reduced hindrance 
factors than the older calculations. In part this differ- 
ence may be due to the slightly greater influence of 
the centrifugal potential with the present diffuse- 
potential model, because the centrifugal potential not 
only raises but somewhat thickens the barrier by 
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displacing the inner turning point inward. In order to 
assess the influence of the centrifugal potential by itself, 
calculations were run for hypothetical alpha groups of 
ssRa*4* having identical energies to the ground-state 
transition but with / values of 2 and 4. The centrifugal 
potential reduces the barrier penetrability by factors of 
1.708 and 5.917 for /=2 and 4, respectively. Values of 
the inner turning point (R;) for /=0, 2 and 4 are 
9.344, 9.333, and 9.308 fermis, respectively. 


CONCLUDING REMARKS 


It is outside the scope of this paper to go into details 
as to how these new results may modify earlier theoret- 
ical interpretations of alpha decay. The results here 
are mainly offered as a basis for future fundamental 
theoretical studies. It is worth noting that the ground- 
state transitions beyond the 126-neutron shell show 
& values of the order of 0.1 Mev, systematically falling 
off from maximum values for Z=86 to smaller values 
for the heavier nuclei. Rn?!’ and U5, in these as in 


other calculations, show reduced widths abnormally 
large compared to their nearest neighbors. The nuclei 
with 126 or less neutrons show especially small reduced 
widths that are an order of magnitude less than the 
average of heavier nuclei (Po*" is especially small). 
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The differential cross section for the scattering of arbitrarily polarized charged spin one-half particles 
by arbitrarily polarized charged spin one-half particles with an anomalous magnetic moment has been 


calculated, including recoil effects. 


CATTERING of polarized electrons on polarized 

nucleons at high energies could be a useful tool to 
investigate the charge and magnetic moment structure 
of nucleons separately. Such experiments, either using 
the polarized electrons arising from beta decay, or in 
the form of double-scattering work, may perhaps be 
feasible in the not too distant future. It is therefore 
important to know as much as possible about the 
effects theoretically expected. 

Rosenbluth! has calculated the cross section for the 
scattering of unpolarized electrons from unpolarized 
protons with anomalous magnetic moments. Bincer? 
has generalized this to the case when the fermions are 
longitudinally polarized. The cross section for the 
scattering of two identical spin one-half particles with 
arbitrary spin directions and with no anomalous 
magnetic moment has been calculated by Ford and 
Mullin.’ Newton‘ has calculated the cross section for 
the scattering of longitudinally polarized electrons on 
nuclei having magnetic moments and arbitrary spin 
directions in the limit that the nuclei suffer no recoil. 

We now extend the work of Bincer to the case when 
the fermions have arbitrary spin directions. Although 
throughout we refer only to the scattering of electrons 
by protons, the calculations are valid for the scattering 
of any two different spin one-half particles, one of 
which has only a Dirac magnetic moment while the 
other may have an anomalous magnetic moment. In 
the case of scattering from the neutron, all terms 
except those proportional to the square of the anomalous 
magnetic moment should be omitted from the expres- 
sions. The cross section was calculated in the first 
Born approximation using the usual trace methods. 
The spin directions of the fermions were included by 
the use of the unit four-vector® 


s= (e+ Speer Mage 
m 


where & is the unit vector in the direction of the spin 
of the fermion in its own rest system. This is the 


1M. N. Rosenbluth, Phys. Rev. 79, 615 (1950). 

2 4. M. Bincer, Phys. Rev. 107, 1467 (1957). 

3G. W. Ford and C. J. Mullin, Phys. Rev. 108, 477 (1957); 
110, 1485(F) (1958). Also see A. Raczka and R. Raczka, Phys. 
Rev. 110, 1469 (1958). 

4R. G. Newton, Phys. Rev. 103, 385 (1956) ; 109, 2213 (1958) ; 
110, 1483 (1958). 

5 See H. A. Tolhoek, Revs. Modern Phys. 28, 277 (1956). 


direction we refer to as the direction of the spin of the 
particle. 

The differential cross section for the scattering of 
polarized electrons (particle 1) from polarized protons 
(particle 2) with anomalous magnetic moment ge in 
units of the nuclear magneton [ (1+-g2)e2/2my is its total 
magnetic moment ] in an arbitrary reference frame is 
da /dQ= (e,7e:?/2b?) | px’ |2(a2—my2m")-! 

x pi’ | (E.+ E2)— Ey’ | Pit Pp» cos,’ ] " 
X {[2a(a—b)+ bm? ](1— g:?b/2m,?) 
+b(b+m,*) (1+ g2)?+ (14+ g2)mim:z 
X [2bs1+ sot s1- kso°k+ (gob/m:?) 
x (bs; *Se-~ $j * p2Se2° k) jj . 


Here the unprimed quantities refer to the initial 
particles and the primed to the final. 6,’ is the angle 
between p; and py’, & is the four-momentum transfer 
p2'—pr2=pi-p’, @ the invariant pi: p2= pi’: po’, and 
b= —}k*. By pi: pe is meant pi: pe— FE». The charges 
e; and é» are in units such that for a unit point charge 
e’=a. If the charge and magnetic moment distributions 
of the proton are taken into account, é2 and g» should be 
multiplied by F1(k?) and F2(k*)/F,(k?), respectively ; 
F,(k?) and F.(k*) being the charge and anomalous 
magnetic moment form factors for the proton.® 

In case particle 1 is initially unpolarized and its 


final spin direction is observed, s; is replaced by sj’ 


in the above expression and the entire expression is 
multiplied by the factor one-half. 
In the center-of-mass system the differential cross 
section 1s 
da /dQ= e*e:"[ 8p'(E1+ Ez)? sin*(30) 
X {(2a(a—b)+bm,? ](1—g.?b/2m,-*) 
+b(b+ my’) (1+ g2)?—2(1+g2)p* sin? ($6) 
X [2 £1 E> cos?(30)+ p?(1+4+ ge sin?(30)) | 
X cos; CosAo+ me sin6(E; — (E+ Ee) 
X (gop?/mz")) cosr; sind2 Coske-+m Ez» sind 
X sind; COSK; COSAe+ 2mym2(sin? (40) (1 — gop?/m,?) 
X cosk, coske+[1 — (gop?/mz*) sin? (48) ] 
sink; sinks) sind; sinds]}. 


6 See, for example, Hofstadter, Bumiller, and Yearian, Revs. 
Modern Phys. 30, 482 (1958), for the definition of the form 
factors. Notice that the Dirac moment has the same shape as 
the charge, so that the entire magnetic form factor is (Fi+g2F2) 
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Fic. 1. The relative change of the electron-proton differential] 
cross section due to reversal of the proton’s spin direction. The 
cross sections are for longitudinally polarized electrons and 
protons in the center-of-mass system; 8; is the velocity of the 
electron 


Here the initial direction of the electron is taken as 
the z axis and its final direction is in the x—z plane. 
The scattering angle is 6 and the polar and azimuthal 
angles of the spin direction of the electron are \; and 
ki, respectively, and those of the proton are Az and x» 
(the azimuthal angles being measured from the x 
axis). In the center-of mass system a has the value 
—(E,E,+ *) and 6 the value —2/’ sin?(}6), where p 
is the magnitude of the momentum of either particle. 

The spin-independent term and the cos; cosA2 term 
constitute the cross section obtained by Bincer. The 
remaining terms depend on the transverse polarization 
of the particles. For scattering at high energies, the 
only important spin-dependent terms are those depend- 
ing on the longitudinal polarization of the electron, 
the two terms proportional to sind; being of the order 
m,/E, smaller than those proportional to cosd;. 

The coefficient of cosd; cosA, divided by the spin- 
independent term gives a quantity of experimental 
interest : 


do,+de 


The subscript of do refers to the direction of the spin 
of the proton: + in the z direction, in the —z 
direction, in the x direction, and d in the —x direction. 
In the two special cases considered, the electron is 
polarized in the z direction, i.e., in the direction of its 
momentum. An analogous quantity, 


doy,—dea 


D,=- : 
do,+dou 


JAMES H. 


SCOFIELD 


is given by the coefficient of cosd; sind, cosxs divided 
by the spin-independent term. Similar ratios can be 
readily constructed when the particles are polarized in 
other directions. D; and D; are shown in Figs. 1 and 2 
for various electron velocities as functions of cos@. 

For electron energies much larger than its rest mass, 
the cross section in the rest frame of the proton is 
do/dQ=(e:7e:?/4E* sin*(30) ][1+2(£1/mz) sin?(40) |? 

x {1+ (E1/me) (2+ g2?E1/mz) sin?(46) ] 
X cos?($0)+2(E1/mz)* sin*(3) (1+ g2)* 
— (E;/mz) (1+ ge) sin?(30) cosdi[2[ cos? (46) 
+ (Ey /m2)(1+g2) sin?(36) | CosAs 
+ (1—g2E1/mz) sind sindz cosks }}. 


The meaning of the angles is the same as above. Since 
we have already specialized to high energies, only 











“2 
cos 9 

Fig. 2. The relative cross-section change for longitudinally 
polarized electrons and transversally polarized protons. The ratio 
is plotted for scattering in the plane of proton spin and initial 
momentum. For scattering in another plane, it must be multiplied 
by the cosine of the angle between proton spin and scattering 
plane. 


terms depending on the longitudinal polarization of 
the electron appear. 
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Evidence for the Transition of a K° into a K° Meson*} 


FRANK S. CRAWFORD, JR., MARCELLO CrestT1, Myron L. Goop, Kitaus GorttsTEInN, Ernest M. Lyman, 
FRANK T. Sotmitz, M. LyNN STEVENSON, AND Harotp TicHo 
Radiation Laboratory, University of California, Berkeley, California 
(Received November 4, 1958) 


Two pictures have been obtained in a liquid-hydrogen bubble chamber, each of which demonstrates 


the following sequence: 


(1) a +p — ¥°+R°, 


(2) A— p+r, 


[Vwe=A, V_°=2°) 


(3) K°— (~50%)K°+(~50%)R®, 


(4) R°+p— 3++79, 


(5) +> +21", 


where step (3) is not directly observable, but is a prediction of the theory of Gell-Mann and Pais. On the 
basis of two events, the cross section for process (4) is 30 mb. 


INTRODUCTION 


HE particle-classification scheme of Gell-Mann 
and Nishijima requires the existence of two 
neutral K mesons of opposite strangeness.' It was later 
pointed out by Gell-Mann and Pais? that one could 
infer on the basis of charge-conjugation invariance that 
both the K° and the K° would have to be superpositions 
of two states of equal amplitude, one representing a 
short-lived and the other a long-lived component.*4 
Through the virtual decay of the short-lived component, 
a K° of positive strangeness would be transformed into 
a mixture of K® and R° states; im the subsequent inter- 
action the K® could then lead to hyperons of negative 
strangeness, thus showing an apparent nonconservation 
of strangeness. Several of the predictions of the Gell- 
Mann and Pais theory have been confirmed by 
experiments : 


(1) Lande ef a/.° and Panofsky ef al.* have found long- 
lived K°® mesons which decay into three particles as 
predicted by the theory. 

(2) Fowler et al. have observed A hyperons in a 
propane bubble chamber exposed to a neutral beam.’ 
The events are presumed to result through the inter- 
action of long-lived neutral K mesons made in a 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

TA preliminary report of this evidence is given in the 1958 
Annual International Conference on High-Energy Physics at CERN, 
edited by B. Ferretti (CERN, Geneva, 1958), p. 201. 

1M. Gell-Mann, Phys. Rev. 92, 833 (1953); T. Nakano and K. 
Nishijima, Progr. Theoret. Phys. (Kyoto) 10, 581 (1953); and 
K. Nishijima, Progr. Theoret. Phys. (Kyoto) 13, 285 (1955). 

2M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 

3Violations of charge-conjugation invariance have recently 
been established, but it has been shown that the principal pre- 
dictions of the Gell-Mann—Pais theory hold under more general 
assumptions.‘ 

4 Lee, Oehme, and Yang, Phys. Rev. 106, 340 (1957). 

5 Lande, Lederman, and Chinowsky, Phys. Rev. 105, 1925 
(1957). 

6 Panofsky, Fitch, Motley, and Chesnut, Phys. Rev. 109, 1353 
(1958). 

7 Fowler, Lander, and Powell, Bull. Am. Phys. Soc. Ser IT, 2, 236 
(1957). 


hydrogen target by the reaction 
a +p— Y°+R. 


(3) Emulsion workers have reported somewhat 
similar evidence.® 

(4) Boldt et al. have seen very similar experimental 
evidence for the strangeness change that we are re- 
porting here. These authors observed the production 
of K°® mesons which interacted in subsequent lead 
plates to produce A hyperons of strangeness opposite 


to that of the original K® meson. 


We have observed two events in a liquid-hydrogen 
bubble chamber, shown in Figs. 1 and 2, which give 
striking additional confirmation for the Gell-Mann-—Pais 
hypothesis. In each case a m~ meson interacts with a 
proton to give a hyperon and a neutral K meson: 


| (neutral K)+<A° (in Event A) 


vols. il | (neutral K)+°— A+y (in Event B), (1) 


followed in each case by 
A— ptr ; (2) 


The neutral K meson then interacts with a proton at 
some distance from its point of production to give a 
hyperon and a 7° meson: 


(neutral K)+p — 2++7", (3) 
followed by 
a ate". 


We here observe the predicted apparent nonconserva- 
tion of strangen i K° of strangeness +1 is produced 
in an interaction and subsequently changes into a 
(K°,K°) mixture, i.e., a mixture of positive and negative 
strangeness. The subsequent interaction then results 
in the production of a negative-strangeness hyperon. 
From the dynamics of the events we cannot rule out the 
possibility that the particle produced in the interaction 


8 Amar, Friedman, and Levi Setti, Nuovo cimento 5, 1801 
(1957) ; Baldo-Ceolin, Dilworth, Fry, Greening, Hugita, Limentari, 
and Sichirollo, Nuovo cimento 6, 130 (1957). 

9 Boldt, Caldwell, and Pal, Phys. Rev. Letters 1, 150 (1958). 
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Fic. 1. Event A. This is an associated production event 
«+p — K®+A in which the hyperon A (Track 2) decays into 
a x meson (Track 3) and a proton (Track 4). By the time the 
neutral K meson (Track 5) reaches point A and produces the 
interaction K°+p — =*+-n°, its “strangeness” has changed from 
+1 to —1. The =* (Track 6) then decays into a x* (Track 7) 
and a neutron 


of the neutral A and the proton is a K*. However, in 
both events the positive particle produced in the inter- 
action has a very short lifetime, which is strongly in 
favor of the =* interpretation. 


A 


Fic. 2. Event B. This is an associated production event 


«+p — K°+° in which the 2° decays immediately into a A 
hyperon (Track 2) plus a gamma ray. The A subsequently decays 
into a x meson (Track 3) and a proton (Track 4). By the time 
the neutral K meson (Track 5) reaches point A and produces the 
interaction A°+p — ++", its “strangeness” has changed from 
+1 to —1. The Z* (Track 6) then decays into a r* meson (Track 
7) and a neutron. 


al. 


The two events were obtained in the course of 
an experiment on associated production of strange 
particles."° On the basis of an estimated 2100 cm of K° 
path, the cross sectiont for Reaction (3) is of the order 
of 30 mb. We present here a detailed account of one of 
these two events, and a brief summary of the second 
event. 


ANALYSIS OF EVENTS 
Event A 


The analysis of this event (Fig. 1 and Tables I and IT) 
consists of : 


(a) identifying tracks 2, 3, and 4 as a A decaying into 
a mw and a proton, respectively ; 

(b) determining that the A is produced directly via the 
reaction m-+p— A+K°, and not indirectly from the 
compound reaction #+p—2°+K® and »°— A+y, 
and that the associated K° should indeed be expected 
to follow a line of flight coincident with Track 5; 

(c) showing that the recoiling track, Track 6, is con- 
sistent dynamically with being the =* in the reaction" 
R°+p — Y++7; and 

(d) finally demonstrating that Track 7 is consistent 
with being the m* in the decay 2+ > n+2*.” We will 
now consider separately these stages of analysis. 


(a) Tracks 2, 3, and 4 were constrained to fit first 
a A and then a K® decay subject to the constraint that 
v=) [(ai—8;)/68; ? be a minimum. Here 8; and 68; 
are the ith measurement and its rms error, whereas 
a; is the “theoretical” value corresponding to the ith 
measurement that yields energy and momentum con- 
servation. The x? value for the A interpretation was 0.6, 
whereas x” for the A interpretation was 1.1. On the 
basis of this test, the V event could be either a K° or 
a A decay. 

However, by measuring the energy of the delta ray 
on Track 4, we can clearly establish that this track is a 
proton. That this V event is not a A° decay can be 
further demonstrated by calculating the momentum of 
the incident pion required to produce a A°® at this 


Crawford, Cresti, Good, Gottstein, Lyman, Solmitz, Steven- 
son, and Ticho, Phys. Rev. 108, 1102 (1957), and 1958 Annual 
International Conference on High-Energy Physics at CERN, edited 
by B. Ferretti (CERN, Geneva, 1958). 

t Note added in proof —The neutral K path length corresponds to 
821 events in which a A is observed to decay in the chamber. The 
average neutral K momentum is 530 Mev/c. The sum of the total 
path lengths for K° and K° depends only on the chamber geometry 
and the K,° lifetime (the K,° lifetime is effectively infinite), 
and is found to be_5350 cm. However, the fraction f of path 
length assigned to A® depends on the assumed mass difference 
Am=m(K,°)—m(K-;°). For our geometry, we calculate that if Am 
is 0, A/71, or ©, then the corresponding f is 0.13, 0.40, or 0.50. 
Our 30-mb_cross section corresponds to the choice? Am=h/n1, 
yielding a K° path of 0.4X5350= 2100 cm. 

4 From a dynamic analysis, we cannot rule out the possibility 
that Track 6 is the K* in the alternative reaction K°+p — Kt-+n. 
However, as we will show, this latter alternative is very unlikely 
because of the short lifetime of Track 6. 

12 We cannot rule out by dynamics the possibility that Track 7 
is the w+ in the decay K+ — ut+». 
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TABLE I. Table of measured and adjusted quantities for Event A. 


Measured quantities Final adjusted quantities 
Momentum, p Azimuth, ¢@ Dip, Momentum, p Azimuth, ¢@ Dip, A 
Particle No. (Mev/c) (deg) (deg) (Mev/c) (deg) (deg) 


54.6+0.8 113.7+0.6 62.0+ 6.1 54.6 113.7 —62 
p j 955 +218 73.5+0.3 16+ 1.6 821.3 73.5 1.6 
A 3 74.741.4 — 1.9+14 841.2+11.6 74.7+0.3 —- 1.7+1.0 
K® 138.5+0.3 2.04 1.2 622.6+20 138.3+0.3 2.0+0.8 
>t 345 +3000 111.8+1.4 —44.94+14 280 +30 112.0+1.0 42.545 
[or K*] [454 ]* [111.8] [ —44.9]* 
x 51 +19 205.6+0.3 —50.2+ 2.0 207 205.6 —52.2 
(or ut) (259)> (205.6) (—50.2)» 
Incident 2 5 +220 101.2+0.3 0.34 1.2 1248+16 101.2+0.3 — 0.2+0.5 


a The square brackets indicate the alternative interpretation K°+p9 + K*+-+n. 
> The parentheses indicate the alternative interpretation as the decay Kt — wt +v. 


momentum and angle. This momentum would have to Event B 
be 1310+10 Mev/c, whereas the average beam momen- 
tum was independently known to be 1227+10 Mev/c. 
On the other hand, if we assume the particle to be a A, 
we obtain 1248+16 Mev/c for the incident-pion (a) The interaction at Point A in Fig. 2 is definitely 
momentum, which is clearly consistent with 1227 established to be produced by a K and not a A by the 
Mev/c. fact that only the K could be produced at such a large 

(b) By using the known momentum of the incident angle. 
pion and of the A hyperon, one can predict the direction (b) Event B also differs from Event A in that the A 
and magnitude of the K® momentum. The predicted of Event B is the decay product of a directly produced 
azimuth, dip, and momentum are 138+5°, 2.8+1.2°,  °. This means that one cannot use the A hyperon’s 
and 622.6 Mev/c, respectively. These values, when momentum and direction to predict the line of flight 
compared with the measured azimuth and dip of Track and momentum of the K°. However, the K® momentum 
2, 138.543° and 2.0+1.2°, respectively, clearly indi- and direction plus the A hyperon’s momentum and 
cate by their agreement that a K° or K® has interacted direction are consistent with the compound reaction 
at Point A of Fig. 1. n-+p— K°+2 and °— A+y. 

(c) Track 6 is so short and steeply dipping that 
curvature measurements yield no information con- 


The analysis of this event follows essentially the same 
lines as that of Event A with the following exceptions : 


Here again as determined from dynamics alone, 
Track 6 could just as well be the A+ from the charge- 


cerning its momentum. Consequently, only the direction ws ve ; 
exchange reaction K°+p— Kt++n as it could be the 


of Track 6 can be used effectively in the analysis. 
Track 6 is consistent with that from either a =* pro- 
duced at an angle of 137° in the center of mass of the TaBLE IT. Reaction and decay angles in degrees for Event A 
K+ system or a K+ charge exchange at 85° in the 
center of mass of the K°+ system. Table II gives the 
laboratory angles as well as the angles in the center-of- 


my: 
Puy center-of-mass 
lab system system 
COD yy ( = Py" Py) Measured Adjusted Adjusted 
mass or rest systems both for the reaction products and 
Reaction angles 
Pine’ Pa 26.741.5 26.640.4 97.8 
a ih gee a = 37.440.5 37.3404 82.2 
(d) From Tables I and I, one can see that the decay bx Ds* 52.148.0 50.3-45.0 142 


Track 7 can be fit as well by the A+ — yw*+ interpreta- Lox: prt ]* [52.1+5.0]* [83s 


tion as by the 2+ — r*++-n interpretation. The choice 


the decay products. Both alternatives fit the measured 
laboratory production angle, cos~!(p2- hs), equally well. 


° ° . . Jecay a ries 
between these two alternatives is decided on the basis Decay angles ” - as 
‘ ‘ oaaeh 7g ee zt p,t 59.5+8.0 59.; 74, 

: 4 ra = aps Sal a pz pr 5 
of the flight time of Track 6. If it is a St, it lived (xt+Pet)® (59.5) (109) 
1.2X10-” sec (1.6 2+ mean lives), and if it is a Kt it Da Pam 70+5. 67.0 150 
lived 0.3 10-" sec (2.5 10-* K+ mean lives). The odds Pa‘ Pp 52.8 3.: 30 
are thus strongly in favor of the 2+ interpretation, if 

a ° ° . ® The square brackets indice he alternative interpretation K®°+p* — 
tie K* and Z* interpretations are taken as having «po fot (Ct Meets tntcats Che emanation teepetatin Eve 

: ee Tey b The parentheses indicate the alternative interpretation as the decay 
otherwise-equal a priori probabilities. Kt 0 y*-+», 
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=+ from the reaction K°+p — 3++-_°. Tracks 6 and 7 
are consistent with either K+ — y++y or 3+ > at-+n. 
However, the short lifetime of Track 6 strongly favors 
the 2+ interpretation—if track 6 is a K+ it lived 1.9 
X10~* mean lives, if a 2+, 0.6 mean lives. Finally we 
remark that in event A the neutral K lived 2.6 K,° mean 
lives, and in event B, 3.0 K,° mean lives. 


LWFORD 


et al. 
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Decay of ,H* and the Spin Dependence of the a-Nucleon Interaction* 


M. LEON 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received October 24, 1958) 


A calculation is made of the fraction of the z-mesonic decays of the hypertriton ,4H* which yield the two 
final products He’ and x~. This fraction is a function of the spin of ,H* and of the ratio p/s of the amplitudes 
for decay of the free A via the s- and p-wave channels. The results are compatible with the present experi 
mental data. They indicate that probably p/s<1, and that the spin of ,H® is }, which implies that the 
singlet A-nucleon interaction is more attractive than the triplet. These results are in agreement with those 


of a previous calculation by Dalitz for ,H*. 


NALYSIS of the binding energies of the light 
hypernuclei shows that, in the absence of strong 

three-body forces, the A-nucleon interaction must be 
spin dependent. On this basis Dalitz and Downs! have 
been able to calculate the strengths of both the singlet 
and the triplet interactions for either interaction more 
attractive than the other, but neither the hypernuclear 
binding energies nor the radius and shape of the 
nuclear cores are known accurately enough to determine 
which of these interactions is in fact the more attractive. 
A more sensitive indication is provided by the proba- 
bility for two-body mesonic decay of the light hyper- 
nuclei, since this depends strongly on the spin of the 
parent hypernucleus. Dalitz and Downs have made a 
qualitative estimate of this probability, and Dalitz? a 
detailed calculation, for the decay of ,H*; Dalitz has 
also made a rough calculation for ,H*. The present 
work gives a more exact calculation for the ,H?® case. 

Although data on the hypertriton are at present 
rather scarce, the greater simplicity of the three-body 
problem increases its importance. For A >3, it has been 
necessary to describe the hypernucleus as a A bound to a 
core nucleus which is not greatly distorted by the 
presence of the A. For A=3, on the other hand, calcu- 
lations can be made with a wave function that takes 
into account correlations between each pair of particles. 
Because of this, we expect results obtained for ,H® to be 
eventually the most reliable. 

The A decay interaction is H=s+pq-e/ga, where 
q is the pion momentum and qj, its value for free A 

* Supported by the joint program of the U. S. Atomic Energy 
Commission and the Office of Naval Research. 


'R. H. Dalitz and B. W. Downs, Phys. Rev. 111, 967 (1958). 
?R. H. Dalitz, Phys. Rev. 112, 605 (1958). 


decay, and @ is the A spin vector. Since the spin of the 
product nucleus He*® (we consider only x~ decay) is 3, 
two-body decay can proceed only through the p-wave 
channel if ,H* has spin $, but through both the s and p 
channels if the ,H* spin is 3. The proportion of z 
decays which yield two final products (,H* — He*+77) 
is given by the ratio of the two-body transition proba- 
bility to the sum of the transition probabilities of all 
modes which give a 7: 


f=q [Puebttwav /= Qn [ ¥de-ldswaV ; 


The square of the matrix element in the numerator 
splits into two factors: (1) the square of the overlap 
integral between the space parts of the initial- and 
final-state the 
probability of the product nucleons sticking together in 
the He’ configuration, and (2) a factor depending upon 
the ,H® spin which represents the proportion of suitably 


wave functions, which represents 


oriented initial spin states. The denominator is a more 
difficult matter, and Dalitz? has found it expedient to 
use two approximations: (1) Since the observed pion 
momenta all lie in a rather narrow range (g=113 
Mev/c for the two-body and ~85-100 Mev/c for the 
many-body decays*), we should be able to replace the 
gn's by an average value ga. (2) Since the overlap with 
the ,H® space wave function can be expected to be 
small for final states of high internal energy among the 

3 Levi-Setti, Slater, and Telegdi, Nuovo cimento 10, 68 (1958) 
and W. E. Slater (private communication). We are indebted to 
Dr. Slater for sending some unpublished data. 
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nucleons, extending the summation over all energies to give the completeness relation (remembering anti- 
symmetry requirements) should be a fair approximation. From this point the calculation is straightforward. 
With these methods, Dalitz derives the following expressions for the fraction of two-body decays. 


If the ,H® has J/=3, 


Qa 
if J=} (and T=0) 


"( =) Pod |sC1—a}+ i9P(= 
qn 


2 1 q 3 1 
) [+494 (=) P(g —Wran) |} gu); 
3 dav 


a ‘v1. .f ce 
J isie+sinh(*) eco sj +n (*) F?(q)—4 4) 
4 Qa | 4 av 


+|p 


The factors in the denominators containing the sticking 
probability F? are corrections for underestimate of the 
two-body mode; the ’s arise from requiring anti- 
symmetry in the two final protons. F(q), the overlap 
integral, is given by 


F(q)= J Fue snp Anp) 
XexpLiq: (Ra— Ren.) \dRadR,dR, (2) 


(Ry is the coordinate of the A particle before the decay 
and that of the product proton afterward), and the 
exchange integral » by 


= f dans(Anp)oanr(pns) 
XexpLiqa: (Rxi—R,) |dRadR,dR,. (3) 


For the He® wave function we use 
oue?=N exp[ —a(raptrpnatrna) |, 


with a taken as 0.41 fermi™! to give the correct Coulomb 
energy with protons of rms charge radius of 0.72 fermi. 
For the ,H*, we use the six-parameter wave function of 
Downs and Dalitz,* 


gan?= N’[exp(—aryp)+x exp(—Odra,) | 
X Lexp(—arnas) +x exp(— bras) |(e-%3"™ + yearn), 


obtained by a variational calculation for the strength 
of the A-nucleon interaction needed to give a A binding 
energy of 0.25 Mev with an interaction range corre- 
sponding to the exchange of two pions.® (The character 
of the A-nucleon interaction and the field-theoretic 
investigations concerning it are discussed in the paper 
of Dalitz and Downs'; in particular, the work of 
Lichtenberg and Ross® and Ferrari and Fonda’ indicates 

4B. W. Downs and R. H. Dalitz, Phys. Rev. (to be published). 

>The values of the parameters used are: a=0.11, b=0.80, 
a3;=0.38, 6;=1.14, x=1.69, y= 2.14; the final value of x of Downs 
and Dalitz is slightly smaller, but this makes no appreciable 
difference in the present work. 

61). B. Lichtenberg and M. Ross, Phys. Rev. 103, 1131 (1956) ; 


and Phys. Rev. 109, 2163 (1958). 
7 F. Ferrari and L. Fonda, Nuovo cimento 5, 842 (1958 


ae Jee ft 
af — 1 1—85-+-—( — } F°(¢)——FP*(qn) |} ga. (1b) 
qa 12\qn 12 


that predominant two-pion exchange is most likely, 
and furthermore that the singlet interaction is stronger 
than the triplet.) The appropriate pion momenta are 
g=113 Mev/c, gx=101 Mev/c, and the average over 
all the observed decays ga,= 104 Mev/c,’ (the inclusion 
of several uncertain identifications does not affect this 
value). With these wave functions and momenta,” we 
find (see the Appendix) F(q)=0.61, F (ga) =0.63, and 
n=0.31. 

As for the remaining parameter p/s of Eqs. (1), 
Dalitz? shows that the channel amplitudes s and p are 
approximately real, and that the up-down asymmetry 
coefficient for free A decay indicates 0.45< p/s< 2.25. 
Thus we have as ranges for f: J=4$, 0.04< f¢0.15; 
J=4, 0.24> f>0.10. 

The experimental data’ include 9 two-body and 
perhaps 10 to 15 many-body m decays, giving 
fexp=<0.42; this is about 1} or 2 standard deviations 
higher than the extreme calculated value of f, 0.24. 
Furthermore, the experimental value is more likely to 
increase than to decrease, since in general two-body 
decays are more likely to be overlooked.* A real dis- 
agreement may be present, but it would take more 
data to establish it. 

Such a discrepancy might arise from the approxi- 
mations involved in evaluating the denominators of 
Eqs. (1) (see reference 2); this effect would be difficult 
to evaluate. It might also arise from the wave functions 
themselves. Aside from the fact that a wave function 
from a variational calculation is always somewhat 
suspect, we may note that both the He*® and the ,H* 
functions fall off too rapidly at large separations (e.g., 
the wave function for He’ for one proton far out goes as 
e~°-8" instead of the correct e~°-®"/r; that for ,H* for 
large separation goes as e~*” instead of the e°!"/r 
required by a binding energy 0.25 Mev). However, this 
in itself the probability 
slightly too large rather than too small because the 
exp(iq: (Ra—R....)] factor in the integral emphasizes 


should make sticking 


‘W. E, Slater (private communication) 
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the close-in behavior. A change in the rather uncertain 
value of the binding energy produces only small 
changes (in fact, too small) in the ,H* wave function 
parameters,‘ so that the sticking probability should not 
be much affected on this account. 

In any case, we can say that the spin } hypertriton 
is indicated, which implies that the singlet A-nucleon 
interaction is stronger than the triplet, in agreement 


£ L rontrn 
n ex f r, airas f roaltyn f 
0 0 Tpn—Tnd 


With the above wave function, we have 


\ 
rx pdr, posue(Anp)dane( pn) 


LEON 


with Dalitz et al.!:? and with the field-theoretic calcu- 
lations.*.7 In addition, p/s is probably <1, also in 
agreement with Dalitz. 


APPENDIX: EXPLICIT EVALUATION OF 
yn AND F(q) 


Making use of the triangular coordinates, 7 can be 
written immediately as 


SINGwA p 


QavTAp 


n= 89? N"{G(2a)+2xG(a+b)+2°G(26)}, 


with 


G(8)=H(8, a+a3)+xH (8, b+a;)+yH(8, a+b;)+xyvH(B, b+6;), 
H(B,y)=1(8, y, at+-a3)+21(8, y, b+a;)+y1(B, y, a+b3)+xyI (8, y, 6+63), 
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Im 
Jay Oy06+ 
1 0” 2 
Im 
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To evaluate F(q) we can write 


F(q)= fuc(Anpoan ( 


where 


exp{ —[(B—iga)raptyrpnt+6rns dra pdrpndrns 


(28+y+6)[ (8+) (B46) — on? IE (B+y+6)?+ 76 — ga? ]— (B+y+6){L(8+7) (8+6) — an? P— (28-+-7+6)?¢a7} 


)— gu? P+ (28+-y+8)2qu2}? 


Anp) exp(73q- 0)dodr,,,., 


o= $(R,,4+ R,,)—R,. 


Then using the wave functions gives 
F(q) 
with 


K(B—-a, y 


-f. @ a) 


NN"'{ K (a,a3,a)+22xK (a,a3,b) + 2xyK (a,b3,0) +yK (a,b;,a) +2x°K (6,a3,b) +2? VK (6,b3,6)}, 


K'(8,y,6) -f expt (BPA p+ pn tOrna) | exp(75q: o)dodr,, 


1 0 


fee exp(ita-e) f dtc vm fa exp[ —il-(0+4r,,) |[P+6?]}7 
(22)? A806 


a8 
—8 
080706 
3 
a 8Picen 
OBd706 


x P? 
a 8192n38 f 
(/?+-87)? 


P+62+ (4/9)? 
xi (- 


P+-8*+- (4/9)¢q?+ (4/3)ql 


(4/3 )gl 


x fam exp[ —im- (o—4r,,) |[m’?+e} > 


fac+s fan +6 4 (m—I)?+7* }'6(2q—I—m) 
{ (2+-6°)[ (3q—21)?+4y? JL (4q—1)?+8? ]} dl 


> 2§2— (4/9)g?] tc 3)gl[21+-4y?— 26?— (4/9) g?2]}}7 


) = (4/9)q°-+(8/3)ql )| 
4I?+-4y2+ (4 /9)g— (8 ‘3)ql 


+ 2¢[4P-+442+ (4/9)g? 2—[ (8/3) ql PJO +H (P+8+ (4/9)¢? P—[ (4/3) ql PF} tal, 
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where we have made repeated use of the Fourier 
transform 


e7 Az _ 


1 | 0 
siieiiaied | alia dl. 
2 { 


Qn. OL 


[Note that K’'(8,y,6)=K’(6,y,8), despite the unsym- 
metric appearance of 8 and 6 in the last integral. ] This 
last integral was integrated numerically with the 
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electronic computer of the Cornell Computing Center 
to give the values quoted in the text. 
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An optical potential has been derived which includes, to first order in g’, the effect of the nucleon-nucleon 
angular dependence. Nucleon-nucleon scattered amplitudes calculated from the 310-Mev nucleon-nucleon 
phase shifts have been put into the potential and the proton-carbon scattered amplitudes calculated from 
it by WKB approximation. Good agreement was obtained with the scattered amplitudes as derived directly 
from the 313-Mev proton-carbon data using an extension of the analysis employed previously by Bethe. 
The inclusion of the nucleon-nucleon angular dependence in the potential was found to be important 
in order to obtain the correct value of the imaginary part of the forward scattered amplitude and the 
correct proton-carbon angular dependence at moderately small angles. Phase shift solutions 1 and 6 of 
Stapp et al. were investigated and found to give essentially the same agreement with the differential cross 
section at small angles. Solution 6 was found to give a better fit to the polarization data than solution 1, 


but the significance of this is not clear. 


I. INTRODUCTION 


N the direct-interaction model! of nuclear reactions 

one tries to understand the interaction of an incident 
particle with the nucleus in terms of the interaction of 
the particle with the individual nucleons composing 
the nucleus. At high energies the effect of binding is 
small and the particle-nucleus interaction can be 
related directly to the particle-nucleon interaction. 
In particular the optical potential for the elastic 
scattering of protons from nuclei at high energies can 
be simply related to the nucleon-nucleon scattering 
matrix.” Since the nucleon-nucleon scattering matrix 
is determined entirely by the nucleon-nucleon scattering 
phase shifts, a detailed analysis of the elastic scattering 
of protons from complex nuclei provides a good test 
for the direct-interaction model. Furthermore, such an 
analysis should provide a method for distinguishing 
between sets of possible nucleon-nucleon phase shifts. 

Recently several authors have made such an anal- 
ysis.°* Bethe, in his analysis of the small-angle scatter- 
ing and polarization of 313-Mev protons by carbon, 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1K. M. Watson, Revs. Modern Phys. 30, 565 (1958). 

2B. W. Riesenfeld and K. M. Watson, Phys. Rev. 102, 1157 
(1956). 

3H. A. Bethe, Ann. Phys. N. Y. 3, 190 (1958). This paper will 
be referred to as B. 

4S. Ohnuma, Phys. Rev. 111, 1173 (1958). 


showed that the proton-proton scattering phase shifts 
of Stapp ef a/.5 and the neutron-proton phase shifts of 
Gammel and Thaler® were in quantitative agreement 
with the proton-carbon data. He was unable to dis- 
tinguish between the five different phase shift solutions 
of Stapp, however; all solutions gave essentially the 
same agreement. 

In his analysis of the experimental data Bethe found 
the value 8.6 f (1 fermi=10-" cm) for gw7(0), the 
imaginary part of the spin-independent scattered 
amplitude at 0°. This agreed with the value calculated 
from the optical potential derived from the nucleon- 
nucleon phase shifts. A more reliable value of gy7(0) 
can be obtained independently from the total neutron 
cross section at this energy. Since the cross section is 
nearly constant over a wide energy interval about 313 
Mev, its value is known quite accurately. The cross- 
section data’ give gy;(0)=9.45 f.8 This is in disagree- 
ment both with the proton-carbon data and with the 
direct-interaction model as calculated in B. 

However, because of the over-all success of the 

5 Stapp, Ypsilantis, and Metropolis, Phys. Rev. 105, 302 (1957). 

6 The 7 =0 phase shifts calculated by Gammel and Thaler are 
given in reference 3. Also see J. L. Gammel and R. M. Thaler, 
Phys. Rev. 107, 1337 (1957). 

7J. DeJuren, Phys. Rev. 70, 27 (1950); R. Fox et al., Phys. 
Rev. 80, 23 (1950); A. Ashmore ef al., Proc. Phys. Soc. (London) 
70, 745 (1957); V. A. Nedzel, Phys. Rev. 94, 180 (1954). 

8 R. Wilson (private communication). 
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direct-interaction model demonstrated in B, it seems 
worthwhile to extend the analysis given there in order 
to see if, by suitable modification, the model can in 
fact account for this discrepancy. In this paper the 
discrepancy is removed by considering two effects 
neglected in the earlier work. First, departures of the 
angular dependence of the nuclear scattered amplitude 
from that given by Born approximation are considered. 
These departures are found to be important even in 
the region of small angles considered. They introduce a 
modification in the analytic form of the differential 
cross section and of the polarization which leads to a 
different determination of the scattered amplitudes. 
Secondly, the angular dependence of the nucleon- 
nucleon scattered amplitudes is taken into account. 
This leads to a modification of the optical potential 
which, to the order considered here, amounts to an 
increase in the effective radius of the potential over 
that determined by electron scattering. It also causes 
the real and imaginary parts of the modified potential 
to no longer have the same radial dependence and this 
is found to strongly affect the angular dependence of the 
proton-carbon scattered amplitudes. The amplitudes 
calculated from this potential are found to be in 
excellent agreement with those deduced directly from 
the experiments. 

It is found that both Stapp phase-shift solutions 1 
and 6 give essentially the same agreement with the 
differential cross-section data. However, due to the 
larger value of the real part of the spin-dependent 
scattered amplitude given by solution 6 compared to 
solution 1, it is found that solution 6 gives better 
agreement with the polarization data than solution 1. 


II. DETERMINATION OF THE PROTON-CARBON 
SCATTERED AMPLITUDES FROM THE 
NUCLEON-NUCLEON SCATTERING 
PHASE SHIFTS 

The Born approximation to the elastic scattered 
amplitude from a spin-zero nucleus, given by the 
direct-interaction model, is? 


fryBorn (q) = G(q)F (q) +H (q)F (q) sind o,,. (1) 


Here g= 2k sin}0, where @ is the scattering angle and 
k is the wave number of the incident proton in the 
laboratory system; o, is the component of ¢ normal 
to the scattering plane. F(q) is the nuclear form factor, 


F(q)= (ania) f p(r)r sin(qgr)dr, (2) 


where p(r) is the nuclear density normalized so that 
4a So*p(r)r’dr=1. G(qg) and H(q) are given by 
G(q)=3(k/ko)[ (N—Z)A0() + (N+Z)A1(9) J, 
H(q)=3(k/ke) csc8l (N—Z)Co(g)-+ (N+Z)Ci(Q)] 


(3) 


ALAN H. 


CROMER 


Here JN is the mass number of the nucleus, Z the atomic 
number, and ky the wave number of the incident proton 
in the proton-nucleon center-of-mass system. 4A (gq) 
and C(q) are the nucleon-nucleon scattered amplitudes 
defined in B and are given directly by the nucleon- 
nucleon scattering phase shifts. The subscripts 0 and 1 
refer to the total isotopic spin. 

This result assumes that the amplitude for scattering 
from a bound nucleon differs from that for the scattering 
from a free nucleon only by the kinematical factor 
(k/ko). There is, in reality, also a difference arising 
from the fact that the final momenta are not the same 
in the two cases; in the case of scattering from a free 
nucleon the final momentum is reduced by a factor of 
[1—g?/k*]'. It is necessary to assume that this has 
only a small effect upon the scattered amplitude if one 
wants to relate nucleon-nucleus scattering to the 
observed nucleon-nucleon scattering. This is certainly 
a reasonable assumption in the region we are considering 
(6<9°), since here the momentum is degraded by at 
most 1%; even at 25° it is degraded by only 10%. 

If an optical potential is assumed, it can be written 
in the form 


hrc? 


c H(0) 
V (r)= 2e—| -GOn()+— uino-L| 
E 2 


=Vel(r)+V5.0.(ryo-L. (4) 


The Born approximation scattered amplitude then is 


fyBor™(q) ————— 


2rh?c? 


J oe *' *V (v)e* "dr 


=o f o(r)e4 *d*r 


H(0) 
a f e-*’ tu (ro Leta, (5) 
| 2g 


Comparing Eqs. (1) and (5), we find 


=D f G(q)F (q) jo(gr)q°dq, (6a) 
0 


~» 


H(q)F(q)jx(qr)q'dq. (6b) 


u(r) =iL2°H (0)r J? 


0 


Here jo and j, are the ordinary spherical Bessel functions 
of order 0 and 1, respectively. If G(g) is taken to be 
just the constant G(0), then Eq. (6a) reduces to the 
usual expression 


v(r)=p(r). 
Likewise, with H(g)=H(0), Eq. (6b) becomes 
u(r) = —i(1/r)[dp(r)/dr], 
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u| (7) 


This is the form of the optical potential usually assumed. 
We have written it in the same notation as used in B 
except for the factor —i appearing in the second term, 
which results from a trival change in the definition of 
H(0). In our notation a positive Hr(0) gives rise to a 
negative imaginary spin-orbit potential and a positive 
real spin-dependent scattered amplitude, whereas a 
positive H;(0) results in a positive real potential and a 
positive imaginary amplitude. 

The optical potential defined by Eqs. (4) and (6) 
describes the nucleon-nucleus scattering as the multiple 
scattering of the incident nucleon from the individual 
target nucleons in the nucleus. The amplitude for each 
scattering is taken to be essentially that for scattering 
from a free nucleon (when properly averaged over 
spin and isotopic-spin*). Since this is known only in 
the “far zone’’, the use of this potential assumes that 
two successive scatterings do not occur in a distance 
large compared with the wavelength of the incident 
particle. This assumption is generally valid at large 
energies. 

Splitting G(qg) and H(q) into their real and imaginary 
parts and then expanding to first order in g*, we have 


Gr(q)=Gr(0)(1—}Ara’g?+--*), 
G1(q) =Gr(0) (1—}Ara2q?+ - - -), 
Hr(q)=Hr(0) (1—harag?+ ---), 
H1(q) = H1(0) (1—4aza2g?+ - --). 


so that 
os 2rhc? 1 dp(r) 
V(r)= | — Goo) roast 
Ei ky dr 


(8) 


The constant a? is introduced here for convenience; it 
makes \ and a dimensionless. We set it equal to }(r*) 
which, for carbon, is 3.86 f?. Table I lists the values of 
the eight parameters in Eq. (8), derived from the various 
nucleon-nucleon phase shift solutions considered in B.° 
They are obtained by using Eq. (3) together with the 
values of A and C at 0° and 12° (6° in the laboratory 
system) given in B. X;, ar, and a, are all reasonably 
small, as expected ; \r, however, is quite large, especially 
for solution 1. [This is because the small value of 
Gr(0) is due to the cancellation of nearly equal, but 
opposite, contributions from different nucleon-nucleon 
states (see B, Table IT), resulting in an exceptionally 
large slope-to-value ratio at g=0.] McManus and 
Thaler” have computed the corresponding parameters 
resulting from the Gammel-Thaler nucleon-nucleon 
potential.® In terms of our notation they found Ar=1.5, 


® Gammel and Thaler (reference 6) found three different T=0 
phase shift solutions which, together with solution 1 of Stapp, 
fit the neutron-proton data. These solutions are referred to as 
1A, 1B, and 1C. Likewise, for Stapp solution 6, three different 
T=0 solutions were also found, referred to as 6A, 6B, and 6C. 
T=0 phase shifts have not been calculated for the other Stapp 
solutions. See reference 3 for details. 

10H. McManus and R. M. Thaler, Phys. Rev. 110, 590 (1958). 
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TABLE I. The 310-Mev nucleon-nucleon scattering parameters 
as determined from phase shift solutions 1A to 1C and 6A to 6C. 
G and // are in fermis; \ and a@ are dimensionless. 


Nucleon 
parameter 1A 1B 1¢ 6A 6B 


Gr(0) 4.48 5.42 3.05 4.77 
G;(0) HS 8D ILD «68h 
Hpr(0) 6.44 5.99 5.93 15.62 14.39 
H,(0) 34.43 32.64 35.94 26.70 
AR 1.24 1.34 1.16 0.59 
Nr 0.24 0.23 0.24 0.31 
aR 0.19 0.15 0.15 0.17 
ay 0.13 0.14 0.18 0.14 


5.05 
12.39 


Ar=0.31, ar=0.23, and a;=0.19, which agree in 
general with the values given in Table I for solution 1, 
especially as regards the large value of pr. 

For F(q) the best Guassian fit to the form factor as 
determined by electron scattering" is used: 


F(q)=exp(—ja’q’). (a=1.96f). (9) 


This approximation agrees with the best Fregeau form 
factor up to g’=1.5 (@=17°), well beyond the region 
being considered. For convenience, Eqs. (8) are replaced 
by 

Gr(q)=Gr(0) exp(—jrR0°¢"), 

Gr(q) =Gr(0) exp(— }Ara"¢’), 

Hr(q)=Hr(0) exp(—jara’g’), 

Ar(q) = H1(0) exp(—4ara’q’). 


As long as g’ remains small, Eqs. (10) will not differ 
from Eqs. (8) by much. 

Upon combining Eqs. (4), (6), (9), and (10), the 
optical potential, including now the finite range of the 
nucleon-nucleon interaction, is found to be 


2rh*c* 
Vir)=—- - 


miak 


r- 
+1G7(0)(1+Ar) ie(- ee —)] 
a?(1+Ar) 
? 


2 r° 
+ [-m(oate 'exp(- - —) 
k*a? a?(1+<a,) 


+7 p(0)(1+apr)~? 


r 
xexp( - — ) fet} (11) 
a*(1 +ap) 


The effect of the angular dependence of G and H is 
just to increase a by various amounts, with the result 
that the real and imaginary parts of Vc and Vso, no 
longer have the same angular dependence and Vso. is 
no longer proportional to (1/r) (dV ¢/dr). The dominant 


[ceo +p) vexp(- 


a 
a?(1+XAR) 


J. H. Fregeau, Phys. Rev. 104, 225 (1956). 
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TaBLE II. The nuclear scattering parameters for the elastic scattering of 313-Mev protons by carbon. The parameters determined 
hy the least-squares fit to the data are given together with those determined directly from the nucleon-nucleon phase shift solutions 
14 to 1C and 6A to 6C. (1A)’ and (6B)’ are the parameters calculated from solutions 1A and 6B neglecting the angular dependence 
of the nucleon-nucleon scattering. B is the parameter obtained by Bethe.* 


Nuclear 


parameter 


gnr(O) 3.4 
gnr(Q) 9.45» 
hnr(O) 8.06 
hn (0 23 

1R 2.7 
n1 0.38 
KR 

MI 


Least 
squares 


(=) 
or SOF AnN on = 
Ne eoOORKAWM ™ 


= 
oo 


* See reference 3 
b Derived from the total neutron-carbon cross section 


term in V(r) is the imaginary part of the central 
potential. Since all the phase shift solutions give about 
the same value for \;, we see that the rms radius of the 
potential is effectively increased from (})'a=2.4 f to 
[3(1+As) Ja=2.7f. 

Let fw(q)=gn(0)+hwn(q)on be the scattered ampli- 
tude resulting from Eq. (11). gw(g) and hy(qg) can be 
written in the form 


gvr(q)=gver(0)F (g)[1—neg+ - -- J, 
gnr(q)=gnr(0)F(Q)[1—mg?+ - - «J, 
hyr(q)=sindhyr(0)F (g)[1—wrget+::- J, 


(12) 


hy1(q) = sindhy1(0)F(q)[1 —mwg+ oe - i. 


In B the parameters » and yw were assumed to be small 
enough to be neglected at small angles. But, since 
F(q) is not even the correct Born approximation to 
the modified potential [Eq. (11) ], it will be seen that 
they are not necessarily small and their inclusion in 
the analysis helps to obtain a detailed fit to the data. 

For small angles and large ka, the scattered ampli- 
tudes from a potential of range a is given in good 
approximation by 


nm 


ewig) =ik f yL1—exp(2iA)) JJo(qy)dy, (13a) 
0 


® 


hy(q)= ie f ye, exp(2iA))Ji(qy)dy, 


0 


(13b) 


where Jo and J; are the ordinary Bessel functions of 
order zero and one, y= (/+}3)/k, and A; and e; are given 
in terms of the scattering phase shifts by 


l+1 l 
beeeat OL 23, 


Ai=——4,, 14 
21+1 21+1 


(14) 
€1:= 6), 144-41, 4. 
The phase shifts resulting from the optical potential 


were calculated by WKB approximation and the eight 
parameters in Eqs. (12) computed from Eqs. (13) and 


(6B)’ 
as 
8.9 
&.4 

18.9 
0.38 
0.15 
0.49 
0.22 


(14). The results are listed in Table II for the various 
phase shift solutions considered. Since in the presten 
case Vso. is not proportional to (1/r)(dVc/dr), the 
relation 


hy (q)=(H(0)/G(O)) sin6gy (gq) (15) 


is not strictly valid, even in Born approximation. 
Therefore hy(g) was computed directly from Eq. (13b) 
rather than from Eq. (15). The error caused by using 
Eq. (15) is not very large for /y;(g), but can be as 
much as a factor of two for Awr(qg) even at g=0. 

All the solutions give essentially the same value for 
gv1(0), which is in good agreement with the experi- 
mental value of 9.45 f. This experimental value is 
quite reliably determined from the total neutron-carbon 
cross section. On the other hand, the theoretical value 
depends almost entirely upon G;(0), which, in turn, is 
determined accurately by the total proton-proton and 
proton-neutron cross sections. This agreement, obtained 
on the basis of the two best known experimental 
quantities, is one of the strongest indications of the 
reliability of the method used here. 

hyr(0) is roughly proportional to Hr(0)—[2H;(0) 
XGpr(0)/ka®]. Thus, while the values of Hp (0) differ by 
a factor of 2.5 between solutions 1 and 6, the values of 
hyr(0) differ by as much as a factor of 5. The signif- 
icance of this large difference in the value of Ayr(0) 
will be discussed further in Sec. IV. 

For the Coulomb scattering we use the approximation 
developed in B. The Coulomb scattered amplitude is 


fe(d=gelg)the(gen, (16) 


with 
2nk . 
go(q)= ——[1+2in In(0.54/q) JF (q), 
¢ 
E—mc, 
he(q) = —i sindb— 
mc? 


Here n= (Ze*/v) =0.0662 and yw is the total magnetic 
moment of the proton. The imaginary part of gc(q) 
is assumed to be zero for g >0.54. 
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Fic. 1. x(q) calculated from Eq. (24) for several sets of param 
eters listed in Table III. The curve LS is the least-squares fit to 
the data. The experimental points are derived from the measure- 
ments of Chamberlain et al. of the differential cross section for 
the scattering of 313-Mev protons by carbon. 


The total scattered amplitude is 


f(md=g(gth(qgeon, (18) 


with 


g(g)=gn(grgclq), 


(19) 
hy (q)+hc(q). 


h(q) 
Then, from Eqs. (12), (17), and (19), the differential 
and polarized cross sections at small angles are given by 


87k 
oa gnr(Q) 
q' a 


{ 4n*k* 
|? \h { = F(q) es 


0.54 jh\* 
X (1— nq’) In—-+——+t gw r*(0) (1— 2 rq") 
g F?(q) 


4nk | 


gvr(0)(1—neq’) ¢, (20) 
q° 


+ gni7(0)(1—2nrgq*) — 


and 


da 2 
—P=2 Re(g*h)=- 
dQ gk 


F?(q){ 2ankg ni (0) (1—n7q") 

—4an*kgvr(0)(1—nrq*) In(0.54/q) —4n7khn1 (0) 

X (1—7q’)In(0.54/q) + gv r(O)hy r(0) 

<L1— (net+ur)q? lg?+enr(0)An1 (0) 

X [1 — (nr+ur)q* |g?— 2nkhy (0) (1—“Rq’)}. 
E—m¢c 


= 
mic? 


(u — 3 ) = 0.764. 
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III. ANALYSIS OF THE DATA 


Chamberlain ef al." have made accurate measure- 
ments of the small-angle scattering and polarization of 
313-Mev protons by carbon. In order to deduce the 
nuclear scattered amplitudes from these data, we 
proceed with an analysis similar to that done in B. 
Quantities x(g) and y(q) are defined as follows: 


da 1 4n°k? 
a(Q=_ — ~ 
dQ F%(q) 


| h|* 
F?(q) 


8n°k 
+——gn1 (0) (1—mq*) In(0.54, 0| 
g° 


= —4Ankgvr(0)+[gwn?(0)+en77(0) 
+4nknrgnr(O) |q? 


—2[negnr®(0)+mgwi?(0) lq’, (22) 
gk de 
y(q)=——— —P+2ank[gwr(0)(1—nrq?)2n 
2F?(q) dQ 


X In (0.54/¢) — gw1 (0) (1—n1q?) ] 
+4n*khw1 (0) (1—1q") In(0.54/q) 
= — 2nkhyer(0)+Lgne(O)hyr(0)+¢nr(O)hnr (0) 
+2nurkhwr(0) |q?—(C(nrt+ur)gvr(O)hwr(0) 


+ (m+u1)gnr(O)hyr(0) ]g*. (23) 

In Eq. (22) all the quantities in the brackets are 
known experimentally except |/|?.! However, since 
for @<1, ¢|h\|* is small compared to x(q), only a 
rough estimate of it is needed. We calculate |/|? from 
Eqs. (12), (17), and (19) using hyr(0)=8 f and hyz(0) 
= 23 f. These values are chosen to agree approximately 
with the values finally deduced from the polarization." 
Upon using the value 9.45 for gv7(0), Eq. (9) for F(q), 
and the experimental measurements” of da/dQ, x(q) 
can be calculated from Eq. (22). The results are plotted 
in Fig. 1 as a function of g’. The errors indicated are 
only the quoted statistical errors. 

Since the first term in Eq. (22) dominates all the 
others except at the smallest angles where the Coulomb 
term is large, x(q) is expected to be well determined 
except at these angles where the Coulomb subtraction 
makes it uncertain. Using only the values of x(q) from 


2 Chamberlain, Segré, Tripp, Wiegand, and Ypsilantis, Phys. 
Rev. 102, 1659 (1956). 

18 The factor (1—n,g?) can be taken equal to unity since the 
term in which it is a factor is zero for g >0.54. 

4 up and uw; are taken equal to zero in calculating |h|*q?, so 
this quantity is over-estimated in the analysis. This effect is 
unimportant for q’<1, where |/|*g* itself is small, but for the 
largest angle considered (9°) probably results in a value of 
x(q) 5 to 10% too small. 
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TABLE III. The parameters do, a, dz and bo, bi, be determined by the least-squares fit to the data and calculated from the nucleon- 
nucleon phase shift solutions 1A to 1C and 6A to 6C. (1A)’ and (6B)’ are the te ia calculated from solutions 1A and 6B neglecting 


the anges eapandonce of the nucleon-nucleon scattered ne B ist 


Least 


Parameter squares d 1B 


=37 $i aT 
111 102 
—130 ~105 
~4.5 -1,1: —1.2 
247 230 
~279 —179 


* See reference 3. 


3.5° to 9°, a least-squares fit of the form 
x¥(g) = dotayg?t+agq' 

gives the results 

dyo= — 4nkgyr(0)= —3.7, 

a,=gwr"(0)+gn7°(0)+4nknegy e(O)= 111, 

a2= — 2[ negnr®(0)+ngn7(0) = — 130. 
From the first equation we find gyr(0)=3.4 f. This, 
together with the value of gy7(0)=9.45 f taken from 
the total neutron-carbon cross-section data, gives 
nr=2.7 from the second equation. The determination 
of ne in this manner is, of course, very uncertain, but 
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Differentiol Cross Section, 





i i N i 
= ro 6° 6° 10° 12° 14° 
Loboratory Scottering Angie 








Fic. 2. The differential cross section for the scattering of 
313-Mev protons by carbon, calculated from phase shift solutions 
1A and 6A. Curve S is calculated from the least-squares param 
eters give en in Table IT. 


6 The experimental points from 2.5° to 7° were obtained using 
an angular resolution of 0.35°. For larger angles the resolution was 
only 0.84°. However, since for these larger angles the cross section 
is not as rapidly varying as it is at the smaller angles, the former 
data are probably as reliable as the latter. 


e — alent penenater 3 obtained 7’ Bethe.* 


6C ‘(1A)’ (6B)’ 


—2.5 ~2.6 —2.8 
95.3 86 
— 88.2 —28 
—J.0 
219 
— 148 


—19 
77.4 


does indicate at least that it is relatively large, ice., 
greater than unity. With this value of nr the last 
equation gives 9;=0.38. This value of ny, is more 
reliable than that for nr since gw*(0)>gwr?(0). 
These results are listed in Table II for comparison with 
the same quantities as calculated directly from the 
nucleon-nucleon phase shifts. In Table III we have 
listed the parameters do, ai, and a» as calculated from 
the various phase shift solutions. 

x(q) calculated from Eqs. (24) and (25) is labeled 
LS in Fig. 1. It fits the experimental points quite well 
except at the smallest angles (where it was not fitted). 
Also in Fig. 1, x(q) is shown as calculated from Eq. (24) 
using the parameters in Table III for phase shift 
solutions 14 and 6A. The other solutions give results 
in between these. Thus, all the solutions give essentially 
the same fit to the data, in spite of moderate differences 
in the values which they give for ao, a), and a2. We shall 
return to this point in the next section. 

Using xzs(g) in Eq. (22), a smoothed value of 
da/dQ is calculated; it is labeled S and plotted in Fig. 2 
along with the experimental points. Also in Fig. 2 we 
have plotted do/dQ as calculated from Eq. (20) and 
the phase shift parameters for solutions 14 and 6A. 
The divergence of the calculated curves away from the 
experimental point at 13° is due to the neglect of g* 
terms in Eq. (20). 

With the experimental values of gy and 7» now 
determined, Eq. (23) can be used to calculate y(g), 
using the experimental values of the polarization, P, 
and the smoothed cross section, (do/dQ)s. For hyr(0) 
in the first part of Eq. (23) we again use the value of 
23 f which is consistent with the value finally found. 
The result is plotted in Fig. 3. Using only the data from 

° to 9°, a least-squares fit of the form 

v(qg) = bot big?t bog' (26) 
yields 
by= — 2nkhyr(O)= —4.5, 
b= gvr(O)hnr(O)+ gy (O)An1 (0) + 2nkurhnr(O) 
=247, (27) 


-(net+ur)gnr(O)hnr(O)— (n+ ur) evr (O)Anr (0) 
=~ 279. 


This gives hye(O)=8.06 f. kyr (0) can be calculated 
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fairly accurately from the second equation in (27) 
since the third term is only 4.5urS7. A reasonable 
value is Ay7(0)= 23 f. These results are listed in Table IT. 
ue and yw; cannot be determined separately from Eqs. 
(27). In Table III we have listed the values of bo, dy, 
and 6. as calculated from the various phase shift 
solutions. 

y(g) calculated from Eqs. (26) and (27), and from 
the phase shift parameters for solutions 1B and 6B, 
is shown in Fig. 3. The preference for solution 6B 
indicated in Fig. 3 is a result of the larger value it 
gives for hyr(0). A large value of Aypr(0) is needed to 
give the low polarization at small angles by means of 
the negative Coulomb interference. This is the main 
evidence for an imaginary part to the spin-orbit 
potential, which was noted earlier by Heckrotte.'® 
Notice that this result does not depend on the extremely 
small-angle measurements (2.5°, 3.0°), which are 
unreliable. Their inclusion in the analysis would make 
bo still more negative and so increase the experimental 
value of Ayr(O) further. 

Finally, Fig. 4 shows the experimentally measured 
polarization along with the phase shift calculations for 
solutions 1B and 6B. Also shown is the smoothed-out 
polarization, i.e., P as calculated using the least-squares 
values of y(g) and x(q). Again, the disagreement at 13° 
can be interrupted as being due to the neglect of ° 
terms in Eq. (21). 


IV. DISCUSSION AND CONCLUSION 


The agreement between the experimental and 
theoretical values of do/dQ shown in Fig. 2 demonstrates 
rather conclusively the validity of the direct-interaction 
model. Hence the least-squares values listed in Table I, 
with the exceptions perhaps of Ayr(O) and nr, may be 
considered reliable within the variations of the results 
of phase shift solutions 1 and 6.'7 The corresponding 
quantities as calculated in B are shown for comparison ; 
x(q) and y(qg) calculated from these parameters are 
shown in Figs. 1 and 3. The difference between these 
results and those given by the present analysis is due 
primarily to the inclusion of the g‘ terms in Eqs. (24) 
and (26), and to the neglect of the data at the smallest 
angles in making the least-squares fit to x(q). In partic- 
ular, the larger value of gyr(0) found here is due to 
the latter. Since solution 64, which is in excellent 
agreement with the differential cross section (Fig. 2), 
gives a value of gyr(0) similar to that found in B, the 
smaller value cannot be ruled out. An improvement in 
the measurement of the differential cross section in the 


16 W. Heckrotte, Phys. Rev. 101, 1406 (1956). 

17 The least-squares values of the parameters are based on the 
absolute differential cross section, which is known to only 20%. 
This introduces a corresponding uncertainty into these parameters. 
However, since the fit obtained with the nucleon-nucleon phase 
shift solutions (Fig. 2) is better than 20%, it is hoped that the 
absolute calibration is in fact better than 20%. 
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Fic. 3. y(qg) calculated from Eq. (26) for several sets of param- 
eters listed in Table II. The curve LS is the least-squares fit to 
the data. The experimental points are derived from the measure 
ments of Chamberlain et al. of the polarization of 313-Mey 
protons scattered by carbon. 


neighborhood of 2° would probably clarify this 
ambiguity. 

To demonstrate the effect of the nucleon-nucleon 
angular dependence on the proton-carbon scattered 
amplitude, the scattering parameters have been 
calculated for solutions 14 and 6B using the values of 
G(0) and H(O) given in Table I but taking \X=a=0. 
The results, given in columns (1B)’ and (6B)’ in Tables 
II and III, show that the main effect of including the 


angular dependence is to increase gy(0) and n. The 
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Fic. 4. The polarization of 313-Mev protons scattered by 
carbon, calculated from phase shift solutions 1B and 6B. Curve P 
is calculated from the least-squares parameters given in Table IT 
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increase in gwr(Q) is just what is needed to obtain 
agreement with the value of gw;(0) deduced from the 
total neutron-carbon cross section. Moreover, the 
large increase in 9 increases a2 by nearly a factor of 4, 
bringing this quantity into agreement with the least- 
squares value; 6, is increased by a factor of 2, bringing 
it closer to the experimental value. 

While these results are obtained using a particular 
shape for the nuclear density, viz., Gaussian, it does 
not seem likely that these conclusions could be greatly 
modified by any reasonable change in the distribution. 
The analysis is limited to small angles where the second 
moment of the distribution should give the main 
contribution, and this may be supposed reasonably well 
known from the electron scattering esperiments." 
Therefore it appears that in order to fit nucleon-nucleus 
scattering data by a potential based on the nucleon- 
nucleon interaction, account must be taken of the 
nucleon-nucleon angular distribution. Phenomenolog- 
ically this means the use of optical potentials with 
different ranges for the real and imaginary parts and 
with Vo, not necessarily proportional to (1/r) (dV ¢/dr). 

The polarization curves (Fig. 4) indicate the pos- 
sibility of making a distinction between different sets 
of nucleon-nucleon phase shifts on the basis of proton- 
nucleus scattering. However, the slight preference 
shown here for solution 6B is probably not significant. 
It comes from the larger value of Awr(O) given by 
solution 6, and any conclusions drawn from the value 
of Awr(O0) are subject to various uncertainties.’® It is 
worth emphasizing, however, that the experimental 
data at the smallest angles were omitted in determining 
hyr(O); the inclusion of these data in the analysis 
would increase Aypr(O) still further. 

The triple-scattering parameter 8 may also be used 
about the nucleon-nucleus 


to obtain information 


interaction. From the expression 


1 


a-P9)}] [gr(qg)hkr(q)—gr(qg)hi(q) 


do 
sing = 2 


1, (28) 


, 
dQ 

‘8 The experimental determination depends mainly on the 
polarization at small angles, which is poorly known; it also 
depends on the value of 4y;(0) used on the first line of Eq. (23). 
The theoretical determination, on the other hand, is quite sensitive 
to the nucleon-nucleon parameters //2(0) and H;(0) (Sec. II). 
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8 can be computed for small angles using Eqs. (12), 
(17), and (19) and the parameters in Table II. Unfor- 
tunately no small-angle measurements have yet been 
made. The smallest angle for which data are available 
is 10.4°; here B= —9°+18° or 30°+18°.” [There is an 
ambiguity in 6 because only the quantity cos(@—£) 
is measured experimentally. | At 9° phase shift solutions 
14, 6A and 6B give 6 equal to 6.5°, 26°, and 13°, 
respectively; the least-squares parameters (together 
with wr=1 and w;=0.25) give B= 25°. Thus at 9° all 
solutions give 8>0. While the formulas developed in 
this paper do not apply for @>9°, it is certain that at 
larger angles 6 will become still more positive. 

This conclusion differs from that of other authors,‘:” 
who find 6<0 in the neighborhood of 10°. At small 
angles (0S 20°) g7(q), #r(q), and h;(q) are all positive, so 
that from Eq. (28) we see that 6 can be negative in this 
region only if gr(qg) is also positive. Now gr(q)=F(q) 
X(Lgwr(0)(1—nrg?) — 2nk/q?], which is negative at very 
small angles. It can become positive only if the Coulomb 
term becomes smaller (in absolute value) than the 
nuclear term before the latter goes through zero. In 
Born approximation nr=0, and so this may happen at 
about 5°. Even in more exact calculations npr is not 
large if the angular dependence of the nucleon-nucleon 
scattering is not included in the potential (see Table II), 
gr(q) may still become positive. However, 
because of the large value of nr found here, gyvr(q) 
decreases more rapidly than the Coulomb term and so 
gr(q) is never positive in this region; consequently 8 is 
positive. Solution 6 gives a larger value of 6 than solu- 
tion 1 because of the very large value it gives for hyr(0). 
While both solutions are consistent with the present 
triple-scattering data, an improvement in these data 
may eventually be able to rule out one of the solutions.t 


and so 
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proton-proton scattering at 310 Mev 


A modified phase shift analysis of the 

| Moravesik, Cziffra, Mac- 
Gregor, and Stapp, Bull. Am. Phys. Soc. Ser. II, 4, 49 (1959).] 
strongly favors solution 1 over solution 6. This may indicate that 
there is a systematic error in the small angle proton-carbon 
polarization data 
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Antiproton-Nucleon Annihilation Process. II* 
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We have continued work on antiproton interactions in photographic emulsions. Most of the data come 
from an exposure at the Bevatron to an enriched antiproton beam of 700 Mev/c momentum. In this paper 
we present the analysis of 221 antiproton stars, 95 of which occurred in flight. We find an average anti 
proton cross section of (1.9+0.2)oo, where o9= 7 (1.2 10~A 4)? cm?, for all the elements in emulsion, exclud 
ing hydrogen. The primary antiproton annihilation gives rise to 5.360.3 pions on the average. In annihila 
tions at rest, 1.3 of the pions formed interact with the parent nucleus; in reactions in flight, 1.9 of the pions. 
For stars at rest the energy available in the annihilation in complex nuclei is divided up among the products 
as follows: charged pions, 486%, neutral particles (other than neutrons and K® mesons) 28+7%; A 
mesons 3+1.5°%; and cascade nucleons and nuclear excitation 21+2%. For the stars in flight the corre- 
sponding percentages are: 457%, 2247%, 341.5%, and 30+2%. To fit the average pion multiplicity, the 
interaction radius of the Fermi statistical model must be taken as 2.54/m,c. Other proposals to explain the 
large multiplicity are discussed. We deduce from the fraction of pions interacting in the same nucleus that 


the annihilation takes place at the outer fringes of the nucleus. 


I. INTRODUCTION 


ie the ‘“‘Antiproton Collaboration Experiment” 
(ACE)! the antiproton-nucleon annihilation process 
was discussed on the basis of an analysis of 36 anti- 
proton stars. We have carried out further exposures of 
nuclear emulsions in the antiproton beam at the Beva- 
tron, in particular with an enriched beam, which have 
yielded 185 additional antiproton stars.’ In this paper 
we discuss the analysis of these 221 antiproton stars.’ 

In the enriched beam the ratio of antiprotons to 
background of minimum-ionizing particles, which was 
initially 1/(5X10°), becomes 1/(5X10*); the back- 
ground particles are now mainly u mesons and electrons. 

The antiprotons enter the emulsion stack with a 
momentum of 700+20 Mev/c. At this momentum they 
have a grain density g/go™2 and are easily distinguish- 
able from the background of minimum particles. They 
can either interact in flight or, after traversing a range 
of 1342 cm of emulsion, interact at rest. Details on the 
exposure geometry and beam separation and composi- 
tion are given in Appendix I, and those on track-follow- 
ing and prong-measuring techniques and criteria in 

* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

t Supported in part by the Miller Institute of Basic Research, 
University of California, Berkeley, California. 

t Now at Ecole Polytechnique, Paris, France. 

1 Barkas, Birge, Chupp, Ekspong, Goldhaber, Goldhaber, Heck 
man, Perkins, Sandweiss, Segré, Smith, Stork, Van Rossum, 
Amaldi, Baroni, Castagnoli, Franzinetti, and Manfredini, Phys. 
Rev. 105, 1037 (1957). 

2 A preliminary version of these results has been presented by 
Chamberlain, Goldhaber, Jauneau, Kalogeropoulos, Segré, and 
Silberberg, Proceedings of the Padua-Venice International Con- 
ference on Mesons and Recently Discovered Particles, September, 
1957 (to be published), VI-10. 

3 We have not included in this analysis the work of Amaldi, 
Castagnoli, Ferro-Luzzi, Franzinetti, and Manfredini, Nuovo 
cimento 5, 1797 (1957); Ekspong, Johansson, and Ronne, Nuovo 
cimento 8, 84 (1958); and A. H. Armstrong and G. M. Frye, Bull. 
Am. Phys. Soc. Ser. II, 2, 379 (1957), who have recently pub 
lished results on 14, 10, and 16 antiproton stars respectively. 


Appendix IT. Of the 221 antiproton stars discussed here 
95 occurred in flight, and yield information on the anti- 
proton cross section; the 126 remaining stars occurred 
after the antiprotons ‘‘came to rest.’”’ We considered an 
interaction to occur at rest when no evidence for any 
residual momentum could be obtained from measure- 
ments on the antiproton track at the annihilation star. 
In this work the lowest measurable kinetic energy was 
T5—10 Mev. The analysis is carried out separately for 
the stars at rest and in flight, as well as for the two cases 
combined. 

The general features of the antiproton annihilation 
process are similar to those discussed in ACE. With the 
improved statistics, however, we have found a reduc- 
tion of the KK abundance. 

On the basis of this work we understand the annihila- 
tion process in complex nuclei for our combined sample 
(i.e., stars at rest and stars in flight) to proceed as 
follows: The antiproton annihilates with a nucleon and 
(V,) =5.36+0.3 pions are emitted on the average with 
an average total energy of (£,’)=350+18 Mev per 
pion, In 3.541.5% of the interactions a KK pair is 
emitted. An average number v=1.6+0.1 of the anni- 
hilation pions interact with that nucleus in which the 
annihilation occurs, giving rise to nuclear excitation 
and nucleon emission. Some of the interacting pions are 
absorbed and some lose energy owing to inelastic 
scattering. The average number of protons emitted per 
annihilation is (Vy)=4.1+0.3, and the corresponding 
total average energy release in protons and neutrons is 
U=490+40 Mev. Of the y interacting pions, (1—a)y 
=(0.4 are inelastically scattered. This degrades the 
primary pion energy to (4,)=339+18 Mev, which is 
the observed average pion energy. On reasonable 
assumptions for the efficiency of charged-pion detec- 
tion, e=0.90+0.05, we calculate the number of neutral 
pions and find good agreement with charge independ- 
ence. There is thus very little leeway in the present 
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TaB.e I. The distribution of antiproton path length, number 
of annihilation events in flight, and mean free path in emulsion 
with antiproton energy.* 


Mean free 
path 
(cm) 


13.3,*° 


5 


Number of 
annihilation 
events 


Path length 
(cm) 


cme) 
10-40 $1 0 
40-70 147 3 49.0_ 947% 
70-100 207 11 18.8_5** 

100-150 512 35 14.6_.*4 

150-200 728 34 21.6_3*4 
200-230 90 6 15.0_;+” 
10-230 1764 95 18.6+2.0 


* In this compilation we have not included path length on pp, events (as 
this would introduce a small contamination of positive protons) although 
the three interactions with Ny*=0 and 2Eu <7j% are included (see Ap- 
pendix II). Corrections for these effects (which have not been applied) 
would decrease the cross section by 241%. 


data for an additional singlet 7° with intensities com- 
parable to the 2° from the mtn triplet unless we 
ascribe to this hypothetical particle an interaction very 
different from the normal r°. We observe a difference 
in the number of pion interactions for stars at rest and 
in flight, which we interpret as a deeper penetration into 
the nucleus by antiprotons in flight. 

The pion multiplicity (V,) does not agree with the 
Fermi statistical model directly if we assume the normal 
interaction volume Q» of radius ro=h/m,c. As in ACE, 
agreement can, however, be obtained with the Fermi 
statistical model in which the pion interaction radius 
is taken to be 2.5%/m,c. We call this the normalized 
Fermi statistical model. Thus, except for the KK 
abundance, the normalized Fermi model gives good 
agreement with all the detailed features of the experi- 
mental data. However, the present statistical accuracy 
and the errors arising from the difficulties in dealing 
with complex nuclei do not permit us to rule out other 
multiplicity distributions giving the same value for (.V ,). 

Many authors have criticized—and for good reasons— 
this direct application of Fermi’s model, and have 
proposed several modifications which would yield a high 
multiplicity even with normal values for the volume.*~"° 
Among the factors to be taken into account are the 
nonadiabatic nature of the annihilation with respect to 
the period of the pionic clouds, the interaction of the 
escaping pions, and conservation theorems neglected in 
Fermi’s model. In spite of these attempted refinements 
we still do not have a complete theory of the annihila- 
tion process. 


II. THE ANNIHILATION CROSS SECTION 


By following the antiprotons along the track we ob- 
tain the mean free path for annihilation with the nuclei 


4Z. Koba and G. Takeda, Progr. Theoret. Phys. (Japan) 19, 
269 (1958). 

5 E. Eberle, Nuovo cimento 8, 610 (1958). 

6 T. Gotd, Nuovo cimento 8, 625 (1958). 

7S. Z. Belen’kii, Nuclear Phys. 2, 259 (1956). 

8M. Kretzschmar, Z. Physik 150, 247 (1958). 

9 P. P. Srivastava and G. Sudarshan, Phys. Rev. 110, 765 (1958). 

10 N. Yajima and K. Kobayakawa, Progr. Theoret. Phys. Japan 
19, 192 (1958). 
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in the photographic emulsion (see Appendix II for 
details). In the work reported here, combined with ~3 
meters of track studied in ACE, a total of 17.6 m of 
identified antiproton track length was followed. In this 
track length 95 annihilation events in flight have been 
observed (including 20 events from ACE). We have 
made a special effort in this work to determine the 
energy of the interacting antiproton even when it was 
low. Both integral gap-length measurements and con- 
stant-sagitta measurements were made on all anti- 
protons that appeared to be coming to rest (see Ap- 
pendix IT). By these means we were able to detect 
interaction in flight down to a residual range of ~0.5 
mm, which corresponds to 7;~10 Mev. For kinetic 
energies above 40 Mev (residual range ~6 mm), inter- 
actions in flight can be detected reliably by inspection. 
Six events were observed in the energy region 10 <T; 
<40 Mev. Table I gives the details of the path-length 
distribution and the number of annihilation events 
observed. In principle, data such as those shown in 
Table I should allow us to determine the annihilation 
mean free path as a function of antiproton kinetic 
energy. Unfortunately it is not possible, with the 
presently available statistics, to discern reliably any 
energy dependence of the cross section. The attractive 
Coulomb field will, in a classical picture," deflect the 
incoming antiprotons so as to increase the cross section 
by a factor 1+ V./T;. Here V. is the Coulomb poten- 
tial evaluated at a nuclear radius corresponding to the 
antiproton cross section at energies 7;>>V.. In emul- 
sion, for the heavy elements we have V.=9 Mev and 
for the light elements V.=2.5 Mev. In addition, owing 
to nuclear effects, a 1/v law might be expected at en- 
ergies where only s waves are important, i.e., for A>R, 
where R is the interaction radius. The corresponding 
energy is 75 <1 Mev even for the light elements C, O, 
and N in the emulsion. In this work we would not have 
distinguished interactions at 1 Mev from those occur- 
ring after the antiprotons are bound in atomic orbits. 

The over-all mean free path in nuclear emulsions, we 
now find, is 4s=18.6+2 cm, at an average energy of 
(T5)--140 Mev. In terms of an average cross section 
(excluding the hydrogen content in emulsions) this can 
be expressed as o5= (1.9+0.2)o0, where oo is given by 
oo=m(1.2K10—*)?4! cm. Actually we do not expect 
the Af law to hold strictly for antiproton interactions. 
This is because the diffuse boundary has a larger effect 
in the case of light nuclei and will give these nuclei a 
larger cross section then expected on an A! variation. 
The errors quoted are the statistical standard devia- 
tions only, and do not include the small systematic 
errors due to contamination by positive protons (see 
Appendix IT). 

A description of the elastic and inelastic scattering 
processes from complex nuclei as well as the elastic 


1 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 346. 
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scattering from hydrogen, for the present antiproton 
sample, has been published.!?: 


III. THE PRODUCTS FROM THE 
ANNIHILATION STARS 


A. Pions 
1. The Charged-Pion Multiplicity 


The observed charged-pion multiplicity distribution 
is given in Fig. 1. The average values are: (.V,+)=2.50 
+0.26 at rest; (V,+)=2.30+0.28 in flight; and (V,+*) 
=2.41+0.19 all combined." In these figures no cor- 
rections have been made for the presence of possible 
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additional p, events, estimated at 2_2+°% of the stars 
at rest. (We define as a p, event an antiproton annihilat- 
ing at rest without giving off any charged prongs.) 
Neither have we corrected for the possible presence of 
positive protons and antiproton charge-exchange events, 
which we estimate as 2+1%, in the sample of the stars 
in flight (see Appendix IT for details on these estimates). 


2. The Pion Spectrum 


To obtain the pion spectrum we have carried out 
multiple-scattering and grain-count measurements on 
all prongs that do not end in the emulsion, with dip 
angle B<20°. This serves to identify the prongs as 





40 ra 


T 


2.5 


KN » a 


REST 


Fic. 1. The ob 
served charged-pion 
multiplicity distribu 
tion from antiproton 
stars. In the upper 
diagram the data 
come from the stars 
at rest, in the lower 
diagram from the 
stars in flight. A 
similar separation is 
made in many of the 
other figures in this 
paper. 
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2 Goldhaber, Kalogeropoulos, and Silberberg, Phys. Rev. 110, 
1474 (1958). 

18 G, Goldhaber and J. Sandweiss, Phys. Rev. 110, 1476 (1958). 

4 The statistical error of (N) is evaluated as follows: assume 
that in all our stars we have m with one prong, mz with 2 prongs, 
etc. Then in; is the total number of prongs coming from stars 
with 7 prongs. In a large collection of stars we assume that n; 
would have a Gaussian distribution with standard deviation 4/n;. 
This gives the standard deviation for the total number of prongs, 
( d,i2n;)', and for the standard deviation of the average multi- 
plicity, (2,2n;)#/ Zin;. Although this formula is not to be taken 
as exact, it probably is a good approximation. A similar method 
was used for the determination of the error of (E,). 
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kic. 2. The observed charged-pion spectrum from antiproton 
stars. Energy measurements included here come from pions with 
dip angle <15°. This represents ~} of the total solid angle. 


light mesons (considered as pions) and also to give 
their energy (from p@). For pions in the same dip-angle 
interval that come to rest, the range-energy relation 
was used for determining their energy. We noted, how- 
ever, that some residual distortion effects were present 
even after application of the third-difference method in 
the p8 determination. The distortion effects tend to 
reduce the value of the average energy (7',) of the pion 
spectrum. In order to minimize these effects in the pion 
spectrum, we limit ourselves to only those pions with 
dip angle <15°. The resulting spectra at rest, in flight, 
and all combined are given in Fig. 2. To obtain the best 
value of the average pion energy (7), two correction 
terms, w#, and we, have to be added to the raw values 
(Ty)raw Obtained experimentally. The first correction 
term, wy), is a correction for residual distortion effects 
even after limiting ourselves to only those pions with 
dip angle 8<15°. This was estimated by comparing 
(T+)raw for various pion dip-angle intervals, and gives 
w#,=10+5 Mev. The second correction term, we, is due 
to the energy dependence of the charged-pion detection 
efficiency. As described in Appendix III, we find 
Wo=7+2 Mev. 

The over-all correction is thus an increase of 17 Mev 
or roughly 10°, which we apply to each value of 
(T~)raw. Table II gives the average pion energies, raw 
and corrected, for charged-pion multiplicity .V,*= 1-2, 
3, and 4-6, for stars at rest, in flight, and combined. 
We note a dependence on .V ,*, indicating that the stars 
with low .V,+ are due, in part, to low values of .\’,, and 
thus have higher average energies. The corresponding 
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TABLE II. The average experimental pion kinetic energy as a function of the observed charged-pion multiplicity. 
Also shown for comparison are the values computed from the normalized Fermi statistical model. 


At rest In flight Combined 
No. of 
pions 
<15° dip (Mev) 


No. of 
pions Tx )raw 


<15° dip (Mev) 


No. of 
pions (7 r)raw 
Ne <15° dip (Mev) 


Tx )Fermi* 


(Mev) , 
237433 224 
195+27 201 
169+36 172 
199+18 200 


(Tr )raw I'x) 


(Mev) 


1 x )¥ermi* ls Tx )Fermi* 
(Mev) (Mev) (Mev) 


ls 
(Mev) 


2 31 194 211 220 13 294 301 
36 163 180 199 32 195 aie 

6 26 158 175 170 12 155 172 

6 99> 167 184+21 195 65> 204 221+30 


* Details on the Fermi-model values are given in Sec. IV C. 


» These numbers include some pions from events occurring near an emulsion interface for which no Ny* value was assigned (see Appendix III). 


values computed from the Fermi statistical theory are 
also given (see Sec. IV C). 
3. The r*+/m~ Ratio 

All pions of grain density g/go21.3 (7,590 Mev 
were followed systematically in this experiment (see 
Appendix IT). Of those pions followed, 76 came to rest, 
giving either the r—u—e decay characteristic of positive 
pions (22 cases) or the o star and p endings characteristic 
of negative pions (53 cases). In one case the sign of the 
pion charge could not be determined. The study of 
these ending prongs provides the best direct evidence 
for our identification of the emitted particles as 7 
mesons (see Appendix IV for details). 

In the energy interval 20 Mev<7,<100 Mev we 
obtained a r*/2~ ratio of (#* 2 experiment = 20/44=0.45 
+0.12. The corresponding energy spectra of the pions 
with identified signs are given in Fig. 3. To interpret 
our observed a+/x~ ratio, we must remember that 
we have this information only for the low-energy part 
of the entire pion spectrum, and that the probability 
of pion escape from the emulsion stack increases with 
increasing energy. Thus, since we cannot determine 
the sign of the charge of a pion leaving the stack, 
even within the energy interval considered here, the 
fraction of pions whose sign can be identified decreases 
rapidly with increasing energy. In the energy region 


where identification of sign is possible, we observe a 
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Fic. 3. The energy distribution of pions with identified sign 
from antiproton stars. The shaded histograms represent pions from 
antiproton stars at rest. Note.—The box in b beside 32 rest should 
be shaded. 


mixture of pions from the primary annihilation process 
and pions that have undergone inelastic scattering in 
the parent nucleus. Considering the annihilation of an 
antiproton with a bound nucleon, we observe that in a 
p+“p” annihilation we have x+/m~=1, while in a 
pt+“n” annihilation r+/x~ is 0.56. These values follow 
directly from charge conservation. In annihilation with 
a neutron, the number of negative pions must exceed 
by one the number of positive pions. If we take the 
average primary number of charged pions as #(.V,) 
~3.5, we obtain the above result, i.e., w*/a- = 1.25/2.25 
= 0.56. Thus in the emulsion nuclei, taking into account 
the (n/p) ratio, we expect r+/x-=0.76 for those pions 
due to the annihilation process directly. Below 20 Mev 
this ratio will be reduced by the Coulomb effect. For 
the pions scattered inelastically we can note from ex- 
perimental data (see Appendix VI for details) (a) that 
negative pions are scattered from emulsion nuclei with 
higher probability than positive pions, and (b) that the 
negative pion spectrum peaks at a lower energy than 
the positive one. The inelastically scattered pions in 
this energy interval thus tend to have a low mt/x 
ratio, which we estimate as ~0.22. In addition we esti- 
mate, taking into account the energy dependence of the 
probability of pion escape from the emulsion stack, that 
~27% of the pions in the energy interval discussed here 
are due to inelastic pion scattering. The over-all ex- 
pected ratio is thus estimated as (4*/27)cate= 0.58. This 
is within one standard deviation of the observed ratio 
in the same energy interval. 


4. Angular Distributions 


a. Pion-emission angles.—If we examine the angular 
distribution of the pions relative to the antiproton direc- 
tion we obtain an isotropic distribution for the stars at 
rest as expected [Fig. 4(a)]. For the stars in flight 
[ Fig. 4(b) ] we do not observe any anisotropy other than 
what is expected owing to the center-of-mass motion. 
The forward-backward ratio in flight is F/B=1.22 
+0.17, compared with F/B=1.33 expected from the 
center-of-mass motion of the antiproton-nucleon system. 

b. Pion-pion angle distribution —From the dip- and 
projected-angle measurements performed on all charged 
mesons we have computed the angle ¢,, between each 
charged pion pair. We must remember here that the 
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TABLE IIT. Ratio y of the number of pion-pion angles greater than 90° to those smaller than 90°, 
and the average pion-pion angle (@;,), as a function of charged pion multiplicity. 


At 
No. of 
pairs 


No. of 

pairs Y Parr 
35 19 90 16 

103 ae 94 84 

114 59 97 48 
50 50 101 30 
15 14 86 15 

317 1.34+0.15 95.5+5.4 193 


2 
s 


Mh Wh 


rma 


neutral pions are not observed in this work, that ~0.8 
charged pion is absorbed per star on the average, and 
that some are scattered inside the nucleus before 
emission. 

In Fig. 5 we give the distribution of all the charged 
pion-pion angles ¢,,, plotted against cos¢,,. We have 
examined this distribution for stars at rest and in flight 
separately and also as a function of .,*. We have not 
observed any pronounced difference for these various 
cases and are thus presenting the combined distribu- 
tion. Table III gives the ratio y of the number of pion- 
pion angles larger than 90° to those smaller than 90° 
and the average values of the pion-pion angles (¢;;). 

As can be seen from Fig. 5 and Table ITI, pair angles 
>90° are preferred. This may be attributed simply to 
conservation of momentum and energy, as can be seen 
by the following oversimplified geometrical argument. 
Assume all momenta equal in magnitude. Then for 
each value of V, we can compute the average pion- 
pair angle (¢,,) for the symmetrical situation which 
automatically conserves momentum. Thus for .V,=2 
we obviously get (¢,,)= 180°, and for .V,=3, 4, and 6 
we get the angles for the equilateral triangle tetra- 
hedron and cube—i.e., (@,,)=120°, 109.5°, and 108°, 
respectively. Thus we see that energy-momentum con- 
servation leads to values for (¢,,)>90° or ratio y>1. 

Pion-pion forces could influence this distribution, but 
no complete calculation of this problem has been done. 


B. K Mesons 


The percentage of stars emitting K mesons is smaller 
than earlier estimates of ~10% indicated! (the esti- 
mate now is 3.5+1.5%). From work with stacks No. 72 
and No. 78 we feel that the identity of K mesons could 
not be uniquely established for dip angles >30°. We 
have thus estimated lower and upper limits to the 
number of stars with K mesons. Table IV gives some 
of the relevant data on the A mesons together with the 
reliability of the identification (see also Appendix V). 
For the lower limit we take the actual number of stars 
with definitely identified A mesons of dip < 30°, namely 
three. Since this corresponds to only half the total 
available solid angle, the expected number of stars is 
six. In the upper limit we have included all stars with 
prongs that might possibly be A mesons, namely nine. 
To deduce the total number of stars with KK pairs, 


In flight Combined 


No. of 


Y (orn) pairs Pr 


1.89 100 51 94,2 


1.90 98 187 95.8 
1.53 99 162 F 98.1 
1.50 97 80 Pe 99.6 
0.88 94 30 89.8 


1.6440.24 97.7469 510 454013 96.644.3 


allowance must now be made for AK production in 
which no charged K meson is emitted from the nucleus. 
Here we get a contribution from K°K® pairs, which is 
estimated at ~16% of all the stars with KK pairs," 
and from A°K~ pairs in which the A~ meson is ab- 
sorbed by the nucleus, estimated at ~8% of all stars 
with KK pairs. We thus obtain the estimate that 
3.541.5% of all antiproton stars emit KK meson pairs. 
Evidence for a pair of charged K mesons was obtained 
in one case only (event No. 3-3).! If we consider the 
possibility of antiproton annihilation in the presence of 
a second nucleon, we may also expect the reaction 


p+N+N— ¥+K-+nx, 


which would give rise to fast-hyperon production. In 
ACE, evidence for one possible fast © was presented, 
and we have found one other possible case of a 
t+ (Ty~250 Mev). 

From the above estimate of the abundance of KK 
meson pairs we can evaluate the average energy per 
star in KK mesons. If we take (Ex)=650 Mev, this 
gives ()°>Exr)=50+25 Mev. It should be noted that 
this small amount of KK pair production is inconsistent 
with the Fermi statistical theory, which—even for the 
large volume needed to give agreement with the pion 
multiplicity—gives ~12% of KK meson production. 
However, some of the modifications of Fermi’s theory 
mentioned earlier give this lower ratio if special modi- 


Fic. 4. The pion-emis 
sion angles relative to the 
antiproton direction in the 
laboratory system. The fig- 
ure shows the number of 
pions plotted against the 
cosine of the emission angle. 
For the stars at rest, the 
line corresponding to iso 
tropic emission is shown. 
For the stars in flight, the 
curve corresponding to iso 
tropic emission in the c.m. 
system suitably averaged 
over antiproton and pion 
energies is shown 
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‘5 J, Sandweiss, Thesis, University of California Radiation 
Laboratory Report, UCRL-3577, October, 1957 (unpublished). 
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Cos dan Fic. 6. The distribution of the energy emitted in heavy 
prongs (protons) per antiproton-annihilation star. 


Fic. 5. The distribution of the angles between all pion-pion 


pairs from the antiproton-annihilation stars. The line correspond- 
ing to an isotropic distribution and thus no pion-pion correlation 
whatsoever, is also given 


fications for the A meson interactions are introduced. 
Moreover, the A interactions with pions and nucleons 
could materially alter the statistical equilibrium postu- 
lated in Fermi’s model. In Sec. IV C we have taken the 
Fermi statistical theory with r=2.5h/m,c (without 
considering A-meson production). 


For purposes of further analysis, we have classified 
the prongs as evaporation protons for 7, <30 Mev 
and as knock-on protons for 7,230 Mev. Thus we 
have Vy=NVeyvt+Vxo. 

In Table V we give the averages for the number of 
heavy prongs emitted per star (Vy), the energy per 
prong (-,,), and the energy per star (>- Fy), as a func- 
tion of the charged-pion multiplicity. The entries in 
Tabie V show very clearly that the energy per heavy 


prong can be considered constant, (£y7)=43.4 Mev for 
all cases, and that the only correlation occurring is 
between the charged-pion multiplicity and the number 
of heavy prongs emitted. This suggests that the mecha- 
nism for nucleon emission is due to pion interactions. 

Figure 6 gives the distribution of the energy per star 
in heavy prongs, >} Fy. Figure 7 gives the heavy-prong 
distribution. 

Figure 8 gives the energy spectrum of the heavy 
prongs, for all stars combined. We observe a break in 
the spectrum at about 7 Mev; this is due to the in- 
fluence of the Coulomb barrier on the emission of 
charged particles. This break would be more pro- 
nounced if alpha particles and deuterons included in 


C. Nucleons 
1. The Charged Prongs 


We have made energy measurements on all the pro- 
tons emitted from the 221 antiproton stars analyzed 
here. For prongs of range <1 cm no attempt was made 
to distinguish protons from deuterons or alpha particles, 
and energies have been assigned on the assumption that 
the prongs are protons. We observe a clear-cut correla- 
tion between the number of charged pions emitted, 
\,*, and the number of heavy prongs emitted, .Vy, 
namely in that a lower number of pion prongs corre- 
sponds to a higher number of nuclear prongs. The latter 
are to be interpreted as being due to the interaction of 
pions. the first two points were subtracted. 
TABLE IV. Data on K mesons (including ambiguous cases) from antiproton stars. 


Dip Available 
) . vle 
Prong angle path 
No. degrees (cm) 


15 

30 

29 

23 

3 19 

2-: 44 
3S-3 3 74 
3S-71 d 67 
3S-86 : 64 
3-3 74 


lk 
(Mev) lerminal behavior 


Comments 


definite K* 

definite K ; see Appendix V 
definite K 

uncertain identification 


80 disappears in flight 
104 decays at rest 
235 leaves stack 
355 leaves stack 
200 leaves stack uncertain identification* 
175 leaves stack uncertain, steep* 
120 comes to rest; nothing at end uncertain, steep 
102 star in flight uncertain, steep 
195 star in flight uncertain, steep 
195 leaves stack uncertain, steep* 


cou 


sain x 


ee ee met oe Cs he OS On ND 


* From reference 1. 
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TABLE V. The average values for the number of heavy prongs, the energy per heavy prong, 


and th 


No, of heavy prongs 
(Nev) (Nxo) (Nua) 


No, of 


Interaction Nr? stars 


0-2° 
3 


At rest 


56 

32 2. 

25 ie 
1264 2 


13 
0.9 
0.4 
1.03 


4.1 
3.0 
1.8 
3.33 


2.8 
46 
0-6 
0Q-2¢ 45 
3 30 


46 i 
0-6 954 


In flight 


0-2¢ 101 

3 62 

4-6 36 y a 
0-6 2214 8: 24 


All combined 


* These energies include a binding energy of 8 Mev per prong. 


e energy in hea 


vy prongs per star. 


Energies (in Mev)* 
Per star 
(2 Exo) 


Per prong 
(Ery)» 
17.1 
16.8 
15.1 
17.0 


(Exo) 


109.5 

98.8 
121.2 
103.0 


(Eu) 
45.5 
43.0 
39.2 
43.4 


(ZEgv)» 
48.4 
34.7 


20.4 
39.1 


43.5 
39.6 
41.2 
43.3 


17.3 
16.3 
15.8 
18.0 


108.2 
105.1 

82.5 
101.8 


83.2 
54.4 
18.7 
63.9 


63.9 
44.2 
19.9 
49.5 


108.9 
101.8 
109.4 
102.5 


44.6 
41.4 
39.8 
43.4 


p: 
.6 
5.3 

A 


126.9 


b The energies were assigned on the assumption that all prongs were protons. Actually deuterons and alpha particles are also present, and a correction 


for this effect is made later. 


© No pp events have been included. These amount to 2-2*8% of all stars at rest. (See Appendix IT.) 
4 These numbers include the events occurring near the surface of the emulsion (AZ <20y), for which no pion multiplicity was assigned. (See Appendix III.) 


The experimental spectrum can be fitted empirically 
by the expression 


aN y dT n= KT 


where Vy, is number of heavy prongs per star, and 7 
is the kinetic energy in Mev. Here we have K=2 and 
a= 1.26 for 10 <T <100 Mev; and K = 222 and a=2.28 
for T>100 Mev. The experimental data for stars at 
rest and in flight separately show the same energy de- 
pendence, and the intensities are in the ratio of the cor- 
responding (.V 7) values. 

Also shown in Fig. 8 are three points which were 
computed by using the results of Metropolis ed al.!® for 
the cascade protons due to 7+ and w~ interaction with 
Ru'™, Although a number of assumptions and approxi- 
mations are made besides the assumptions in the calcu- 
lations by Metropolis ef al., the agreement is quite 
satisfactory. It should be noted that similar discrep- 
ancies between experiment and the Monte Carlo calcu- 
lations have been observed for m~ absorption in 
emulsion.'® 


2. Energy Given to Neutrons 


The problem now is to find, from the energy used 
for emission of heavy prong (considering them as pro- 
tons), what the corresponding energy is for emission of 
all nucleons. For the evaporation prongs, this is fairly 
well established. We can use the average number of 
evaporation prongs (Vey) and the relation that the 
total energy release per charged evaporation prong is 
50 Mev."’ This estimate is in excellent agreement with a 


16 Metropolis, Bivins, Storm, Miller, Friedlander, and Turke- 
vich, Phys. Rev. 110, 204 (1958). Also N. Metropolis (private 
communication). 

17K, J. LeCouteur, Proc. Phys. Soc. (London) A63, 259 and 
498 (1950); A65, 718 (1952); also Dostrovsky, Bivins, and Fried- 
lander (unpublished calculations quoted in reference 16). 


direct calculation’ similar to the one carried out in 
ACE. For the knock-on prongs the energy used in 
neutron emission is not so easily established. In ACE it 
was assumed that the energy used for emission of 
knock-on neutrons is simply determined by the (n/p) 
ratio in emulsion, vz., (v/p)=1.2, giving the value 
UKo=2.2()- Exo). However, if we consider the recent 
calculations by Metropolis et al.!® on nuclear cascades 
initiated by pions, it appears that neutrons are preferen- 
tially emitted to the extent of ”/p~1.6 when averaged 
over our pion energy spectrum and when a m*/7 ratio 
of 0.76 is assumed (see Sec. ITTA). This would give 


— 


<N,> #3.33 
, 


ZZWITH RECOIL 


NUMBER OF STARS 


FLIGHT 


Fic. 7. The heavy-prong distribution from antiproton-annihila 
tion stars. The shaded region corresponds to stars emitting a 
recoil particle in addition. 

18 As in ACE we take a n/p ratio of 4 and assign each neutron 
the average kinetic energy 7,=3 Mev, or the total energy En 
=3+48=11 Mev. The resulting energy in evaporation prongs U, 
needs to be corrected for a particles present. This leads to a 15 to 
18% reduction in Uy. 
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Fic. 8. The heavy-prong (proton) spectrum from antiproton 
annihilation stars. The curve is an empirical fit to the data given 
in the text. The triangles are from cascade calculations on Ru'® 
by Metropolis ef al.!* 


Uxo=2.6()- Exo). The total energy given off in nu- 
cleons can be expressed as U=h(}° En), where h is the 
factor we are trying to determine. On the two assump- 
tions above, we would get /= 2.4 or 2.7, respectively. 

Aside from the approach utilizing (}>Fy), we can 
also consider another one, utilizing (.V). As the energy 
release by nucleon emission comes from pion inter- 
actions in the residual parent nucleus, what we are 
really interested in is this number of interacting pions v. 
In Appendix VI we have compiled the available evi- 
dence on the heavy prong number wy from pion inter- 
actions in emulsions. Averaging over our pion spectrum, 
we get my=2.5+0.2 as the number of heavy prongs 
produced per pion interaction. As shown in Sec. IIT C 
this evidence is also in good agreement with h= 2.7. In 
what follows we have adopted the value h=2.7+0.2. 

3. Correlation Between TEy and N, 

In Fig. 9(a) we give a correlation plot between }° Ey 
and .V ,+. This further illustrates the correlation between 
pion absorption and energy emission in heavy prongs. 
In Fig. 9(b) we give the average values (.V ,+) for various 
intervals of }°>Ey. As can be seen, (.V,+) decreases 
systematically from a maximum value at 0<>° Ey <40 
Mev. This maximum value can be used to compute 
(V,) by neglecting absorption [see Eq. (6’), Sec. IV A]. 


D. Electrons 
1. Dalitz Pairs 


From the total number of charged mesons observed, 
and assuming charge independence, we expect that a 


total of ~290 ° mesons have been emitted by the 221 
antiproton stars considered here. We thus expect 290/80 
=3.6 Dalitz pairs. We have observed one case. The 
electron energies are 20+-5 Mev and 120+25 Mev, re- 
spectively, and the space angle between them is 49°. 


2. Atomic Electrons and B Decay of the Residual Nucleus 


We have observed a number of low-energy electrons 
associated with the annihilation stars. It should be 
noted, however, that because of the high electron com- 
ponent in the incident beam (Stack 78) the probability 
for chance correlation is not negligible. In Table VI we 
give the energy distribution of the observed electrons. 

Electrons are to be expected in annihilation stars 
from the following effects: 

(a) Atomic electrons from Auger effect in the cascad- 
ing of the antiproton to lower orbits; conversion elec- 
trons from nuclear gamma rays. 

(b) Nuclear electrons due to formation of radioactive 
fragments. 


IV. ANALYSIS AND DISCUSSION 


A. Evaluation of “Best Fit’? Values 


In the preceding sections we have presented the 
experimental data on the 221 antiproton stars. The 
main purpose of this section is to give a consistent pic- 
ture of the antiproton annihilation by separating the 
primary event, such as can be seen in a hydrogen anni- 
hilation, from the secondary phenomena due to the 
pion interactions with the nucleus. We use the experi- 
mental data to evaluate the “best fit” average values 
for the derived quantities (F,’), (V,), v, U, and 
e!(2+°/r+), whose definitions are given in Table VII. 
We carry out this evaluation by giving six equations, 
which relate the above five derived quantities to other 
quantities measured in this experiment and also to 
data compiled from pion experiments (see Appendix 
VI). These equations are based on a simple balance of 
energy and number of particles. For convenience we 
define all terms and give their numerical values, errors, 
and sources in Table VII. The six equations are: 


v=(NVu)/ nH, 


U= M>- En ), 


TaBLE VI. The energy distribution of electrons from 
antiproton annihilation stars.* 


Number of electrons 
Star at Star in 
Electron energy rest flight 


15-30 kev 6 
30-100 kev 8 
100-500 kev 4 
500-1000 kev 1 
1-5 Mev 9 
5-10 Mev 0 


« This table does not include the two electrons of the Dalitz pair. 
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Fic. 9. (a) Correlation between energy given to heavy prongs 2 Ey and the observed charged-pion multiplicity N+ for antiproton 
annihilation stars. (b) The variation of the observed average charged-pion multiplicity (N,*) as a function of 2Ezy. 


U=d[(E,’)+wo— (1—a) Fo], (3) 


(V,)=((W)—(SExr))/(Ey’), (4) 
(E,)=[((Ex’)—w) (NV) —v) + (1—-a)vEo] 


((V,)—av), (5) 
(N x)= €1 (4t°/r*)(N +) +a9. (6) 


In these equations we have assumed that the average 
nm energy is equal to the average r* energy. We have 
not, however, assumed a specific value for the ratio 
g2/at, 

Equation (1) is based on an experimental determina- 
tion of the heavy-prong number from pion interactions 
in nuclear emulsions (see Appendix VI). Equation (2) 
is obtained empirically and is based on evaporation and 
cascade calculations as discussed in Sec. HI C. Equa- 
tions (3), (4), and (6) have already been discussed in 
ACE. Equation (3) has been modified to take into 
account the fact that the average energy of the inter- 
acting pions is higher by wo Mev than the average pri- 
mary pion energy. The correction term wo comes in 
because the pion mean free path in nuclear matter is 
energy-dependent, and thus absorption and scattering 
take place preferentially at the higher energies. An 


estimate for wo is based on the pion interactions calcu- 
lated for the observed pion spectrum. Equation (5) 
states how the average pion energy emitted from stars 
in complex nuclei is related to the primary energy. The 
term (/,’)—w represents the average energy of the pri- 
mary spectrum after vy pions have interacted. It should 
be noted that the equation giving the over-all energy 
balance as expressed in terms of the experimental 
quantities is implicit in the above six equations. 

We now take Eqs. (1)—(5) for the four derived quan- 
tities (E,’), (V,), v, and U. This represents an over- 
determined system of equations. We solve this system 
by successive approximations to obtain the “best fit” 
values for these four derived quantities in terms of the 
four experimental quantities (Vw), (°F), (W), and 
(>Exr), and the five quantities coming from the 
evaluation of pion-interaction experiments, my, h, a, Ko, 
and wy. These best-fit values for the stars at rest, in 
flight, and both combined are given in Table VII. 
Using these best-fit values for (.V,) and v, we can now 
solve for €~!(r*°/m*) from Eq. (6). 

It should be noted that unless we make explicit 
assumptions on the values of (r*°/m*) this does not 
allow us to solve for e directly. On the other hand, 
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TABLE VII. Definition of the quantities used in wail ay (6) tagetions with their numerical values, errors, and sources. 


Symbol Definition At rest 
A. Anput data from this experiment 
Average total energy available 
per star in annihilation (Mev) 


(Ey Average total pion energy (Mev) 


1868 


324 +21 


Average total energy per star 144.5 +15 
used for heavy-prong (proton) 
emission (Mev) 

Average total energy used per 50 
star for KK pair production 
(Mev) 

Average number of heavy prongs 
per star 

Observed average charged-pion 
multiplicity 

Observed average pion multi- 
plicity for stars with DEy <40 
Mev 


(DEu 


LExr) +25 


(Ny) 3.334 0.34 


(Ny* 2.50+ 0.26 


3.074 0.45 


(N,* 9 


B. Input data from pion experiments and calculations 
a Fraction of interacting pions ‘ 
absorbed 


Average final total energy of in 
elastically scattered pions (Mev) 


Average number of heavy prongs 
per nonelastic pion interaction 


Ratio of total energy given to 
nucleons to the total energy 
given to protons 

Energy correction term due to 
pion interactions (Mev) 


Energy correction term due to 
pion interactions related to w by 
wo=w((N,)—v)/v (Mev) 


C. Derived Quantities 
(E,’) Average primary total pion en 
ergy (Mev) 
Average energy per star used for 
proton and neutron emission 
(Mev) 
N, Average pion multiplicity 
v Average number of interacting 
pions 
€' is the efficiency correction 
factor. (r*°/*) is the average 
ratio of all pions to the number 
of charged pions 


337, +21 


393 +36 


5.394 0.34 
1.32+ 0.14 


1.764 0.23 


€ lr £0 / a t) 


however, we can use the estimated value for the efficiency 
e=0.9+0.05, which then gives us 7 
for all stars combined. This value for r*°/+ is in good 
agreement with the value 3 expected from charge inde- 
pendence. If charge independence is accepted, the above 
result sets a limit on the presence of any other neutral 
particle in the annihilation process. 

In addition, we can give a relation whych holds for 
the stars with low energy release in heavy prongs, 
> Ex <40 Mev. For these stars (43 at rest and 17 in 
flight), to a good approximation, no pion absorption 
took place. We thus obtain the lower limit 

(N ,) > €71(2t9/e*)(N 9*)o. (6’) 
.2+0.7 for 


Using Eq. (6’), we obtain the value (.V, 


In flight 
2009 
361 
220.3 +26 


50 +25 50 


367 


612 


°/e*=1.5640.16 


Source 


Combined 
Dirac theory and measurement of 
p kinetic energy 
Direct measurements with esti- 
mated (~5%) corrections 
Direct measurements, considering 
heavy prongs as protons 


1927 


+30 339 +18 


176.4 +13 


Direct measurements and esti- 


mates 


+25 


5.09+ 0.60 4.07+ 0.31 Direct measurements 


2.304 0.28 2.414 0.19 Direct meesurements 


3.354 0.10 3.154 0.41 Direct measurements 


Estimated from pion-interaction 
experiments averaged over ob- 
served pion spectrum 

Estimated from pion-interaction 
experiments averaged over ob- 
served pion spectrum 

Estimated from pion-interaction 
experiments averaged over ob- 
served pion spectrum 

Estimated from evaporation the- 
ory and experiments and from cal- 
culations on pion-initiated cascades 
Auxiliary quantity based on ob- 
served pion spectrum and pion mfp 
in nuclear matter 

Auxiliary quantity based on ob- 
served pion spectrum and pion mfp 
in nuclear matter 


0.75+ 0.03 
IS +15 
2.5 + 0.2 


2.7 + 0.2 


+25 +18 Best-fit evaluation of Eqs. (1)-(6) 


+45 491 +37 Best-fit evaluation of Eqs. (1)-(6) 


6+ 0.28 


5.3 Best-fit evaluation of Eqs. (1)-(6) 
1.614 0.12 


5.334 0.40 
Best-fit evaluation of Eqs. (1)-(6) 


1.934 0.14 


1.69+ 0.27 1.72+ 0.18 Best-fit evaluation of Eqs. (1)-(6) 


all stars combined, on the assumption of charge inde- 
pendence, i.e., r*°/r*= 3, and with the estimated value 
for e. This determination of (V,) does not involve the 
details of the processes occurring in the complex nuclei. 

All the above considerations have neglected pion pro- 
duction by interacting pions. Making an overestimate of 
this effect, where we assume that 5% of the » interacting 
pions give rise to secondary pion production,” we ob- 
tain a 1.5% reduction in (V,). We thus feel justified in 
neglecting this effect. 

It can be noted from Table VII that the average pion 
multiplicity is essentially the same for the stars at rest 


® At T,=500 Mev, 1% charged-x-meson production was ob- 
served by M. Blau and M. Caulton [Phys. Rev. 96, 150 (1954)], 
and 3% was computed by Metropolis et al.'® 
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and in flight, although the secondary interactions of the 
pions differ appreciably. The number of interacting 
pions and the corresponding energy given to cascade 
nucleons and nuclear excitation is larger by a factor of 
~1.5 for the interactions in flight. Table VIII gives the 
energy balance for the antiproton annihilation in com- 
plex nuclei. The energy given to the various types of 
particles is expressed in percentage of the total avail- 
able energy, (IV). 


B. Penetration of the Antiprotons 
into the Nucleus 


We have made an estimate of the antiproton penetra- 
tion depth D into nuclear matter. Considering further 
the oversimplified corpuscular model discussed in AEC, 
we obtain an estimate of the annihilation position for 
interactions in flight ((7;)=140 Mev) as follows: the 
position at which the annihilation occurs is a small 
region in the nucleus where, on the average, ~5 pions 
are released. We call that average distance from the 
center of the nucleus the annihilation radius Rg. If Ra 
were much smaller than the nuclear radius, the pions 
would have to traverse a sizable amount of nuclear 
matter and many would interact before leaving the 
nucleus. If R, is large, compared to the nuclear radius, 
only a small number of pions would interact. In order 
to obtain some numerical results from this model, we 
have considered a nuclear density distribution given by 


p=po_1t+e” R la} 1 


where R=roA*, and we have taken ro= 1.07 10-" cm 
and a=0.5X10-" cm.”° Using the mean free path for 
pions in nuclear matter given by Frank, Gammel, and 
Watson,”! we have calculated the fraction of interacting 
pions 1—(f). This fraction averaged over the pion- 
energy spectrum and the elements in the nuclear emul- 
sion was calculated” for values of R, from 0.8R to 1.4R 


TABLE VIII. The energy balance. The distribution of the 
energy among the various particles emitted in the antiproton 
annihilation in complex nuclei (for charged-pion detection efii- 
ciency e=0.9). All energies are expressed as percentage of the 
total available energy (W). 


Combined 


4645 


At rest 


48-46 
28+7 


Energy given to In flight 
Charged pions 

Neutral particles other than 
neutrons and K° mesons 

K mesons 

Cascade nucleons ( and ») 
and nuclear exci‘ation 


4547 
22+7 


$241.5 
2142 


% From crude estimates we note that the antiproton penetra- 
tion into the nucleus is not sensitive to ro, but would be very 
sensitive to the value of a. 

2 Frank, Gammel, and Watson, Phys. Rev. 101, 891 (1956). 

2 Here we assume that, as far as the pion interactions are con- 
cerned, the nucleus can be treated as a uniform sphere of density 
po while, for the antiproton interactions, we take the shape given 
by p. The radius of the uniform sphere is thus tied to the values 
chosen for ro and a. The fraction of interacting pions 1—/f has been 
given explicitly for uniform isotropic pion production throughout 
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Fic. 10. (a) The 
percentage of inter- 
acting pions as a 
function of the aver- 
age annihilation ra- 
dius. The arrows 
marked R and F 
represent the per- 
centage of interact- 
ing pions computed 
for stars at rest and 
inflight, respectively. 
(b) The average anti- 
proton penetration 
depth into the nu- 
cleus as a function of 
the annihilation ra- 
dius. Both curves are 
expressed in units of 
R, the half-density 
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and is given in Fig. 10(a). We now take our “‘best fit” 
values for the fraction of interacting pions from anti- 
proton stars in flight, v/(V,)=0.36+0.04 [marked F 
in Fig. 10(a) ], and obtain R,/R=1.02+0.02. To reach 
the position R,, the antiproton must penetrate the outer 
(low-density) regions of the nucleus. Figure 10(b) gives 
this penetration, suitably averaged, in nucleons per cm’, 
for the above density distribution. 

We thus obtain an average penetration D= (9.3-+1.0) 
X 10" nucleons/cm?. Finally we can estimate the mean 
free path of antiproton annihilation in nuclear matter. 
For the p— ZH interaction at T;~140 Mev, the annihila- 
tion cross section is roughly equal to the elastic-scatter- 
ing cross section,” while the elastic scattering is strongly 
forward peaked.” The elastic scattering will thus be 
strongly suppressed inside nuclear matter by the Pauli 
principle. The mean free path (mfp) of antiproton 
annihilation will consequently be only slightly larger 
than the penetration depth (we estimate it to be ~5% 
larger). This mfp gives us an average annihilation cross 
section with the bound nucleons o, of about 102+12 
mb. Here the errors quoted are the statistical errors 
only and do not reflect the reliability of the model. 

In the case of the antiproton stars at rest, the esti- 
mate of the annihilation radius R, can be obtained as 
above. On the basis of »/(N,)=0.24+-0.03, we compute 
R,/R=1.10+0.02. However, the interpretation of the 
penetration into the nucleus is quite different. Here the 
annihilation takes place from the Bohr orbits of the 


the spherical nucleus [Brueckner, Serber, and Watson, Phys. Rev. 
$4, 258 (1951)] and for production on the surface of the nucleus 
(Webb, Iloff, Featherston, Chupp, Goldhaber, and Goldhaber 
Nuovo cimento 8, 899 (1958) ]. We have evaluated f as a function 
of Ra by approximation methods. 

23 Cork, Lambertson, Piccioni, and Wenzel, Phys. Rev. 97, 248 
(1957). 

% Agnew, Elioff, Fowler, Gilly, Lander, Oswald, Powell, Segr?, 
Steiner, White, Wiegand, and Ynsilantis, Phys. Rev. 110, 944 
(1958). 
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TABLE IX. Distribution of pion multiplicity P; according to 
the Fermi statistical model normalized for an interaction radius 
of r=2.5h/m,c. Also given are computed primary pion energies. 


In flight 
Pi (%) E,** (Mev) 


0.0 934 1004 

23 622 670 
13.4 467 502 
40.6 374 402 
33.1 311 335 
10.6 267 287 

5.36 vee see 


At rest 
E,*™ (Mev) 


2? 


AO we Wh 


_ 


* E,* is obtained from E,* =(W)/Ny. This neglects the effect of KK 
production which is also neglected in the Pi values. If KK production is 
included we would also have Pi values #0 for Ny =0, 1, and 2. The E,* 
values would have to be modified accordingly. 


antiproton around the nucleus in which the antiproton 
is captured. R, is thus dependent on the overlap inte- 
grals between the antiproton atomic orbits and the 
nuclear-density distributioa. 

As the antiproton nucleon annihilation cross section 
and the fraction of interacting pions become better 
known, it may be possible to use this information to 
explore the outermost region of the nucleus. 


C. Comparisons with the Fermi Statistical Model 


As was shown in ACE, a direct computation of the 
antiproton-annihilation process on the basis of the 
Fermi statistical model*® leads to a low pion multi- 
plicity and a high KK abundance. However, by chang- 
ing the only parameter available, the radius of the ele- 
mentary reaction volume, from ro>=%/m,c to r=2.5r9 a 
good fit to the observed pion multiplicity can be ob- 
tained. Whereas there is a physical justification for the 
value of ro, we cannot find a good one for the present 
value of r. This change of parameter is therefore to be 
considered only as a device to adapt the model to the 
experimental results. However, even with this change, 
when compared with our present results on the KK 
meson pair abundance, the value still comes out too 
high (about 12% is predicted, while 3.5+-1.5% is ob- 
served). It must be remembered here that there is the 
implicit hypothesis in the statistical model that K 
mesons come to equilibrium with the pions, which 
assumes a similar interaction strength. 

A number of different proposals have been made in 
an attempt to avoid the large reaction volume required 
to fit the experimental data in the Fermi statistical 
theory and to give physical reasons for the experi- 
mental results. Koba and Takeda‘ have considered the 
annihilation process to be a two-step process. The first 
step is that the cores of the nucleon and antinucleon 
annihilate in a short time, ~#/2M ,c*, with the emission 
of ~2.2 pions on the average. In the second step, the 
pion clouds are emitted giving rise to ~ 2.6 pions. Thus 

25. Fermi, Progr. Theoret. Phys. (Japan) 5, 570 (1950); 
Belen’kii, Maksimenko, Nikisov, and Rozenthal, Uspekhi Fiz. 
Nauk. 62, 1 (1957); G. Sudarshan, Phys. Rev. 103, 777 (1956). 
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this model gives (V,)=4.8, if the production of KK 
pairs is neglected. 

Another approach is to consider the possibility of 
pion-pion interactions in the final state, as suggested by 
Dyson* in connection with the 0.9-Bev resonance in 
m-p scattering. The effect of such pion-pion interaction 
is to raise the average pion multiplicity as obtained from 
the Fermi statistical model. This approach was dis- 
cussed recently by Eberle® and independently by Goté. 
Both authors made calculations based on the formula- 
tion of the statistical model as given by Belen’kii.’ 
Eberle uses the saddle-point approximations of Fialho*? 
and obtains (V,)=4.4, but needs the further assump- 
tion of a smaller interaction volume (radius of ~7/M xc) 
for KK production. Gotd treated single pions as ex- 
treme relativistic and K mesons, and the pion pairs in 
the isobar state, as nonrelativistic. In order to obtain 
agreement with the experimental values of (.V,), he 
finds that he requires either (a) a large interaction 
volume, 2=10Q) (the feature that he was trying to 
avoid by making the additional assumption of a pion- 
pion interaction) or (b) rather high-spin resonant states. 
Consequently, one can conclude that these calculations 
change (\,)theor in the desired direction, but that in 
addition further stipulations, as yet not fully estab- 
lished, are required to give agreement with the experi- 
mental results. Furthermore, Kretzschmar,’ Srivastava 
and Sudarshan,’ and Yajima and Kobayakawa" have 
published additional modifications of the statistical 
model. 

We shall take an approach here, similar to the one 
taken in ACE, of empirically choosing a reaction radius 
so as to fit the experimental average pion multiplicity. 





40 











Fic. 11. The pion-energy spectrum for all stars combined. 
Curve A gives the pion-energy distribution as predicted by the 
normalized Fermi statistical model for (N,,)=5.36, and curve B 
gives this distribution corrected for the effects of pion absorption, 
inelastic scattering, and detection efficiency. 


26 F. J. Dyson, Phys. Rev. 99, 1037 (1957). 
*7 G. E. A. Fialho, Phys. Rev. 105, 328 (1957). 
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We thus obtain the set of probabilities for the various 
pion multiplicities (neglecting KK production) given in 
Table IX. We can now examine in more detail the ex- 
perimental data in terms of this empirically normalized 
Fermi statistical model. As is to be expected, we obtain 
good agreement for (a) the pion spectrum, (b) the 
charged-pion multiplicity, and (c) the average pion 
energies as a function of V,+. In each of these cases we 
can start from the predictions of the normalized Fermi 
statistical model (i.e., the percentage P; of stars with 
N,=i mesons, and with the corresponding momentum 
distribution). To compare the statistical model with the 
experimental pion spectrum, we must take into account 
the effects of absorption, inelastic scattering, and the 
energy dependence of the pion-detection efficiency. 
Curves A and B in Fig. 11 give the computed spectrum 
before and after the above effects were considered. For 
the multiplicity and the average energy, we must con- 
sider the transformation from the system dealing with 
all pions, to the system dealing with the charged pions 
only. Here again, the effects of absorption and effi- 
ciency must be considered. Figure 12 gives the com- 
puted and experimental values for the charged-pion 
multiplicity. The average pion energies as a function of 
N,* are given in Table II together with the experi- 
mental values. 

In conclusion then, it can be said that the multi- 
plicity distribution as obtained from the normalized 
Fermi theory can be considered as a good working 
model for the true distribution. 


D. Further Remarks 


1. Comparison with p-H Annthilation 


We can compare our results with the recent work on 
antiproton annihilation in the 15-inch hydrogen bubble 
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Fic. 12. The experimental charged-pion multiplicity distribu- 
tion compared with the distribution of charged pions obtained 
from the normalized Fermi model for (N,)=5.36, corrected for 
32% loss through the effects of pion absorption and detection 
efficiency. 
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chamber.”* In the case of hydrogen, the situation is 
much simpler in that no absorption effects by the re- 
sidual nucleus are present. To date, about 85 j-H 
annihilation events have been observed by the hydrogen 
bubble-chamber group. Our results are within the sta- 
tistical error of the results obtained for p-H annihila- 
tions, where it was found that (V,) equals 4.7+0.5 and 
(E,’) equals 374425 Mev. 

It should be noted here that in our study of the annihi- 
lation process in complex nuclei modifications of the 
quantities (NV) and (E,’) may be present as compared 
with the p-H case. As indicated by recent calculations 
of Watson and Zemach,?** the strong dispersion in the 
optical potential for pions tends to reduce the available 
phase space near the 3 $ pion nucleon resonance energy. 
Any detailed comparison, as more data becomes avail- 
able, will probably have to take such effects into 
consideration. 


2. Annihilation Events with No Charged Prongs 


By examining the entrance criteria and range dis- 
tribution of the antiproton tracks, we have estimated 
the presence of those annihilation events having no 
charged products, i.e., pj, events at 2_.+°% of the stars 
at rest (see Appendix ITI). Such events are to be ex- 
pected for antiproton annihilations in which only neu- 
tral pions are emitted with either no pion absorption or, 
if pion absorption occurs (in which case the absorbed 
pion(s) could also be charged), no charged prongs are 
emitted.” The creation of a K°K® pair having possibly 
one or two additional neutral pions could also give ri: e 
to p, events. 

From isotopic-spin considerations, taking into ac- 
count pion absorption, we estimate that ~1% of the 
stars at rest should show no charged prongs. This esti- 
mate is consistent with the estimate of experimental 
abundance. In addition, Lee*® mentioned the possible 
existence of an additional interesting effect that could 
give rise to p, events. Lee postulated that if time- 
reversal invariance does not hold, then nucleons could be 
“left-handed” and “right-handed,” and that our world 
consists predominantly of one kind. In antiproton pro- 
duction one would thus obtain “left-handed” and 
“right-handed” j-p pairs. The antiprotons of the 
“opposite handedness” to our world would thus be non- 
interacting and would appear as jp, events. From the 
present data we can limit such an effect to a rather 


28 Horwitz, Miller, Murray, and Tripp, University of Cali 
fornia Radiation Laboratory (private communication). See also 
the report by O. Piccioni at the 1958 Geneva High Energy Physics 
Conference (unpublished). 

288 K. M. Watson and C. Zemach, Nuovo cimento 10, 452 
(1958). 

2G. M. Frye [Phys. Rev. Letters 1, 14 (1958) ] has observed a 
case of an antiproton giving a Dalitz pair and no other charged 
prongs. Except for the Dalitz pair, this corresponds to a fp. 

®T. D. Lee, Proceedings of the Seventh Annual Rochester Con 


ference on High-Energy Nuclear Physics (Interscience Publishers, 


Inc., New York, 1957), Sec. VII, p. 12. 
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small percentage and can certainly rule out equal pro- 
duction of the “two kinds” of antiprotons. 
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APPENDIX I. THE ENRICHED 
ANTIPROTON BEAM 


Of the two stacks discussed in this paper, the first 
(Stack 72) was exposed to an unseparated antiproton 
beam in a geometry identical to that described previ- 
ously.'*! Stack 72 yielded 16 antiproton stars. The 
second stack (Stack 78) was exposed in the enriched 
antiproton beam described below. This stack consisted 
of 200 Ilford G.5 emulsions (15 by 23 cm by 600 y). It 
was exposed at the Bevatron for a total integrated pro- 
ton flux of 4X10" protons on a carbon target. The 
antiproton emission angle in the laboratory system was 
about 0°. Stack 78 yielded 169 antiproton stars. 

In Fig. 13 we show the exposure geometry. The entire 
trajectory was inside a series of helium-filled bags in 
order to reduce multiple scattering. The principle of the 
beam separation is as follows: A beam of 819-Mev/c 
negative particles is selected from the target in the 
Bevatron by use of an 8-in. quadrupole magnet (1 and 


a Bevatron beam 
/ 
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Shielding 


198 g/cm* M2 
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\” 


\ 
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Mc Q, Fo 


T Stack 78 


Fic. 13. The exposure geometry. 


% Chamberlain, Chupp, Ekspong, Goldhaber, Goldhaber, Lof- 
gren, Segré, Wiegand, Amaldi, Baroni, Castagnoli, Franzinetti, 
and Manfredini, Phys. Rev. 102, 921 (1956). 
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the analyzing magnet M1 (the magnet D takes care of 
some finer steering effects). This beam, having a mo- 
mentum spread of +4%, is brought to a horizontally 
dispersed distribution of sharp images at F 1. The 4-in. 
quadrupole magnet ZL acts as a field lens. At F 1 we 
have placed a wedge-shaped LiH absorber (19.8 g/cm’, 
median thickness), which alters the momenta of anti- 
protons and pions by different amounts so that they 
can be separated. The resulting momenta are 700 Mev, c 
for antiprotons, protons, and 777 Mev/c for pions. The 
wedge shape of the LiH absorber (maximum difference 
in thickness is 4 g/cm?) preserves the momentum spread 
in the antiproton beam at +4%. The quadrupole mag- 
net Q2 has the function of refocusing the beams of differ- 
ent momenta at F2, whereas the analyzing magnet M2 
separates the focal spots by about 6 in. The magnet sys- 
tem is so designed that although there is a horizontal 
momentum spread of +4% at F1, the beam is refocused 
to a final image at F2 by allowing the dispersion intro- 
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Fic. 14. The separation between the antiproton and _ pion 
beams as a function of lithium-hydride absorber thickness. This 
curve applies to the geometry shown in Fig. 13 and is for a final 
antiproton momentum of 700 Mev/c. The actual absorber used 
was 19.8 g/cm?, 


duced by M2 to cancel that introduced by M1. The 
general arrangement of magnets and quadrupoles is 
the same as that used in a counter experiment® except 
for the introduction of the wedge absorber and a final 
magnet, M,, which was added just ahead of the second 
focus. Magnet M, had the effect of deflecting positive 
particles, which are produced by edge scattering of the 
pion beam as it traverses the last quadrupole away from 
the stack. 

The beam separation, computed for the position of 
the stack shown in Fig. 13 is given in Fig. 14 as a func- 
tion of the LiH absorber. The amount of absorber used 
(19.8 g/cm?) produces a beam separation in the above 
geometry of about 6 in. The antiproton attenuation is 
due to multiple scattering, which makes part of the 
beam miss the quadrupole Q2, and to the nuclear inter- 
actions in the LiH absorber. Figure 15 gives the com- 


® Agnew, Chamberlain, Keller, Mermod, Rogers, Steiner, and 
Wiegand, Phys. Rev. 108, 1545 (1957). 








liane i EERO 


ANTIPROTON-NUCLEON 


puted attenuation factor as a funetion of thc beam 
separation. To find the antiproton reduction factor, F, 
we write 


F=[1—exp(—yo?/p*) ] exp(—x/d), 


where Wo is the aperture angle of the quadrupole Q2, 
y is the mean multiple-scattering angle, \ is the mean 
free path for antiprotons in LiH (this mean free path 
corresponds to the total antiproton cross section down 
to an angle of 1°), and x is the thickness of LiH in g/cm’. 
For the total antiproton cross section, we have used the 
values 3 and 4 times oo, where 


oo= (1.2 10-44)? cm?. 


The problem involved in obtaining a separated anti- 
proton beam is to reduce to as low a level as possible 
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Fic. 15. The antiproton-reduction factor F as a function of 
antiproton- and pion-beam separation computed for the ge- 
ometry shown in Fig. 13. The total antiproton cross section on 
lithium hydride down to a cutoff angle of 1° has been estimated 
as lying between 3 and 4 times oo, where oo0= 2 (1.2 107A!)? cm?. 


the number of background light particles (i.e., particles 
at a minimum or plateau value on the ionization curve) 
which occur at the same geometrical position as that at 
which the antiprotons are focused. 

In Fig. 16(a) we show a horizontal profile of the main 
meson beam together with a “tail” in the region where 
the separated antiprotons are to be focused. Figure 
16(b) shows the corresponding distribution with the 
LiH absorber in position. This corresponds to the actual 
condition during the exposure. The position at which 
the stack was placed is also indicated on this figure. The 
correspondence of the grid coordinates, as printed on 
the stack, and the coordinates of this figure are such 
that the y coordinate of 125 mm corresponds to a beam 
separation of 15 cm. This is the center of the focused 
antiproton beam. The stack was deliberately placed 50 
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Fic. 16. The light-particle flux (2, u, and e) in arbitrary units. 
The curve (a) corresponds to the measurement without the 
lithium-hydride absorber in place. The curve (b) corresponds to 
the measurement at the time of the exposure, with 19.8 g/cm? 
(24.9 cm) of lithium-hydride absorber in the beam. The flux 
measurements, carried out with test plates, have been normalized 
to 100 at the peak. The position of Stack 78 during the exposure 
and the grid coordinates on the emulsions are also shown at the 
top of (a). 


mm off center to avoid an excessive number of back- 
ground particles at one edge. 
Figure 17 gives the horizontal beam distribution as 
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Fic. 17. The horizontal beam distribution in Siack 78. Curve | 
gives the light-particle flux as measured in Plate 89, a plate close 
to the peak of the vertical discribution. Curve II gives the anti- 
proton flux as measured for Plates 50 to 130. A y coordinate of 
125 mm on the emulsions corresponds to a beam separation of 15 
cm as shown in Fig. 16. 
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Fic. 18, The vertical-beam distribution in Stack 78. Curve I 
gives the light-particle flux as measured at y coordinate 100 mm 
in each plate of the stack. Curve II gives the antiproton flux as 
measured between y coordinates 80 and 130 mm. 


observed in Stack 78. Both the light-particle flux and 
the antiproton flux are given. Figure 18 gives the verti- 
cal-beam distribution. 

The composition of the light particle beam (7°, uw, 
and e), which appears as background to the antiproton 
beam in Stack 78, was obtained as follows: The density 
of r~-meson stars was obtained by area scanning in this 
stack. By comparing this density with the light-particle 
flux, we found that ~4% of this flux consisted of pions. 
By counting the number of light particles across one 
plate in the beam direction, we obtained the char- 
acteristic increase in intensity due to electron multiplica- 
tion. Figure 19 shows the resulting distribution plotted 
in units of the radiation length in the emulsion. From 
the position and height of the maximum in the shower 
curve, we find that about half the remaining light par- 
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Fic. 19. The transition curve for the light-particle flux. The 
light-particle flux was measured along the beam direction (the x 
coordinate along Plate 78-100). The curve is plotted against dis- 
tance along the plate as measured in radiation lengths in emulsion. 
The peak at about 2 units of radiation length clearly indicates 
the presence of a large fraction of electrons in the beam (~50%) 
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ticles must be electrons; the rest, then, are u~ mesons. 
The separation was thus very effective in removing the 
pions, but still leaves a large number of electrons and 
uw mesons as contaminants of the antiproton beam. 
Figure 20 gives the range distribution of the stopping 
antiprotons as a function of entrance position in the 
stack. 

The ratio of antiprotons to light particles (#-, uo, 
and e~) at the leading edge of the stack is 1/(5X 10%). 
This number, when compared with the exposures at 
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Fic. 20. (a) The range of stopping antiprotons is plotted as a 
function of the entrace y coordinate. The curve gives the mean 
antiproton range, R, as a function of the y coordinate. The mo- 
mentum dispersion is due to the clearing magnet ./, (see Fig. 13). 
(b) The spread in range around F as given by the curve in (a). 
The half width at half maximum is about 13 mm. AR/R is thus 
+0.11, which corresponds to a momentum spread of AP/P equal 
to +0.029. 


700 Mev/c, shows an improvement factor in this ratio 
of about 10. 


APPENDIX II. DETAILS ON THE 
EXPERIMENTAL TECHNIQUES 


A. Track Following, Entrance Criteria, and 
Positive Proton Contamination 


As in ACE the antiproton tracks were picked up 5 
mm from the leading edge and followed along the track 
until they either interacted in flight or came to rest. 
Interactions in flight were only accepted after a track 
had traversed at least 2 cm in the stacks. This allowed 
some path length to eliminate possible spurious events. 
The path length followed was only accepted for mean- 
free-path determinations beyond this 2 cm cutoff. 
Prospective antiproton tracks were picked up on the 
basis of grain count and angular criteria. Figure 21 
gives the correlation between entrance angles (relative 
to the local minimum particle direction) and the devia- 
tion from the average range | R—R| for all particles of 
protonic mass coming to rest. As can be seen from the 
figure (which was made for Stack 78), all identified 
antiproton tracks lie inside a rectangle with 0,1 <3° and 
|R—R| <2.4 cm. On the other hand, particles not 
giving any visible energy release on coming to rest (p,) 
are distributed over a much larger region. 
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The p, particles lying outside the rectangle marked 
in the figure must therefore be positive protons. If we 
assume a uniform distribution for the positive protons 
(p+) we would expect to find (40.7) p+ inside the 
rectangle. Actually we have observed 7 p, events inside 
this rectangle, two of which occur at the surface of the 
emulsion, where minimum secondaries might have been 
missed.* We thus estimate that p, events (antiproton- 
annihilation events at rest with no charged prongs) 
account for 2_3*°% of all stars at rest.?8 In addition we 
get an effect on the interactions in flight: With 5 to 7 
positive proton tracks present inside the rectangle of 
Fig. 21, and with 10 tracks outside the rectangle but 
with 6re1 <3°, representing in all a path length of ~115 
cm, we expect about 3 + interactions in flight. These 
act as a contamination for the V,=0 annihilation stars 
in flight. In this work, three stars in flight have been 
observed with V,=0 and }-Ey <T;. These could be 
p* stars, p charge-exchange events, or actual p anni- 
hilation stars. The three events* are described in Table 
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Fic. 21. A plot of the deviation in range from the mean range, 
AR=|R—R\, for ending tracks of protonic mass versus the rela- 
tive entrance angle 6,-; (space angle). The rectangle determined 
by 6re1 3° and AR < 24 mm contains all the identified antiproton 
tracks. 


X. Also we must consider that from the known # charge- 
exchange cross section of ~4 mb per nucleus,® we 
would expect 0.5 event as a result of this process. In 
all, we can thus estimate that 2+1 of the 95 stars in 
flight considered here are not due to antiproton annihila- 
tions. The two above effects thus are in opposite direc- 


33 In addition, we have observed what appears to be a p, event 
(inside the rectangle of Fig. 21). This consists of a particle of pro- 
tonic mass coming to rest (i.e., 7><10 Mev); at a distance of 8u 
from the ending we find a ten-prong star (including two pions). 
If these events are related, the neutral connecting particle was 
emitted at an angle of 92° with respect to the direction of the 
antiproton. 

*Tn this work no case of a disappearance in flight has been 
observed. Such cases have, however, been observed in new stacks 
(88 and 89) for which the scanning is now in progress. 

35 Button, Elioff, Segré, Steiner, Weingart, Wiegand, and 
Ypsilantis, Phys. Rev. 108, 1557 (1957), 
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TABLE X. Details on three stars in flight whose identity as anti- 
proton annihilation stars could not be established. There are two 
other possible interpretations for all or some of those stars: 
(1) antiproton charge-exchange reactions or (2) (positive) proton 
interactions.®* 


Event 

number Tp (Mev) DExn (Mev) Nev Nro 
5-1» 150 91 4 1 
38-141 186 51 3 0 
35-113 187 9 0 


171 


*In all the analysis these three stars have, however, been treated as 
annihilation stars. 
b> From ACE, reference 1. 


tions when all stars combined are considered, and the 
estimated values just cancel. 

The kinetic energy of an antiproton at interaction was 
measured by one of the following methods, depending on 
the energy: 


(a) For antiprotons with residual range Ryesia>5 cm, 
the average range R from Fig. 20(a) was used to obtain 
the kinetic energy. 

(b) For antiprotons with 0.6<Rrsia<5 cm, the 
energy was determined by opacity measurements. 

(c) For antiprotons with 0.5 mm < Ryesia <6 mm, a 
combination of constant sagitta and integral gap-length 
measurements was carried out. In order to establish 
whether or not the annihilation occurred in flight, all 
antiprotons appearing to come to rest (7; <40 Mev) 
were measured. 


B. Measurements on the Prongs 


We used various measuring techniques for the prongs 
from the annihilation stars depending on the ionization 
and the dip angle. Projected- and dip-angle measure- 
ments have been made for all prongs. For g/go <1.3, 
grain count measurements were made on all tracks 
whereas p6 measurements using third-difference methods 
(when needed) have been made for tracks with dip 
angle < 20°. Except for one energetic electron pair, all 
these prongs with dip angle <20° were light mesons, 
considered as pions (see also Appendix IV). We have 
considered all the steeper prongs as pions also. All the 
prongs were followed for a sufficient length to eliminate 
low-energy electrons (<10 Mev). For g/go>1.3, all 
prongs were followed, and identification and energy 
measurements were made by standard emulsion tech- 
niques. The end points of all prongs ending in the emul- 
sion stack were examined carefully for possible decay 
secondaries. No attempt was made to distinguish alphas, 
deuterons, and tritons from protons for ranges Ry <1 
cm. For Ry>1 cm and dip angle <40°, opacity meas- 
urements were made. These measurements identified 
one deuteron, and one particle was probably a X particle. 


APPENDIX III. THE CHARGED-PION 
DETECTION EFFICIENCY 


The efficiency of pion detection depends on the ioniza- 
tion of the pion, on the position of the star relative to 
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the surfaces of the individual emulsions, and possibly 
on the pion dip angle. We have investigated the de- 
pendence of efficiency on position, and we have con- 
cluded that it is necessary to exclude from considera- 
tions involving V+ all stars whose distance from either 
surface is less than 20y in the processed emulsion. On 
this basis 22 stars (14 at rest and 8 in flight) have been 
eliminated from some of the analysis. They have, how- 
ever, been included in all other evaluations without 
assigning a specific pion multiplicity to them. 

Several observers have carefully examined all the 
antiproton stars independently and have recorded all 
the prongs. Out of a total of 450 pions (Stacks 72 and 
78), 59 pions have been missed by one or more of the 
observers. All pions missed were of grain density 
g/go <1.2. 

The recent work on the apparent asymmetry of 7-y 
decay as observed in emulsions has revealed a peculiar 
bias inherent in dip-angle measurements as made in 
photographic emulsions. The effect of this bias is to 
suppress the number of large dip angles observed. 

We have computed the ratio 


N(\B| <30°)/N(|B| >30°) = 1.1340.03 


from the experiments in connection with the apparent 
-u asymmetry.** If we compute the same ratio for all 
charged pions from the annihilation stars, we obtain 
1.22+0.13. However, if we consider only the pions 
missed by one or more of the observers, we obtain for 
the above ratio 0.75+0.25. Here each pion was weighted 
by the number of observers who had missed it. Therefore 
our conclusion is that the deviation from unity which 
we observe in the above ratio for all charged pions is 
due mainly to the same effect which led to the apparent 
a-4 asymmetry. In addition this effect is probably en- 
hanced somewhat by the preferential missing of steep 
pions. 

From the above analysis we are unable to evaluate 
the detection efficiency and we have to rely on estimates 
based on experience with decay products of uw and K 
mesons. We estimate the efficiency as e=0.90+0.05. 
This estimate is in good agreement with the calculated 
value, if we assume charge independence (see Sec. IV A). 

As mentioned above, the efficiency of pion detection 
depends on grain density, and only pions with near 
minimum ionization escape detection. This has an 
influence on the pion spectrum and consequently on 
the average pion energy. We have corrected the pion 
spectrum by assuming no pion losses for 7, <100 Mev 
(g/go= 1.24) and ascribing all pion losses to pions with 
T,>100 Mev. This correction increases the measured 


36 Proceedings of the Padua-Venice International Conference 
on Mesons and Recently Discovered Particles, September, 1957 
(to be published): Lattes and Freier, [V-17; Ammar, Friedman, 
Levi Setti, Silvestrini, Slater, Telegdi, [V-24; Bhomwik, Evans, 
and Prowse, IV-35; Manfredini, IV-38; Ferretti, Gessaroli, 
Lendinara, Minguzzi-Ranzi, Quareni-Vignudelli, and Quareni, 


IV-46. 
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average pion energy by a term w2. We obtain w.=7+2 
Mev assuming e=0.90+0.05 for all pions. 


APPENDIX IV. IDENTIFICATION OF 
THE x MESONS 


The identification of the light mesons emitted from 
antiproton stars is most easily accomplished for those 
mesons which come to rest in the stack. Measurements 
of multiple scattering and ionization on fast mesons are 
certainly sufficient to distinguish between light mesons 
and K mesons, but are not good enough to establish the 
light mesons as m Or w mesons. 

In what follows, we give an analysis of the 76 light 
mesons followed to rest (53 negative, 22 positive, and 1 
of undetermined sign; see Sec. III A). We shall now 
compare the terminal behavior of these particles with 
that of pions. In Fig. 22 the prong distribution of the 53 
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Fic, 22. The solid histogram gives the prong distribution of 53 ¢ 
stars originating from antiproton-annihilation stars. The dashed 
histogram is the experimental prong distribution for 4000 2 
stars? normalized to 53. 


negative mesons is given. This is compared with an 
experimental distribution based on 4000 o stars (i.e., 
m~ stars).*” As can be seen from Fig. 22 the agreement is 
very good, leaving very little room for possible yu 
mesons which would occur as p mesons (i.e., zero prong 
meson endings) most likely. The average u+-meson 
range, from the 22 positive particles (rtute* decay), is 
600.7 microns with a distribution in good agreement 
with the known*® y-meson distribution due to range 
straggling. There is no case of a direct ut-e+ decay, 
thus ruling out the presence of a ut particle among 
the 76 mesons considered here. In one case the charge 


7 The prong distribution of o stars has been compiled by R. E. 
Marshak, Meson Physics (McGraw-Hill Book Company, Inc., 
New York, 1952), p. 182, from the work of Menon, Muirhead, and 
Rochat, Phil. Mag. 41, 583 (1950), and F. L. Adelman, Phys. Rev. 
85, 249 (1952). 

% W. F. Fry, Phys. Rev. 83, 1268 (1951); W. H, Barkas, Am. J. 
Phys. 20, 5 (1952). 
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could not be established. The track gives rise to either 
a short w+ (415 microns), and this gives a very low- 
energy decay electron (which would mean a z+); or 
it is a w~-scattering event, in which the x~ ends in a x, 
with a low-energy electron emission. 

We have analyzed ionization-range measurements on 
52 of these mesons selected on the basis of dip angle 
<50° and no inelastic scattering of the tracks. The 
measurements consisted of counting 500 grains per 
track at the antiproton star and 500 grains for calibra- 
tion of minimum ionization. From these measurements 
we obtain an average mass value of 148+4 Mev. The 
mass determination for the p mesons taken as a group 
gives 138+8 Mev, again leaving little room for po 
contribution. 


APPENDIX V. THE OBSERVATION OF A K,:+ MESON 


Among the antiproton stars observed in this experi- 
ment we have found one star, number 3-25 (Stack 72), 
which emits a K meson that comes to rest in the stack 
and decays. The decay secondary leaves the stack after 
traversing 147 plates. Figure 23 gives a microphoto- 
graph of the event. Track 1 is emitted at a dip angle 


Fic. 23. Photomicrograph of event 3-25, an antiproton- 
annihilation star emitting a Ky2* meson. Observer, Mrs. L. Shaw; 
photomicrograph by Mr. K. Natani. Track 2, which is very steep, 
was sketched in. 
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Fic. 24. Grain-count measurements on the secondary track 1’ 
The curves are the computed variation of grain count versus dis 
tance from the decay point for a + meson from a Ky. and a uv 
meson from a Kyp. 
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Fic, 25. Measurements of £8 on the secondary track 1’. 
of 30°; the particle comes to rest in the stack after 
traversing 34 plates and has a range of 3.9 cm (Tx=87 
Mev). On coming to rest track 1 gives off a secondary 
track 1’. Within the framework of the known particles, 
our problem here is to distinguish between a K meson 
and a hyperon. Consequently we have only carried out 
relatively crude mass measurements. A direct grain 
count on more than 2000 grains gave g/go=2.37+0.11 
whereas a measurement of the gap coefficient®® gave 
g*=2.38+0.23. In both cases go corresponds to 700- 
Mev pions which are essentially at minimum ionization. 
The corresponding masses are 760+70m, and 745 
+220m,, respectively, where the errors quoted are the 
statistical errors and do not contain systematic errors. 


%® P, H. Fowler and H. D. Perkins, Phil. Mag. 46, 587 (1955). 
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The secondary from particle 1, track 1’, is emitted 
at a dip angle of 45°. Track 1’ leaves the stack after 
traversing a distance of 11.6 cm through 147 plates. 
From ionization measurements on track 1’ shown in 
Fig. 24, we can rule out a 7 meson from a K,2 meson. 
The multiple-scattering measurements on track 1’ by 
the surface-angle method,' are shown in Fig. 25. Here 
we have also shown the expected variation of p8 versus 
distance from the decay point for a uw from a Kyo, a + 
from a K,», and an electron (emitted with maximum 
possible energy) from a K,3, where the most probable 
energy loss (radiation and ionization) is plotted. It can 
be seen from Figs. 24 and 25 that the Ky» decay is the 
only one compatible with the measurements. It should 
be noted that a mass determination of track 1 based on 
the measurements of the secondary track 1’ places that 
mass at the conventional value (~ 966 m,) and so indi- 
cates that the low values obtained in the direct-mass 
measurements are most probably due to systematic 
errors. 

The only additional prong (No. 2) emitted by the 
antiproton star comes to rest after 4.3 mm and is prob- 
ably a proton of 33 Mev. There are also several Auger 
electrons emitted from this antiproton star. 


APPENDIX VI. COMPILATION OF DATA ON PION 
INTERACTIONS IN PHOTOGRAPHIC 
EMULSIONS 


One of the difficulties we encountered in the analysis 
of antiproton stars is the lack of information on pion 
interactions. By using data of pion interactions in photo- 
graphic emulsions, we get the proper mixture of light 
and heavy elements (at least to a good approximation) 
to compare directly with the case considered by us. 
For the analysis in Sec. IV we needed a number of 
quantities related to pion interactions. These are com- 
piled and given in Table XI. In some cases the numbers 
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TaBLeE XI. Compilation of data on pion interactions in photo- 
graphic emulsions. Column 3 gives the average number of heavy 
prongs my emitted in pion stars; this includes both absorption and 
inelastic scattering. Column 4 gives the average kinetic energy 7 
of the inelastically scattered pions (this energy does not coincide 
with the peak energy, which is somewhat lower in general). 
Column 5 gives the percentage (1—a) of nonelastically interacting 
pions that give rise to inelastic scattering. 
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“ Here ~1% of pion production is included. 

b Marshak, reference 37. 

© Bernardini, Booth, and Lederman, Phys. Rev. 83, 1277 (1951). 

4 Md. Shafi and D. J. Prowse, Proceedings of the Padua-Venice Confer- 
ence on Mesons and Recently Discovered Particles, September, 1957 (to 
be published), X-2. 

e Ferrari, Ferretti, Gessaroli, Manaresi, Pedretti, Puppi, Quareni, Ranzi, 
Stanghellini, and Stantic, Suppl. Nuovo cimento 4, 914 (1956). 

{G. Goldhaber and S. Goidhaber, Phys. Rev. 91, 467 (1953) and addi- 
tional unpublished data. 

« B. Nikol’skii, Proceedings of the Padua-Venice Conference on Mesons 
and Recently Discovered Particles, September, 1957 (to be published), 
X-60. 

bh Nikol’skii, Kudrin, and Ali-Zade, J. Exptl. Theoret Phys. U.S.S.R. 
32, 48 (1957) (translation: Soviet Phys. JETP. 5, 93 (1957) ]. 

i Homa, Goldhaber, and Lederman, Phys. Rev. 93, 554 (1954) and addi- 
tional unpublished data. 

i A. H. Morrish, Phys. Rev. 90, 674 (1953). 


k M. Blau and M. Coulton, Phys. Rev. 96, 150 (1954). 


needed were given directly by the authors; in other 
cases we deduced them from the available information. 
Finally we averaged the available quantities, with suit- 
able interpolations and extrapolations, over the anti- 
proton-annihilation spectrum assuming a primary m+/a 
ratio of 0.76. The resulting average values for my, To, 
and (1—a) are given in the last row of Table XI. 
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Interference in K~ — p Scattering 
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Two subtracted dispersion relations are applied at the same time to the study of the dependence of the 
real part of the K~-p scattering amplitude at zero energy, D_(K), on the values of the coupling constants 
gy’. The results, when compared with the existing experimental information, strongly indicate that the 
K meson is ps—ps (namely pseudoscalar with respect to both the A and the © hyperon) and that the sign 
of D_(w) at low energy is positive, giving therefore constructive Coulomb interference in the K~-p elastic 


scattering. 


1. INTRODUCTION 


ANY proposals have been recently advanced 
concerning the most suitable way of obtaining 
from experimental data reliable information on the 
sign of the heavy-meson—hyperon relative parity, 
Pxy.' A number of analyses of the role played by the 
sign of Pxy in processes involving production and 
absorption of heavy mesons have so far only demon- 
strated that the experimental data are still too poor to 
allow sound conclusions on this problem to be;drawn. 
The use of dispersion relations has been proposed by 
many authors, the sign of the contribution of the poles 
to the real part of the scattering amplitudes being 
directly connected with the sign of Pxy.?-® 
No definite conclusion has been drawn so far, 
however. The first numerical evaluation of the integral 
over the cross sections, made by Matthews and Salam,? 
gave a negative value for D_(K) for an s—s K meson, 
and a positive value for a ps—ps K meson [D_(w) 
represents as usual the real part of the K——p scattering 
amplitude at total meson energy w, in the forward 
direction; we shall speak for simplicity of “scalar” and 
“pseudoscalar” K mesons, with respect to the hyperons, 
meaning for this that the system (Y—K) is even or 
odd with respect to the nucleon. An s—s K meson is 
therefore such that Pxa=Pxs=+1; an analogous 
convention holds for the s— ps, ps—s and ps— ps cases ]. 
We have so far only scanty experimental information 
on the sign of D_(w) at low energy. Some evidence for 
constructive Coulomb interference at low energy has 
been given, however,’ and this would imply a positive 


D_. If this evidence will be supported by more refined 


* Present address: CERN-Geneva. 

1 For a summary of the applications of dispersion relations to 
the heavy-meson—nucleon interaction, see D. Amati and B. 
Vitale, Lectures given at Oberwolfach, Germany, September, 
1958 [ Fort. fiir Physik. (to be published) ]. 

2D. Amati and B. Vitale, Nuovo cimento 6, 1273 (1957). 

3 P. T. Matthews and A. Salam, Phys. Rev. 110, 569 (1958). 

4S. Barshay, Phys. Rev. Letters 1, 97 (1958). 

5 C. Goebel, Phys. Rev. 110, 572 (1958). 

6K. Igi, Progr. Theoret. Phys. Japan 19, 238 (1958); 20, 103 
(1958). 

7 Proceedings of the Seventh Annual Rochester Conference on 
High-Energy Nuclear Physics, 1957 (Interscience Publishers, Inc., 
New York, 1957) p. VI-1 ff. 


experiments, the method proposed in reference 3 could 
be really useful, at least as far as the answer given in 
the ps— ps case can be considered as unambiguous. 

The conclusions that can be derived by this method 
depend therefore completely on the experimental 
determination of the sign of D_(K), which represents a 
rather difficult and at present not thoroughly reliable 
experiment. Once the sign of D_(K) is introduced into 
the theory from an independent experiment, the sign 
of the relative K—Y parity can be determined; the 
numerical value of D_(K) is, however, still completely 
indeterminate, unless further experimental information 
is brought into the theory. The value of D_(K) depends 
indeed, once the sign of Pxy is chosen, on the numerical 
values of the coupling constants which are free param- 
eters in the dispersion relations. This method cannot 
therefore make use of only dispersion relations, because 
experimental information other than the knowledge 
of the total cross sections is required. 

We propose here a method for determining the sign 
of D_(K), which gives at the same time rather reliable 
information on the sign of Pxy and contains also the 
possibility of deriving from experiment the values of 
the coupling constants. Our method requires the 
knowledge of the total cross sections o1(w) and o_(w) 
and only one additional piece of information, namely 
the sign of D,(w) at one energy. We note that the 
sign of D,(w) at low energy has been determined to be 
surely negative, as derived from the observed construc- 
tive Coulomb interference in AK+-p scattering at low 
energy. 


2. SUBTRACTED DISPERSION RELATIONS 


Relativistic dispersion relations for K—WN scattering 
have been recently obtained.’ Use was made of the 
conventional method for deriving dispersion relations 
in a relativistic field theory; more sophisticated and 
mathematically more rigorous methods, which have 
been proven to be able to justify completely the 
forward dispersion relations for pion-nucleon scattering, 
cannot be applied as such to the K—WN scattering, 


8D. Amati and B. Vitale, Nuovo cimento 7, 190 (1958). 
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because some mass inequalities are slightly violated.® 
There is no proof, however, that the dispersion relations 
derived by the standard methods are not valid. We 
are willing to accept that they are indeed correct, and 
that (as happened in the pion-nucleon case) they will 
be proven to be rigorously correct later on. Anyway, 
lacking a better mathematical demonstration, we shall 
take for granted and shall use the dispersion relations 
derived in reference 8. Analyses of the type of one 
which follows, on the other hand, can also represent a 
useful check on the validity and on the consistency of 
the relations used. 

In the special case of K+-p and K--p forward scatter- 
ing, the relations connecting the real part D,, the 
imaginary part A, of the scattering amplitude and the 
total cross sections o,(w) and o_(w) are as follows: 


D,.(w) = Ps4(w) + Ps*(w) 


a oi(w’) o- (w’) 
+ J H| : a Jaw 
49d w Fw w’+w 
K 


1 ; 
td. 
TY wh 


gy’ (Y+N)?— Kk? 
wytw 4NY 


where 


2 7K?~(Y—N) 
ee (sestlaals) 
wytw\ 4NY 


(A-+-7)?— N?*— K? 


’ 


2N 2N 

The upper and lower signs in relation (1) hold, respec- 
tively, for the K+-p and the K—-p scattering. The expres- 
sions for the contributions of the poles, P,’, are given 
both in the scalar and in the pseudoscalar case [in (1) 
and in the formulas that will follow, the symbol indicat- 
ing a particle is used also as a symbol of its mass value; 
K indicates 489 Mev, and so on]; it is easy to see that 
the pole contributions change sign, depending on the 
sign of Pxy. The integral over the imaginary part, 
in (1), has been divided into two distinct parts, one 
over the physical region (from the mass of the K meson, 
K, up to infinity) where the optical theorem enables us to 
express 4,(w) in terms of the total cross section o,(w), 
and the other over the unphysical region, which is 
present only in the part containing A_(w) and which 
goes from wo=230 Mev up to K. This unphysical 
region in the integrals appearing in the dispersion 
relations is made necessary by the absorptive processes 
which can take place when a K™~ interacts with a 
nucleon. These processes are such that the virtual 


®Bremermann, Oehme, and Taylor, Phys. Rev. 109, 2178 


(1958). 


AND B. 


VITALE 


(Ym) states have a mass smaller than the (KN) rest 
mass, and therefore contribute to the energy spectrum 
of the interacting fields and give rise to a continuum 
spectrum which begins below the K-meson mass. The 
numerical value of the constants wy is as follows: 
wa= 64 Mev; wy= 156 Mev. The square of the renormal- 
ized and rationalized coupling constants is indicated 
by gy’, where Y is a A or a> hyperon and the coupling 
is intended to refer to the K—Y—VN interaction. 

The integrals appearing into the expression (1) are 
divergent unless the two cross sections go to zero 
faster than 1/w when w goes to infinity. This is clearly 
too stringent a requirement and “subtracted” dispersion 
relations have to be used, where the integrals are 
much more quickly convergent at infinity. Expressions 
such as (1) have therefore no validity for themselves, 
but only as a suitable starting point from which to 
obtain relations which are meaningful. 

Two types of subtracted dispersion relations have 
been so far proposed: those obtained through a suitable 
combination of D,(w), D,(K), and D_(K), and those 
given by a combination of only D,(K) and D_(K). We 
shall express them as relations connecting in both 
cases D_(K) to the other quantities, which can be 
directly obtained from the experimental data on the 
total cross sections. The dispersion relations that we 
shall use are the following ones: 


(a) First subtracted dispersion relation’: 


2K (|K+w 
D1(K)=— | —D,(K)—D_(w)— Py\(w) — PE(w) 
2K 


w—K 
® dw'fo.(w’) o_(w’) 

etn. 
Ri w’—w w'+w 

where 

2 (Y+N)?—K? 

[ Pr¥ (w) ]s= — : 

(K?—wy?’) (wy+w) 


gy*k? K: 


LP* @) 1|.*= - 
(K?—wy’) (wy +w) 4NJ 
(k is the momentum in the laboratory system.) 
(b) Second subtracted dispersion relations? : 


D_"(K)=D,(K)—Pu4(w)— Pr2(«) 


K ” do’ 
+—f —[a_(w’)—o4(w’)], (3) 
2rd Kk’ 

where 


— gytK of (Y+N)?—K? 
Co) ( —__—_—— }, 
(K?—wy’) 4NY 


gy?2K & (v—N)? 


4NY 


[Prr¥ (w) J,= p— ae ee 
(K?—wy’) 


In writing down relations (2) and (3) we have 
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disregarded the contributions coming from the un- 
physical range integration. The problem of how much 
the unphysical region contributes to the real part of 
the scattering amplitude is still a completely unsettled 
question. The behavior of A_(w) in this region cannot 
be foreseen on the ground of such general principles as 
those used in deriving dispersion relations. Its deter- 
mination would require the detailed knowledge of the 
energy dependence of the scattering amplitude at low 
energy and of its extrapolation towards zero energy, 
which is at present beyond our theoretical possibilities. 
Approximate methods have been used or proposed, in 
order to give at least some indication of the magnitude 
of the contribution; a perturbative approach has been 
used by Matthews and Salam” and more recently by 
Tuan": both analyses indicate that, at least in the 
ps— ps case (with which we shall be mainly concerned, 
as we shall see), the unphysical region contributions 
are practically negligible. A more accurate analysis 
has been made by Igi,® who has also discussed the 
possibility that A_(w) could present cusps or other 
unpleasant and unexpected features in correspondence 
with the threshold for virtual states other than the 
(Am) state [such as (2m), for instance]. This could 
indeed be the case, and then the contribution of the 
unphysical region could be wildly dependent on what 
integrations are to be made and on the way the eventual 
cusps are treated. However, if we assume here that no 
such unusual behavior is present in A_(w), it can be 
easily shown that the unphysical region contribution to 
the integrals appearing in expressions (2) and (3) is 
much smaller than the contribution of the physical 
range. For this reason and for simplicity we have 
disregarded it in the dispersion relations I and II that 
we are going to use, but we shall bear in mind that all 
results obtained by the use of such dispersion relations 
can be affected by large errors, due to our way of dealing 
with the unphysical region. 

We note now that, notwithstanding the fact that the 
two dispersion relations (2) and (3) have been both 
obtained by suitable combinations of the dispersion 
relations (1), they are not in principle identical, as 
(1) probably diverges. This means that we cannot 
substitute D,(w), as given in (1), into the expression (2) 
and therefore that we cannot obtain the relation (3) 
starting from (2). The two dispersion relations have to 
be taken as two quite independent relations, both 
involving real and imaginary parts of the scattering 
amplitudes and total cross sections, but containing a 
different amount of experimental information. Relation 
(2) indeed requires the knowledge of the sign of D,(w) at 
one energy, while (3) contains only information on 
the zero-energy behavior of the scattering amplitudes. 
They can give therefore quite different results, if (1) 
does not hold; if we assume both of them to be valid, 


10 P. T. Matthews and A. Salam, Phys. Rev. 110, 565 (1958). 
4 San Fu Tuan, University of California Radiation Laboratory 
Report UCRL-8461 (unpublished). 


PARITY 1637 

they will give us the same numerical value for D_(K) 

only for a well-defined value of the coupling constant 
2 


gy’. 

The method that we propose here is then based on 
the simultaneous use of both dispersion relations (2) 
and (3). By plotting D_'(K) and D_"(K), as functions 
of gy’, the point where the two lines cross will indicate 
both the value and the sign of D_(K) and the value of 
the coupling constant (we shall see, however, that the 
errors in the cross sections are still so large that the 
numerical value of the coupling constant cannot be 
obtained without a very large standard deviation). 

It is now clear that this method can give useful 
information on the problem of the relative K—Y 
parity; those combinations of relative parities will be 
ruled out that do not give any crossing of D_'(K) with 
D_"(K) for positive values of gy*, or that give a 
crossing corresponding to a value of D_(K) in clear 
disagreement with experiment. It will be shown in the 
following that this method gives a rather clear-cut 
answer in the s—s and ps— ps cases; only a qualitative 
answer can be obtained, on the contrary, in the s—ps 
and ps—s cases, which will be discussed briefly later on. 


3. EXPERIMENTAL DATA 


We have used, in calculating D_(K) as given by (2) 
and (3), the most recent experimental data on the total 
cross sections, presented at the Geneva Conference by 
Kaplon.” We have accordingly made the following 
assumptions. 

(a) At-p scattering: The total cross section has 
been taken equal to 13 mb from K up to 1.4K; equal to 
18 mb from 1.4K to 4K; zero from 4K to infinity 
(this means only that we have introduced a 4K cutoff 
in the numerical evaluation of the convergent integrals). 
The angular distribution has been assumed to be 
isotropic in the low-energy region; this means that the 
low-energy scattering has been treated as an S-wave 
scattering. 

(b) K--p interaction: The total cross section has 
been calculated by using the expression 


1.26_*'(w)+1.40_*8(w), (4) 


o_(w)= 


where o_*!(w) is the elastic cross section and o_*>*(w) 
is the absorption cross section giving rise to charged 
hyperons. The factors 1.2 and 1.4 take into account, 
respectively, the charge exchange and the absorption 
leading to neutral hyperons. The value of o_(w), 
calculated through (4), decreases from 150 mb at 
1.01K to 50 mb at 1.12K; it has been taken constant 
and equal to 50 mb from 1.12K to 4K, and a cutoff of 
4K has been introduced in the numerical evaluation of 
the integrals. The angular distribution has been assumed 
to be isotropic at low energy, and both the absorption 


2M. F. Kaplon, 1958 Annual International Conference on 
High-Energy Physics at CERN, edited by B. Ferretti (CERN, 
Geneva, 1958) p. 171. 
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and the elastic scattering have been taken to be, at 
low energy, mainly S-wave interactions. 


4. RESULTS 


By using the total cross sections given in the previous 
paragraph, we have analytically calculated the 
numerical value of the integrals present in the expres- 
sions for D_'(K) and D_"(K), as given by (2) and (3). 
The assumption of S-wave interaction only, leads to 
the following expression for D,(w) as a function of 
o,(w): 


‘ sin26, (we), 


c 


k 
D,.(w) =- 
2k 


ke 
[o+(we) }, 


sind, (w,) = —— 
2\/m 


where w, and k, are the total energy and momentum in 
the c.m. system. The minus sign in (5) attributed to 
the sine of the phase shift depends on the experimentally 
established constructive Coulomb interference in the 
low-energy Kt-p scattering, discussed in the 
Introduction. 

In calculating D_'(K) we have used w=594 Mev 
(which corresponds to 100 Mev for the kinetic energy 
of the K meson in the lab system). 

It can easily be seen from expressions (2) and (3) 
that the pole contributions P;” and Py,’ depend only 
weakly on the mass of the hyperon; on the other hand, 
they are the only part of the dispersion relations which 
contain the coupling constants gy”. In the s—s and 
ps— ps cases, where the two pole contributions are of 
the same sign, what really matters is the sum ga?+ gs" 
(apart from the very small correction due to the 
A—Z mass difference, which represents only 7% of 
the hyperon mass). The comparison with experiment, 
therefore, will not be sensitive to the relative magnitude 
of ga? and gs’, but will only give indications on the 
order of magnitude of the sum of these two quantities. 
For this reason we have in the following, when dealing 
with the s—s or ps— ps cases, introduced a phenomeno- 
logical coupling constant gy? which is practically equal 
to (gs*+gz*)/2. In the s—ps and ps—s cases, where 
the two poles have opposite sign, what really matters 
is the difference of the two coupling constants; in such 
cases obviously an hypothesis such as g,?= gs? would 
lead to practically vanishing pole contributions. 

Let us discuss in detail first the more interesting cases, 
namely the s—s and the ps— ps cases: 


as 


(a) s—s K meson: 
D_'(K)=[3.1—12.6gy? ]K10™, 
D_"(K)=[4.2—8.2gy? ]K 10. 
(b) ps—ps K meson: 
D_(K)=[3.10+0.62gy?]x 10-, 
D_"(K)=[4.20+0.38gy? | 10 
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(in our system of units, where the Mev has been 
taken as the unit of energy). 

These results are graphically summarized in Fig. 1 
(s—s case) and Fig. 2 (ps—ps case). The errors shown 
therein represent standard deviations, calculated allow- 
ing for a 20% standard deviation in the values of the 
cross sections. We have already discussed the problem 
arising from our disregarding the unphysical region 
contributions; we shall only hope that the imaginary 
part of the scattering amplitude does not behave too 
wildly in that region. If this is true, the contributions 
coming from the unphysical range of integration could 
not appreciably modify our results. 

The error coming from cutting our integrals off at 
4K can hardly be estimated; however, since the 
integrals used are rather convergent, the contributions 
coming from the high-energy region could be expected 
to be negligible. 

It is clear from Fig. 1 that the results in the s—s 
case are hardly compatible with the assumed simul- 
taneous validity of both D_!(K) and D_"(K). The 
two lines do not cross for any positive value of gy’ 
and also, if the errors are taken into account, they can 
at best cross for a value of D_(K) less than 4107, a 
value which is not compatible, as we shall see, with the 
experimental evidence. 

The ps—ps case presents, on the contrary, a rather 
consistent picture, as shown in Fig. 2. The two lines 
for D_!(K) and D_''(K) cross in the positive half-plane, 
for a positive value of gy? of the order of 5 (the errors 
are of course large, and gy*® cannot be determined with 
a good accuracy). The corresponding value of D_(K) 
is 5.9X10-*; we shall see that this value if quite 
consistent with the experimental value. 

As for the s— ps and ps—s cases, the situation is now 
not so clear as in the previous cases; as we have already 
noticed, the contributions of the poles to D_(K) 
depend strongly on the difference of the two coupling 
constants ga” and gs’. Since the pole contributions have 
to be of the same order of magnitude as the integral 
contributions, in order to have a D_(K) in agreement 
with experiment, these cases could give a reasonable 
answer only if the ps coupling constant is at least 
two orders of magnitude greater that the scalar constant. 
No indication of such large differences in the interactions 
of A and © has been found yet. 


5. COMPARISON WITH EXPERIMENT 


A rough indication of the order of magnitude of 
D_(K) can be drawn directly from esperiment, once 


- the numerical value of the elastic cross section at zero 


kinetic energy is known. We have indeed?* 


N+KF 1 (a_°)? 
pp--(x)=|——] ew | . 
K 4r 4 
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Fic. 1. s—s K meson. 
gy? = (ga?+g3")/2. 





Fic. 2. ps— ps K meson, 
gy7~ (ga?+ 3") /2. 








where o_* is defined by 


0 


o. 
lim ¢_(w)=—. (9) 
k 


wK 


With o_*'(K)=60 mb and o_° as determined by the 
expression (9), we obtain the following value for the 
absolute value of D_(K): 


| D_*(K)| = (4.9+0.7) 10-8 


(where 0.7 represents the standard deviation), a value 
which is therefore in disagreement with the s—s result 
for all positive value of gy’. 

This value of D_(K) is, on the contrary, in very good 
agreement with the ps—ps result, where D_(K) has 
the same value, inside the standard deviation, at the 
point where the two lines (representing the two disper- 
sion relations) cross. At that point, D_(K) turns out 
to be positive. We see therefore that, under our assump- 
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tions, the positive sign of D_(K) can be directly foreseen 
by consistently using dispersion relations. 


6. CONCLUSIONS 


Starting from the assumption that the two subtracted 
dispersion relations for D_(K) [given by (2) and (3) ] 
both hold, for a suitable value of the coupling constants, 
we can reach the following conclusions: 


(a) In the s—s case, the two expressions D_!(K) 
and D_"(K), plotted as functions of gy? [which is 
approximately equal to (ga?+-gs*)/2], do not meet for 
any positive value of gy’. Making allowance for the 
large errors in the determination of the cross sections 
and for the errors introduced by our way of dealing 
with the unphysical region and the high-energy region 
of the integrals, the two expressions could perhaps 
give coincident values, but only for a very small gy’, 
corresponding to a positive value of D_(K) which is 
clearly incompatible with experiment. 

(b) In the ps—ps case, the two expressions give lines 
that meet for a gy’ of the order of 5, and the correspond- 
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ing common value of D_(K) turns out to be positive 
and in good agreement with the experimental data. 

(c) In the s—ps and ps—ps cases, no definite 
prediction can be made, except that agreement with 
experiment could hardly be reached if the pseudoscalar 
coupling constant were at least two order of magnitude 
larger than the scalar one. 

(d) In all four cases, the two lines cannot meet for 
negative values of D_(K); this is a very definite 
prediction of dispersion relations for the sign of D_(K), 
which seems to be independent of any assumption on 
the sign of the relative heavy-meson—nucleon parity. 
It is our personal belief that this result is also practically 
independent of the assumptions and approximations 
made. Dispersion relations enable us to predict, 
therefore, a constructive Coulomb interference in the 
K--p elastic scattering at low energy. 
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A general method is suggested for analyzing the scattering of particle A by particle B, leading to three or 
more final particles, in order to obtain the cross section for the interaction of A with a particle which is 
virtually contained in B. Binding complications are absent if a plausible assumption about the location and 
residues of poles in the S matrix is accepted. The method is useful for unstable particles from which free 
targets cannot be made; the special examples of pion and neutron targets are discussed in detail. 


1. INTRODUCTION AND RESULTS 


A. The importance of measuring cross sections for 
such interactions as pion-pion, neutron-neutron, pion- 
neutron, electron-pion, etc., has long been recognized 
but no feasible way has been found for making targets 
from pions or neutrons. Deuteron targets have often 
been used with various subtraction procedures to give 
rough values for neutron cross sections but compli- 
cations due to the presence of the unwanted proton 
have made precise interpretation impossible. Similarly 
it has been recognized that virtual pions in the cloud 
associated with physical nucleons might in some 
approximation be considered as targets, but here, even 
more than in the deuteron case, binding effects have 
obscured the desired two-body interactions. The 
purpose of this paper is to present a scheme for analyzing 


experiments with ‘‘complex” targets so as to obtain the 
elementary cross sections of target constituents, free 
from binding corrections. 

The essential physical principle employed relates to 
the location and residue of poles in the scattering 
matrix. The existence of these poles can be proved in 
local field theory, and the connection of the residues to 
physically measurable quantities may be made very 
plausible, although proofs have not yet been given 
for all interesting cases. Well known examples are the 
pole in the forward angular distribution for Coulomb 
scattering and the Weisziiker-Williams pole in the 
electron momentum transfer for processes induced by 
high-energy electrons.! The location of other singu- 


1W. K. H. Panofsky and E. A. Allton, Phys. Rev. 110, 1155 
(1958). 
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larities of the S matrix, such as branch points, is of 
indirect importance to our scheme and here we resort to 
guesswork. In Sec. 2 of this paper the nonrelativistic 
deuteron problem is analyzed, to illustrate with a 
concrete example various essential aspects of our 
program. 

B. From a practical standpoint the problem turns 
out to be largely one of choosing the right variables to 
represent the experimental results. To ensure that 
experimenters are not led by unfamiliarity with 
S-matrix theory to overlook the utility of the scheme, 
We present at once our prescription for analyzing 
experiments of the type 


A+ B-— three or more particles, 


so as to obtain the cross section for the interaction of A 
with some constituent of B. An example might be the 
process 

(a) m*+p— p-+at least two mesons, 


with the object of determining the total (a*,7°) cross 
section, or possibly 


(b) n+d— p+n+n, 
with the object of determining the cross section for 
n+n— n-+n. 


One must in general deal with four masses. First 
there is the mass of the incident particle, which we shall 
call 4 ,; then there is the mass of the “complex” target 
particle, M,, and finally the two masses into which the 
target can virtually decompose. We shall call yw. the 
mass of the particle whose cross section is of interest, 
while M, refers to the recoil or “‘spectator” particle. 
For example, in case (a) above, we have 


Mi =.= M,, 


M,=M.2=M,, 
while in case (b) we have 


d1=mo=M,, 
M,=Ma, M2=M,j. 


The first experimental variable of interest will be 
called A® and is the invariant square of the difference 
of four momenta for the target (M,) and spectator 
(M2) particles. The laboratory kinetic energy of the 
recoiling spectator particle we call 72,. Then we see that 
a linear relation holds between A? and To; (we use 
units in which c=1): 


A*=2MiT21,— (Mi— M2)’. (1.1) 


It is in fact convenient to use rather than A? a quantity 
p?=2M:2T 2, which nonrelativistically is the square of 
the laboratory recoil momentum. Evidently the 
following relation is true: 


2= (M2/M;)[A*+ (M;—M2)*]. (1.1’) 
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The second variable of prime interest will be called 
w*? and is the square of the total energy of all the 
outgoing particles—excluding the spectator—in their 
barycentric system. If the angle as well as the mo- 
mentum of the recoiling spectator is measured, w*® can 
be calculated directly from energy-momentum 
conservation : 


w= (wiz+Mi—M2—T21)” 

— (qiz?—2q1rp21 CosbL+ pox”). 
Here wiz and qiz, respectively, are the total laboratory 
energy and momentum of the incident particle, while 
por is the laboratory momentum of the recoiling 
spectator and @, its angle with respect to the incident- 
beam direction. Thus we write 

M2+Tot= (p217+M2)!, 
O1L>= (qir?+u?)!. 


(1.2) 


Our method of analyzing the scattering experiment 
so as to obtain the total cross section? for the interaction 
of wu: with we requires a determination of the two- 
dimensional distribution 0°0(w*,p*)/dw*dp?, which can 
be obtained through (1.1) and (1.2) if one measures the 
energy and angle distribution of the recoiling spectator 
in the laboratory system. To calculate the limits on the 
possible values of the variables w* and ? it is best to 
consider the over-all barycentric system, where we 
designate the total energy by W. The relation between 
W and the laboratory energy of the incident particle is 


W = (2M. +MYP+u:*)', (1.3) 


and the upper limit of the variable w is W—Mz2. The 
lower limit on w is the sum of the two smallest masses 
which can occur in the final state in addition to the 
spectator particle. 

The upper and lower limits on p* depend on both W 
and w and require a slightly involved but straight- 
forward calculation. In the over-all barycentric system 
let the recoil spectator energy be designated by Fo. 
One may easily show, then, that the relationship 


E,= (W?+M2—w*)/2W (1.4) 


holds true. Similarly, in this same system, we designate 
the energy of the original target particle by Ai, so that 


E,=(W?+M2—n2)/2W. (1.5) 


Let the corresponding momenta be called P: and P. 
Then by definition, 
(M,/M2)p?= A?+ (M,— M,)* 

<= (P;—P:.)?— (E\— E2)?+ (M,—M,)* 

= 2E\ Eo 2M,M.+2 cosé 


x[(Ex—-M?)(E2—M2)}}, (1.6) 


where @ is the recoil angle in the barycentric system and 


2 The procedure for determining differential cross sections will be 
described below. 
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Fic. 1. Allowed region in p*?/M? vs w*/M? for meson-nucleon 
collision at W=2.5M (2.6 Bev laboratory energy) and W=1.5M 
(0.45 Bev laboratory energy). 


ranges from 0 to 180°. Formula (1.6), together with 
(1.4) and (1.5), gives the range of p* for fixed values of 
W and w. The upper limit on p’ occurs for cos6=+1 
and the lower limit for cos#= —1. 

As an example of the above kinematical considera- 
tions, Fig. 1 shows the allowed regions of the (w*,p*) 
plane for case (a) with W=1.5M, and 2.5M,. These 
total barycentric energies correspond to laboratory 
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Fic. 2. Allowed region for p?/g;? and (g*+-a*)/q:? for neutron- 
deuteron collision. The lower limit on (g°+a*)/g;? and the extra- 
polation distance below zero are both given by a*/g,?~1/E, where 
E is the neutron laboratory energy in Mev. 
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kinetic energies for the incident pion of about 0.45 and 
2.6 Bev, respectively. A phase-space diagram for case 
(b) above is shown in Fig. 2. The importance of these 
phase-space diagrams to our scheme is discussed below. 

C. Let us assume that for some range of w* and p’ 
at a fixed total energy the differential cross section in 
these variables has been determined. Our method then 
prescribes that the following function be constructed: 


F( 9 ) 2 (—) 
w*,p) = 29 i, 


qit?(p?— po*)? do 
[3e0t—$r0?(ui?t us”) +3 (u1?— ps”)? }! Op aw® 


(1.7) 





xX 


where 


por= — (M2/M1)[w?— (M2— M;)*). 


This formula will be motivated below in Sec. 3, where 
it will be shown that for fixed w*, if d°c/dp*dw* is 
extended to negative values of p’, it has a second-order 
pole at A?=—y,” or p= p<". Furthermore the residue 
of this pole is directly related to the total cross section 
for the scattering of the incident particle by the particle 
of mass ye, at total energy w in the barycentric system 
of these two particles. From the way we have con- 
structed F(w*,p*), it is clear that its value at p?= 0? 
is essentially the residue in question. Because of final- 
state interactions involving the spectator it is expected 
that other singularities of F(w*,p*) will appear in the 
neighborhood of p?= fo", but nothing as important as 
the pole of interest. Therefore we believe that by 
extrapolation from the physical region it should be 
possible to determine F (w”, po"). 

From formula (1.1’) it may be seen that we are 
speaking of an extrapolation in the recoil-spectator 
kinetic energy to the point 


T219= —[us?— (Mi— M2)" /2Mi, 


which is always negative if the original target particle 
and its two virtual components are stable, that is, if 
we have 


Mi<Mo+nm, 


In the physical region, T21 is of course always positive, 
so an extrapolation over an interval at least equal to 
T21° is required. However for case (a), which measures 
pion-pion scattering, this interval is only 10 Mev, while 
for case (b), which measures neutron-neutron scattering, 
it is only 1 Mev. 

According to (1.6) the physical phase-space lower 
limit (cos#= —1) on p” approaches zero at 


w=we=W?+M2—(M2/M)(W*+Mi—n"), (1.9) 
and in the neighborhood of this point behaves 
quadratically : 


Pmin?* 


(1.8) 


M2<M,+pn2, and pw2<M,4+Mz2, 


2 


1 


(W2+M 2—p?)?—4W2M 2 


(1.10) 


(w?—w,’)?. 
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Clearly our proposed extrapolation procedure is most 
feasible in the neighborhood of w*=we*. In case (a), 
and in general when proton targets are used as a source 
of pions, wo equals m,?; therefore the point wo lies 
outside the physical region. In the physical region the 
lower limit on p* is always greater than zero, but (1.10) 
shows that for 


(w*—m,2)S (m,/M,)[ (W?+M 3—me2)?—4W'M ), 


the lower limit is no larger in order of magnitude than 
the extrapolation distance m,*. Therefore for values of 
w* in this range one may still hope to be able to carry 
out our prescription. It is easy to show that a scattering 
experiment with a free target pion at rest, and with 
the same incident-pion laboratory energy as with the 
proton target, would correspond to a value of w* 
in the above allowed range. Thus our method permits a 
study of the same energy region that could be reached 
if real pion targets were available. 

With a deuteron target and the proton as a spectator, 
the point wo occurs in the physical range for all but the 
lowest bombarding energies and closely corresponds to 
the unique value of w that would occur with a free- 
neutron target at rest. The possibility of reaching wo 
in the case of a deuteron but not in that of the proton 
perhaps reflects the fact that the neutron contained in 
the deuteron is closer to being a real particle than is the 
pion contained in the proton. 

In Sec. 2 it will be shown that for any experiment 
designed to measure a neutron cross section with a 
deuteron target, including our example (b), the value 
of the function F(w*,p?) at the position of the pole is 
to a very good approximation 


(is) 


4 a 
F (w*,po*) = —(— Jota), 


M, 


ary 


where o12 is the two-body total cross section of interest, 
a is the inverse deuteron “radius” and rp is the neutron- 
proton triplet effective range. The position of the pole 
is at por= —a’. 

For experiments designed to measure neutral-pion 
cross sections with a proton target, the corresponding 
formula is 


F (w*, po?) = — fop’o12(w), (1.12) 


where fo, is the coupling constant for neutral pions to 
protons (fo,?=0.08). The position of the pole in this 
case is at po’=—m,*. If one wishes to measure a 
charged-pion cross section, with a neutron recoil, one 
uses the charged-pion coupling constant, f.2=2/¢. 
Notice that the extrapolated value of F(w*,p?) is 
negative in pion cross-section experiments but positive 
for neutron experiments. This circumstance results from 
the fact that a single virtual pion in the nucleon cloud 
must be in a P state, while the neutron in a deuteron is 
in a mixture of S and D states. Odd angular momentum 
in the complex target system in general gives rise to a 
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negative residue for the pole in the cross section. This 
point will be elaborated in Sec. 3 below. 

From a practical standpoint the negative residue in 
the pion problem is a severe disadvantage. It means that 
one must accurately determine not only the value of the 
function F(w*,p?) in the neighborhood of #*=0 but 
also at least its first derivative in order to perform 
the required extrapolation. There probably will be a 
peak in the cross section at low p? but this will be due 
to a first-order pole whose residue is not unambiguously 
interpretable, since it may involve cross terms with 
parts of the amplitude that we cannot calculate. The 
effect on which we must depend is a tendency for the 
cross section to decrease at the last moment (as p? — 0) 
as a result of the negative contribution from the second- 
order pole. 

D. To conclude this prescription for the analysis of 
experiments, we generalize the foregoing to allow the 
determination of differential as well as total cross 
sections. First, when several outgoing channels are 
possible, there is an obvious correspondence between 
channels in the “elementary” reaction of interest and 
channels in the “complex” target reaction. For example, 
in our case (a) which involves the r—7z interaction, if w 
is greater than 3m, there may be both three-pion and 
two-pion final states. If one wishes to determine the 
purely elastic rt—2° cross section, the measurement 
should be restricted to processes of the type 


tt+p— ptatt+n’, 


excluding events in which three pions emerge, but 
otherwise the procedure stated above may be followed. 

Should one wish to go further and measure the 
angular distribution for a two-body final state, it is 
necessary to consider a variable corresponding to the 
barycentric angle of scattering for the two-body 
system of interest. The definition of this variable is not 
unique and will vary from problem to problem. In 
many cases, however, it seems natural to measure the 
energy w3z and momentum qj, of one of the outgoing 
particles [say the + in case (b)] and to evaluate the 
invariant quantity 


91° 93= —@31LW1L+ 411931 COS6131, (1.13) 


where 6;3, is the angle of the outgoing particle with 
respect to the incident beam in the laboratory system. 

One may then consider the same invariant in the 
required barycentric system for particles 1 and 2, where 
the energy of the outgoing particle 3 is 


wao= (w’—pa+y3")/2w, (1.14) 


if 44 is the mass of the “other” particle in the reaction, 
1+2-—+3+4. The momentum g3, is of course 
(w3s2—3")!. The energy of the incident particle in this 
system may be calculated if A? as well as w is known. 
One finds 


wip= (w+ A?+y1")/2w, (1.15) 
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and a corresponding momentum q:,= (wi,?—y:")*. The 
cosine of the scattering angle in this system is then 
related to the invariant g;-g; by a formula analogous 
to (1.13), so that one finds 
C088 y= (911981 COS8131-+- W301 b—w3L@1L)/gsrgis- (1.16) 
Thus it is possible to subdivide the events observed 
according to cos#, and to extrapolate in p’ at fixed 6, 
in order to obtain the desired angular distribution. In 
Sec. 2 it will be explained that when a final-state 
interaction involving the spectator is important it 
may be necessary to avoid certain regions of the scatter- 
ing angle @». Since these regions are generally small, the 
determination of the total cross section for a given 
channel should not be too strongly affected by final- 
state interactions. 


2. A NONRELATIVISTIC EXAMPLE: 
n+d—n+n+p 


A. We consider a neutron, of momentum q,, incident 
on a deuteron at rest. The deuteron disintegrates, 
leaving a final state with two neutrons of momenta 
qs; and qs, and a proton of momentum p. The contri- 
bution to the amplitude from the process in which the 
incident neutron is scattered by the neutron in the 
deuteron, the proton standing by as a spectator, is 
given by 


a= (qs, qs T —p, qi)d(p), (2.1) 
where J is the neutron-neutron 7 matrix, @ is the 
Fourier transform of the internal wave function of the 
deuteron, and where explicit spin functions have been 
omitted. 

The main point of our paper is contained in the 
remark that ¢(p) has a simple pole at p?= —a? (1/a is 
the deuteron radius) whose residue is simply the 
normalization of the asymptotic wave function of the 
deuteron. The rest of the amplitude has no pole at this 
point. Furthermore, at p?= —a*, the T matrix is on the 
energy shell, so that it can yield direct information on 
neutron-neutron scattering. This evidently follows 
from the energy-conservation equations for Eq. (2.1): 


The energy difference between the final and initial 
states of the T matrix in Eq. (2.1) is 


2 


qs qe 2 Pr (a?+ P ) 


E=—+— ——= 
2M 2M 2M 2M M 
so that when p?= —a’ we have AE=0 and the T matrix 


in Eq. (2.1) becomes a multiple of the neutron-neutron 
scattering amplitude. 
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The contribution of a in (2.1) to the cross section is 


Ao 2C? 
i ae J eodasdas5(0+4:+40-a) 
Ar Mair’, 


9 rio 


qi" a’ ike 


( PA Tie Pal 
2M 2M 2M 2M M/(p?+02)? 


In Eq. (2.4) the integral is to be extended over the 
region of interest r. The quantity /, at p’= —a’, is the 
neutron-neutron scattering amplitude, that is |/|* is 
the neutron-neutron differential, unpolarized cross 
section in the center-of-mass system. The normalization 
of the asymptotic deuteron wave function, C, is: 
C?=2a/(1—rea), (2.5) 


with ro the triplet effective range.* Strictly speaking, C? 
is a function of p*, as the deuteron is not in a pure § 
state. In fact, one can easily show that C? must be 
replaced by C*[1+(p/a)*é]. Here e~V2Qa", where Q 
is the deuteron quadrupole moment. Since e~0.02, 
however, the difference may be safely ignored. 

We do not need to take the exclusion principle 
explicitly into account. It is clear that for the process 
under consideration (n-n scattering, spectator proton) 
it enters only into the quantity /. For the other process 
of interest (n-p scattering, spectator neutron), the 
situation is slightly more complicated, but the coeffi- 
cient of the pole will not be affected by the exchange 
of the spectator and scattered particle. 

In order to carry out the integrations indicated by 
Eq. (2.4) we introduce the variable q= }(qs—qs), which 
is the final relative momentum of the scattered particles. 


> 


In the notation of Sec. 1, w7=4(q?+ M7’); then we have 


rio 


Ao 2 ar 
= © f dpa 
Ar Mqir* (p?+a")? 


T 


Pog (imp? ge 
<6¢ —+—+——__—+— }. (2.6) 
2M M 4M 2M M 
We wish now to evaluate the remaining integrals holding 
p’, g, and z fixed, where 


q: (qit+p) n 
=— (2.7) 


oe 
” 


qiqitP, 


The 6 function in Eq. (2.6) shows that a measurement 
of the recoil energy and angle is equivalent to a measure- 
ment of g?. The amplitude / is a function of the final 
relative energy, g°=g’, as well as of z and the initial 
relative energy, g7, where 
qitp,* 


9 


g= (2.8) 


= (p?+q°+a’). 


3 J. Blatt and V. Weisskopf, Theoretical Nuclear Physics (John 
Wiley and Sons, Inc., New York, 1952), p. 611. 
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At ~’=—a*, we have already seen that by energy 
conservation g; equals g;, so that z approaches the 
scattering angle in the center-of-mass system. Thus 
we have 


f dq= J q’dqd ,d(cos6,) = rd (q")qdz, (2.9) 


d(p*) 
fav--- —d(p:qi), (2.10) 
q1 


so that now we write 


do 4 I dle 
———_=—(¥g-—_—_. 
Op’ag’ds qi (p’+a")? 
As p’ approaches —a’, Eq. (2.11) becomes 
0° 4 denn 
——(q,0), 


C*q 
qi” (p? +a")? dQ 


—_ (2.12) 


apagds 
where z=cos6,. Integration over the variable z gives 
the total cross section: 


O*o dg ‘Ke 
Opa? 


Formulas (2.12) and (2.13) yield the extrapolation 
procedure suggested in the first section. 

We shall see in the next section that it is generally 
true that the distribution in energy and angle of the 
spectator particle extrapolates, via Eq. (2.13), to the 
total cross section of the other two particles at the 
appropriate energy even when multiple-production 
processes are involved. 

B. We turn next to the important question of the 
limits on the variables p? and g’. The limits on z are 
of course +1. Let us choose g’ first. Clearly, in the 
center-of-mass system, we may have gq’ take all the 
available energy, or none of it. Therefore we write 


0<¢@/M <3q7/M—a?/M. (2.14) 


T nn’ (q) (2.13) 


mq (p?+a?’)? 


In order to calculate the limits on p’, we note that 

p?= M?(AV)?, where AV is the velocity transfer from 

the deuteron to the spectator proton. Since AV is a 

Galilean invariant, we may calculate it in the over-all 

center-of-mass system. Let P2 be the proton recoil in 

this system. Then, by energy conservation, we have 
P2 P22 g qe a 


-+—+—=}—~_, (2.15) 
2M 4M M M M 


$P2= $q1°—a°— q. 


The velocity transfer is AV= (P2/M+4q:/M), so that 
we obtain 


P= (P.+4q;)°. (2.16) 


1645 


The upper and lower limits on #* are therefore given by 
(P2+ 491)", where we have 


P2=[(4/9)q:?— (4/3) (a?+¢°) }}. 


This result is a special case of the general formula (1.6), 
taken in the nonrelativistic limit. 

It is convenient to put these results on a plot of 
p’/qv versus (q’+a*)/gy such as is shown in Fig. 2. 
Here the allowed region of g’ and ? is included between 
the two lines. The point to which we must extrapolate 
is p= —a’. Clearly the optimum @’ is the one for which 
p’? can take on the value zero. This occurs at 
go =49r—a", a final center-of-mass energy which 
corresponds, neglecting the binding shift a’, to the 
collision of the incident neutron with a neutron at rest 
in the laboratory. This is a second feature generally true 
for a deuteron target, irrespective of the particle striking 
the bound neutron: the minimum in the extrapolation 
distance, at least in the limit a? — 0, always occurs at 
that final energy corresponding to the fictitious two- 
particle collision in the laboratory. 

C. The contribution of the pole at p’=—a’ to the 
total inelastic cross section is of the same order of 
magnitude as the total neutron-scattering cross section, 
so its effect is certain to be comparable to that of more 
complex processes. It is therefore probable that a 
successful extrapolation can be carried out in the 
deuteron case. 

This order of magnitude may be estimated most 
simply by integrating Eq. (2.13) over p? and g?. We have 


0-0 
f ( Ja 
J \aqap? 


(2.17) 


Onn’ (q). 


2g | ! 
C* wa —_ 
Puin? +a? Pax or 


rq , 
If we neglect a?/pPmax’~a"/qi?, the upper limit in Eq. 
(2.17) may be dropped compared to the lower. Further, 
if we expand pPmin?(q’) about go’, we find, if we call 
g—-qr=4, 

Pmin?= (P2— $1)" 402/91’. (2.18) 
The denominator of 1/(Pmin?+a") therefore limits the 
integral over q to values of u?Sa°q;? or (Ag) Sa. Assum- 
ing no violent g dependence in on,7(g), we may neglect 
higher powers of u/q;’ in the denominator of Eq. (2.17) 
and replace g by go everywhere else. The remaining 
integral is 


* do = 2qgoonn™ (Qo) . du 
ona f du —=— ef 
» df 7qi" » (4u*p;?) +a? 


CG qo BY 
again Onn! (qo) Onn! (Go). 
a 41 


(2.19) 


D. We shall here discuss the residual dependence of 
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the various terms in the production amplitude on the 
extrapolation variable p*? once the pole has been 
removed. Of course the practicality of our scheme 
depends most critically on this dependence. Roughly 
stated, if the dependence on ’ is too strong in the 
neighborhood of p?=0, we shall be unable to extrapolate 
to p>=—a’*. More precisely, if there are singularities in 
the cross section which are closer to the physical region 
than the one at ~’=—a’, then a polynomial extra- 
polation may fail. 

The p® dependence may be divided into a part 
associated with those terms present in Eq. (2.1) and a 
part associated with other terms, such as final-state 
interactions. The first type is harmless, being given by 
the characteristic momentum associated with the range 
of the nuclear potential. Thus the deuteron wave 
function satisfies the Schrédinger equation 


$(p)=—— 
pte 


2 


f V(p—p’)o(p’)dp’ 
(2.20) 


ferveovine, 


“a p?+a* 


and hence the singularities of the second factor are 
determined by the range of the potential. The proof for 
the dependence of the 7 matrix on its initial momentum 
is identical. Thus the dependence of (2.1) on p? is quite 
accurately given by the pole and its residue for a range 
of ~® which is large compared to the extrapolation 
distance a’. 

The p® dependence of the rest of the amplitude is 
considerably more involved and much less favorable. 
One can qualitatively understand the difficulty by 
considering the final relative energies of the spectator 
and one or the other of the neutrons. These energies are 


E,*= ($q:—3p+q)?/4M. (2.21) 
Clearly the scattering amplitude is brimming with 
singularities in the variables £,*, particularly in the 
neighborhood of E,=0. One need only recall the branch 
point at E,=0, the bound n-p state, and the virtual- 
singlet state. (There are also other less obvious singu- 
larities associated with scattering by the spectator 
particle rather than with final-state interactions.) Since 
we have 3¢:.~go=q, we see from Eq. (2.21) that for 
small » the forward and backward directions will be 
dangerous so that the extrapolation to the forward 
and backward differential cross section can probably 
not be carried out. As far as we have been able to 
determine, as long as |z] is substantially smaller than 1, 
’ however, the nearest singularity in p* is the pole at 
p?=—a’*, so that the extrapolation is possible in 
principle. Furthermore, the singularities in the forward 
and backward directions appear to be sufficiently weak 
so that, although they make an extrapolation to the 
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differential cross section impossible at those points, 
they will not cause any practical difficulty in the total 
cross section. For example, a term in the total cross 
section of the form 


at (p?+a7)! 
nf | 


Qa 


although it has a branch point at ~*+a’=0, would 
show almost no trace of this singularity in the physical 
region compared to the rapidly varying term of interest, 
1/(~?+a7)*. Calculations are being carried out on a 
special model to investigate these problems in more 
detail. 

3. THE GENERAL PROBLEM 


A. The central physical principle employed in this 
paper is the existence of poles in the S matrix corre- 
sponding to single-particle “intermediate states.” In 
the elastic scattering problem, r+N — r+N, the fact 
that such poles exist in the energy variable has been 
rigorously proved; and it has recently been argued that 
for nucleon-nucleon scattering there are poles in the 
momentum-transfer variable. In both cases the residues 
of the poles are given by the renormalized pion-nucleon 
coupling constant. A generalization is required for the 
present application, and the following conjecture seems 
to us extremely plausible. 

1. Consider an element of the S matrix corresponding 
to a definite total number of particles N (incoming plus 
outgoing) as a function of the independent invariants 
which remain after all particles are put on their mass 
shells and energy-momentum conservation is considered. 
Then, if it is possible to divide the particles involved 
into two groups, each of which has all the same quantum 
numbers (spin, charge, parity, etc.) as some single- 
particle state, we conjecture that there exists a pole in 
the S matrix at a point related to the mass of this 
particle. (In forming these two groups, if a particle is 
switched from incoming to outgoing or vice versa 
it is to be considered as the antiparticle with the 
opposite energy-momentum.) More precisely, if we 
choose one of the independent invariants to be P*, 
the square of the total energy-momentum four vector 
for either group of particles, then the pole occurs at 

= —m?, where m is the mass in question. 

Consider, for example, pion-nucleon scattering, 
™1(g1) +Ni(p1) — 12(G2)+No(p2). Here one may form 
two groupings which lead to poles. First, the two 
incident particles (,,Ni) and the two final particles 
(32,N2) both can connect to a single-nucleon state, 
giving rise to a pole in the barycentric energy at 
(pit+q:)*=—M*. An alternative grouping is (71,2) 
and (#2,N1) which gives rise to a pole at (p1—q2)?= —M?. 
This latter variable is a combination of the conventional 
energy and momentum transfer. The last possible 
grouping, (71,#2) and (N,,N2), has no pole associated 
with it if one ignores electromagnetic effects. 
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In nucleon-nucleon scattering, we have N(p;) 
+N1' (pr) + No(p2)+N2' (p2’), in which there are three 
poles: at (pitp1')*=—M4, corresponding to the 
deuteron; at (pi—p2)*=—m,?, and at (pi—p,’)? 
=—m,’, both corresponding to the pion. In pion-pion 
scattering there are no poles. 

2. The residue of a particular pole in the S matrix is 
conjectured to be given by the product of the (smaller 
dimensional) S-matrix elements which connect the two 
groups of particles to the intermediate particle on its 
mass shell. In the above elastic-scattering examples, one 
is always considering groups containing two particles. 
The S-matrix element connecting such a group to a 
single particle, even though all three particles are on 
the mass shell, does not correspond to a physically 
realizable transition for stable particles. Nevertheless 
the matrix element may be defined by a process of 
analytic continuation and can be experimentally 
determined. It is well known, for instance, that for the 
transitions r+N@N or N+N= rz the value of the 
S-matrix element is essentially the pion-nucleon 
coupling constant. It is also known that for the transi- 
tion n+pssd the S-matrix element is directly related 
to the normalization of the asymptotic wave function 
of the deuteron. 

In this paper we are concerned with a problem where 
one of the groups in question contains two particles and 
the other contains three or more. As shown in Fig. 3, 
the smaller group consists of the complex target particle 
(M,) and the spectator (M2); the larger includes the 
incident particle (u:) and all outgoing particles except 
for the spectator. (We designate these outgoing particles 
by the symbol F.) The intermediate particle here is of 
Mass pe. 

Our basic conjecture is that the matrix element 
connecting the larger group (F+1) to the intermediate 
particle on its mass shell is equal to the physical 
matrix element for the process 1+2-— F. A basis for 
this conjecture has been given above in Sec. 2 by 
considering a nonrelativistic deuteron problem in the 
impulse approximation; it can also be verified in 
relativistic-perturbation theory for the pion problem. 
We are, however, not able to give a general proof, 
although a proof for the case of real four-momenta has 
been given by Zimmermann.‘ For our purposes we 
require also complex four-momenta. 

When we have a deuteron target (M,;=Ma4) witha 
proton recoil (M:=M,) and wish to measure the 
neutron cross section (u2=M_,,), the residue of the pole 
in the S matrix at A*’=—M,? is the product of the 
matrix element for the process d$s>n+p with the 
amplitude for the incident particle (u:) to be scattered 
by the neutron. Correspondingly in the deuteron cross 
section there will be a second-order pole whose residue 
is a known multiple of the neutron cross section. Similar 
statements apply to the proton target when the object 


4W. Zimmermann, Nuovo cimento (to be published). 
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is the w° cross section. Let us now consider the calcu- 
lation of explicit formulas for these residues. 

B. We designate the total energy-momentum four- 
vector of the F outgoing particles by the symbol Q 
while the “internal” state of these particles is labeled 
by the index . The matrix element of essential interest 


is then 
(Q,n|j2|q1), 


where je is the “current” operator associated with the 
particle of mass we, and gq, designates the incident 
particle of mass y;. When (Q—q:)? equals —y,* this 
matrix element describes the physical transition 
1+2-— F. To establish a normalization, let us say that 
the total cross section for the scattering of particle 1 
by particle 2 is 


(3.1) 


\ 2x { . 
o12(w) =—— 2) | (Q,n| j2| qi)’, 
gié2 ™ 


(3.2) 


where w=,/—(Q*, and gq,’ is the magnitude of the 
momentum of particle 1 in a frame where particle 2 is 
at rest. One may easily calculate that 


gi’ u2= [ft 4? (uy? +o”) +3 (ur? — 2”) |}. 
The other matrix element that is required is 
] 


(p2|j2| pr); 


where p2 and ; designate the single-particle states of 
mass M, and M,, respectively. We are interested in the 
case (p2—pi)?=—y’, where this matrix element is 
given by a single real number if all three particles 
involved have spin zero. If nonzero spins occur, more 
than one number may be required, but we shall concern 
ourselves only with experiments where the initial state 
is unpolarized and no measurement is made of the spin 
of any final particle; in such a case only a spin average 
of the square of (3.4) need concern us. We shall call 
this average 4rI? and normalize it so that, for the 
process p— p+7°, we have 


I? = g*(pi— p2)*/4M ,” 
= fA2/p2, 


(3.3) 


(3.4) 


(3.5) 
where f?=0.08. 

With the same normalization for the 
d— n+p, a very good approximation is given by 


4 a 
wt) 
M> 1—ary 


as explained in Sec. 2. 
The contribution to the cross section from the pole 
indicated in Fig. 3 may now be calculated. One finds 


process 


4nT? oi ? 
- | ———|(Q,n|jo|q.)|? 
Ar qiMi/, (A?+p,’) 


d'‘ps 
X4M 1M 5(p?+M2*)—, (3.7) 
(2m)? 


Ao nr 
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Fic. 3. Diagram showing 
the particle groups corre- 
sponding to the pole of 
interest. 


with the energy-momentum conservation condition 

P=pitq= pet. (3.8) 
We may now transform from 2 to the variables of 
interest by observing that in the laboratory system we 
have 


At= (po—pr)* - —M2—M,"—2Fo.M;, (3.9) 


w= — ( P—p.)*= W?+M?+ 2pergit cos6, 
—2Fo1(M,+011), (3.10) 


giving 
fer. 6(p’+M,.*)= T pd | cos6;,)dEo; 


T 
= dA*dw. (3.11) 


4M 191 l 


Remembering (3.2), we then get the final result for the 
limit as A? approaches —y:": 


bw? (ps? t+ oe”) +3 (mr — pe”) | 


0a —(—) iw ia 
ON dw" Ir \M; 


qiL” 
012(W) 


x .» 4342) 
(A?+ pr")? 


which leads to the prescription given by (1.7), (1.11), 
and (1.12) when the relation (1.1) between p* and 
A? is used. It may easily be verified that (3.12) reduces 
to (2.13) in the nonrelativistic limit for a deuteron 
target. 

C. We conclude by discussing the particular case of a 
proton target that is being used to determine the 
(x*,°) cross section. Formula (3.12) here becomes 


9\1 


0a hi w(iw?—p?)! 


P {Ts 
Op 'dw* p— —p Zr (p?+y)* gin” 
where uw is the pion mass. 

To establish the order of magnitude of the effect, we 
may perform a rough integration of (3.13) over the 
allowed phase space (e.g., Fig. 1) assuming a constant 
value for ¢,,. The result for W—M>>ux is a contribution 


AND' fF. E. 


LOW 


to the total pion-nucleon cross section of the order of 


magnitude 

; (“)( ~~). 

A | Se Pw 

w\yu W+M 
Since (f*/2)(M/y)? is of the order of magnitude unity, 
we see that at sufficiently high energies the full pion- 
pion cross section may be expected to contribute. 
Therefore, if o,+,° is as large as 10 mb our pole should 
constitute an important part of the high-energy pion- 
nucleon interaction, since the observed total inelastic 
a+—p cross section is only ~20 mb, even though it 
includes also a (#+,r+) contribution, which occurs with 
twice the coefficient of o,+,°. 

One may add here the qualitative remark that 
analyses of elastic pion-nucleon diffraction scattering 
in the Bev energy range have shown a mean-square 
radius of the nucleon approximately equal to the charge 
and magnetic-moment radii measured in the Stanford 
electron-scattering experiments. This fact strongly 
suggests that the pion-pion interaction must be im- 
portant since these large radii can be understood only 
in terms of a pion cloud. We expect, then, that a 
measurement of the type described in Sec. 1 will show 
a concentration of recoil protons at low kinetic energies, 
as predicted by formula (3.13). 

Unfortunately, as stressed earlier, the magnitude of 
this concentration is not a quantitative measure of 
orx. The difficulty is that, in squaring the amplitude, 
there will occur cross terms which lead to a first-order 
pole of unknown residue in the cross section. Only the 
second-order pole has a clearly interpretable coefficient, 
and in the physical region the second-order pole in 
(3.13) has a small and negative effect, since 


(3.14) 


P 1 Vi ; 
——= —-———. (3.15) 
(p?+p?)? Pa (p?+p?)’ 


In order to determine ¢,, quantitatively, the low-energy 
proton recoils must be measured with sufficient precision 
to determine the tendency of the cross section to 
decrease (or at least increase less rapidly) as p? ap- 
proaches 0. Of course, as pointed out also by Goebel, 
the existence of a concentration at recoil-proton kinetic 
energies of the order of 10 Mev will constitute quali- 
tative evidence for the z-z interaction.® 

In conclusion, it should be emphasized that a negative 
experimental result would still be valuable if it placed 
an upper limit on the magnitude of ¢,,, since at present 
absolutely nothing is known about this cross section. 


5 C. Goebel, Phys. Rev. Letters 1, 337 (1958). 
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Formation of Discontinuities in Classical Nonlinear Electrodynamics* 


Morton Lutzky AND JOHN S. TOLL 
Department of Physics, University of Maryland, College Park, Maryland 
(Received September 22, 1958) 


It is shown that discontinuities can develop in the propagation of initially smooth waves governed by a 
classical nonlinear theory of electrodynamics. The type of theory considered includes as a special case that 
of Heisenberg and Euler, which describes the modifications that must be made in the Maxwell equations 
to include the classical limit of the nonlinear vacuum effects of quantum electrodynamics. A particular 
solution of the equations is constructed by the method of characteristics; this example illustrates how, with 
the appropriate well-behaved initial conditions, the characteristics can be made to intersect at later times, 
thus forming discontinuities. The classical approximation fails when the gradient of the field strength 
becomes large, so that no definite conclusion can be drawn as to the actual physical creation of singularities 


I. INTRODUCTION 


T is well known! that quantum electrodynamics 

predicts and experiment verifies that the vacuum 
is polarizable and that two general electromagnetic 
fields will not superimpose but will interact (‘‘scattering 
of light by light’). Heisenberg and Euler?* have 
derived an explicit Lagrangian which describes these 
nonlinear effects in the classical limit of long wave- 
lengths, low frequencies, and not too excessive field 
strengths; here the linear Maxwell equations are re- 
placed by nonlinear equations. One of the very im- 
portant differences between linear and nonlinear partial 
differential equations is that in the latter case solutions 
may occur which, although the initial values are 
entirely smooth, develop a surface of discontinuities at 
a later time.’ The situation is mathematically analogous 
to certain hydrodynamical problems, where these 
discontinuities appear as shocks. In this paper we shall 
show that any nonlinear classical theory of electro- 
dynamics admits solutions that exhibit this formation 
of discontinuities. 

Il. “SIMPLE WAVE” SOLUTIONS FOR 
GENERAL LAGRANGIAN 


It is easily demonstrated® that only two independent 
scalar invariants can be constructed from the com- 
ponents of the electromagnetic field tensor, F,,; they 
are, in the usual notation 


[= F,,F“"=2(B?—E?), 
K=(0F,,F,,}?= — (4E-B)?. 


* This research was supported in part by the U. S. Air Force 
through the Air Force Office of Scientific Research of the Air 
Research and Development Command. This paper contains thesis 
research submitted to the University of Maryland Graduate 
School by Morton Lutzky in partial fulfillment of the requirements 
for the M. S. degree in physics. 

1 For example, see any text in quantum electrodynamics, such 
as J. Jauch and F. Rohrlich, The Theory of Photons and Electrons 
(Addison-Wesley Publishing Company, Cambridge, 1955), p. 298. 

2 W. Heisenberg and H. Euler, Z. Physik 98, 714 (1936). 

3V. Weisskopf, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 14, 1 (1936). 

4 John A. Wheeler and John S. Toll (to be published). 

5 See, for instance, L. Landau and E. Lifshitz, Classical Theory 
of Fields (Addision-Wesley Publishing Company, Cambridge, 
1951), p. 63. 


If we impose the conditions that the field equations be 
linear differential equations, then® the only possibility 
for the Lagrangian (which must be a relativistic scalar) 


1S 


£=aF,,F"=al, (1) 


where a is a constant. On the other hand, if the linearity 
restriction is dropped, we may take as the Lagrangian 
a general function of the two invariants 


£= LIK). (2) 


Since it is our purpose only to show that we can find 
solutions which involve the formation of discontinuities, 
we can simplify our problem by considering solutions 
of a particularly simple form. Thus we assume that, in 
a particular reference frame, all components of the 
four-vector potential vanish identically except for 
A.=$(x,l), where ¢ represents a plane wave depending 
only on x=, and on ¢. Then the invariant K is found 
to vanish identically. It is convenient to transform to 
the independent variables £=x+/, n=x—(¢; then the 
remaining invariant J is given by 


[= 4b», (3) 


where we introduce a notation in which subscripts on 
¢ denote partial differentiation. For any such solution 
and a general Lagrangian of the form of Eq. (2), the 
variational principle is equivalent to the single partial 
differential equation : 


0/0L 0 OL 
Bg  « 
JEN Ab:7 = On \ 0d, 


which may be written 


dL PL : 
—$ ty +2— (by beet be Gmyt 2h bwin) = 9. (9) 
ol or? 


Since £ and its derivatives are functions only of 
I =4@:¢,, we find that Eq. (5) is of the general type 
Ader t bohigt Chnn=9, (6) 


6L. Landau and E. Lifshitz, reference 5, p. 69. 
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where a, b, and c are functions only of ¢; and ¢,: 
a= 26,/70°L/adl’, (7) 
c= 29678°L/dl’, (8) 
b= 0L/0I1+-10°L/dl’. (9) 


When the solution $(£,n) is such that > 4ac through- 
out a region R(£,n) of space-time, Eq. (6) is hyperbolic 
in R and can be solved by the method of characteristics.’ 
At each point two characteristic C, and C_ are defined 
which have the tangent directions given by: 


dn/dt=p,/a, (10) 


where p, are the two real solutions of 


p’>— bp+ac=0. (11) 


Functions F,(¢;,¢,) and F_(¢;,@,) can be constructed 
which maintain constant values along each of the C, 
and C_ characteristics, respectively. We state without 
proof the known’ results that an especially simple type 
of solution of the Eq. (6) can be constructed if the 
initial values along any curve that is not a characteristic 
are chosen to satisfy: 


F_($:,0,) = Fo, (12) 


where F¢ is any fixed constant. Then this relation will 
be satisfied at later points obtained by following C, 
characteristics from the initial curve B; these C, 
characteristics are all straight lines; and the values of 
¢: and ¢, are constant along each C, characteristic. 
The propagation of solutions of this type, which are 
called “simple wave’ solutions, is easily determined 
geometrically from the initial values. It is now clear 
how singularities in the solution can arise. If the initial 
values are chosen such that the slopes p,/a of Eq. (10) 
give for some interval on B a converging set of charac- 
teristics, these characteristics, which carry different 
values of ¢; and ¢,, will intersect at later times. 

At a point where two C, characteristics intersect, 
the assignment of values of ¢; and @¢, is no longer 
uniquely determined. The general situation involves 
the formation of an envelope by the family of straight 
lines ; this curve separates the &, 7 plane into two regions, 
in only one of which the solution is unambiguously 
determined by the initial conditions. The envelope thus 
forms a limiting curve beyond which the solution cannot 
be continued in a unique and unambiguous manner. 

Due to the fact that a, 6, and c have the forms given 
by Eqs. (7), (8), and (9), it is possible to find F, and 
F_ as follows: From the theory of characteristics,’ it 
follows that along a C_ characteristic ¢; and ¢, are 
related by 

(p_)do;+ cdg, =9. (13) 


7 See, for instance, R. Courant and K. O. Friedrichs, Supersonic 
Flow and Shock Waves (Interscience Publishers, Inc., New York, 
1948), especially Chap. II. 
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From Eqs. (6)—(9), we see that c/p_ has the form 
¢;"/P(¢,), where the function P of the product ¢:¢4, 
depends on the particular Lagrangian £ of Eq. (2). 
Hence, Eq. (13) can be written 


P(dxby)dd: +-$;°dg,= 0. (14) 


The function F_(¢;,,), which is constant along the 
C_ characteristic, is obtained by integrating Eq. (14) 
with its integrating factor {¢:(¢:¢,—P)}—. Once 
F_(¢:,¢,) is determined, continuous initial values of 
¢; and ¢, along any contour B can be chosen which 
satisfy Eq. (12) and thus yield a simple wave solution. 
The slopes of the straight C, characteristics emanating 
from B are then found by Eq. (10). If these charac- 
teristics should all happen to diverge, a new solution 
with converging characteristics will result from the 
mapping x— —x. Consequently we have shown that, 
except for the case when the characteristics are all 
parallel (e.g., if the field equations are linear), it is 
always possible to generate a simple wave solution in 
which some neighboring characteristics must intersect, 
thus leading to infinite gradients in the field strengths. 


Ill. SPECIAL EXAMPLE 


The particular Lagrangian of Heisenberg and Euler’ 
can be treated by the above methods. The field strengths 
along the initial curve B can be chosen to be sufficiently 
small,* so that one need only retain the first two terms 
in the expansion of the Lagrangian in powers of the 
invariants, which yield 


= —31+328{P?—(7/4)K}, 


where 6=he*/452°m‘. Equation (5) or Eq. (6) then 
becomes 


(15) 


Vin= Vids tid Win tvi von (16) 


where the explicit appearance of 8 has been removed 
by introducing : 


¥=B'9. (17) 
Equation (11) can then be solved to give one root as: 
p=3(4A—1)+3(12\7—8A+1)}, (18) 


where \=yzy,. We identify this root with p_ and Eq. 
(13) then becomes 


e& 1 L124) Sebo 1) ) 
2 2 





Xdpt+yedy,=0. (19) 


This is already of the form (14) and its solution may 
be represented parametrically by 


Ve=DS)/T}, w= LAF J, 


8 Since, in the simple wave solution, the field strengths remain 
constant along C, characteristics, it is simple to check at the end 
of our investigation that the contribution of the omitted higher 
order terms is indeed numerically negligible. 


(20) 





CLASSICAL 


where A is a parameter which must be chosen in the 
range O<A<F%, in order that the equation remain 
hyperbolic, and where 


fA) _{(3—12N)[3(1— 2d) }'+- (12A—5) (1— 6d) 8} 7/98 
r (127—8A+1)!+1—4d 





(21) 


J is a positive, arbitrary constant of integration. (Note 
that yw,=A.) Then Eq. (20) gives the values of y¥; 
and y, along the initial curve B. A logical choice for this 
initial curve is the line =n, or the x axis (t=0). Any 
continuous assignments of values of A to this initial 
curve will lead to a particular simple wave solution. 
For convenience we parametrize the initial curve by 


1 1 


“qe -———, (22) 
kX 1—kd 

where & is a real constant (k>6) and the range of d is 

O<A<1/k. Thus the complete x axis is parametrized 

by (22). From Eqs. (10) and (18) we then find for the 

slope of the line passing through that point of B which 

corresponds to a given A: 


dn 1 
—= ——{(3—12d)[3(1—2a)]} 
] 


dé 2 

+ (12A—5)(1—6d)*}-*/¥8, (23) 
with O<A<1/k. Thus the complete solution may be 
traced out as follows. 

Each value of 4, O< A<1/k, determines (1) a point 
(En) on B, given by Eq. (22), and (2) a straight C;, 
characteristic passing through this point and with the 
slope given by Eq. (23); and along which y; and y, are 
constant at the values given by Eq. (20). By running 
over the complete range of A, we cover a region of the 
én plane with straight lines and therefore with values 
of ¥: and y,. These values are the simple wave solution. 

The computations lead to a family of converging 
straight lines for the C, characteristics. The envelope 
of this family is a curve of two branches, each of which 
is a time-like curve, and the two branches meet at a 
cusp. This cusp is the earliest point at which the 
characteristics intersect and represents the first ap- 
pearance of a discontinuity in the gradients of the field 
strengths. 

By choosing k to be very large and J=1/k, the 
values of y; and y, are everywhere smaller than k-!, 
according to Eqs. (20) and (21). Thus, for sufficiently 
large k, the higher order terms in the Heisenberg-Euler 
Lagrangian can be shown to give only a negligible cor- 
rection to the above discussion. (For k= 10", the cusp 
occurs at about the time /=5.0X10" in the units used 
above.) The critical field strength for the Heisenberg- 
Euler Lagrangian is 4.0 10" gauss, so that all normal 
laboratory field strengths are indeed small compared 
to this value. For examples with small fields, the charac- 


NONLINEAR ELECTRODYNAMICS 


x 








Ly T T T yeny T 
+20 +10 O -10 -20 -30 -40 -50 


Fic. 1. Construction of a simple wave solution with formation 
of a singularity. The particular example of Eq. (22) of the text 
with k=6 and J=}4 has been illustrated. The characteristics are 
straight lines and the small numbers indicate corresponding values 
of the parameter \. The values of the field strengths, given 
originally along the x axis, remain constant when propagated 
along each characteristic and the singularity is produced when 
these characteristics converge to produce the first intersection at 
the point P, where an infinity in the field gradients must appear. 


teristics are all nearly parallel to the light cone. In 
order to give an easily illustrated example, we show in 
Fig. 1 a case with k=6 and J=}. (Of course, the field 
strengths are enormous and the corrections would be 
appreciable ; in fact, the Lagrangian is quite inapplicable 
anyway at such field strengths, so that this example is 
purely pedagogical.) 


IV. GENERAL REMARKS 


It is clear that we cannot interpret literally the 
formation of discontinuities in the field gradients; for, 
the Heisenberg-Euler theory is invalid for fields which 
change too rapidly,? and therefore must break down 
before a discontinuity is actually achieved. The physical 
reason for the restriction on the Heisenberg-Euler 
Lagrangian is that we wish to prevent the formation 
of real pairs; we see, then, from the character of our 
solution, that the field must create real pairs in the 
space-time neighborhood of the singular curve. In this 
region we no longer have a vacuum situation, the 
Heisenberg-Euler theory no longer applies, and the 
more powerful machinery of quantum electrodynamics 








1652 M. LUTZEHY 
must be applied to discover just what happens in this 
case, and how the extension is to be made into the 
unphysical region. 

Because of the small numerical value of the constant 
coefficients of higher order terms in the Heisenberg- 
Euler Lagrangian density, these effects are too small 
to be susceptible to experimental test.‘ The primary 
importance of our investigation is to point out theo- 
retical methods for the investigation of these nonlinear 
effects, and to give an example of the kind of phenome- 
non which may occur. It is hoped that such examples 
will provide some insight into more realistic situations, 
and be of some suggestive value in the consideration of 
the nonlinear aspects of quantum field theories. 
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Note added in proof.—The question has been raised 
as to whether the singularities which occur in the solu- 
tion of the equation we have treated are due to special 
properties of the equation, or whether any nonlinear 
hyperbolic equation possesses singular solutions. We 
have been unable to determine whether there exists a 
nonlinear hyperbolic equation having the property that 
for no initial conditions does the solution exhibit 
singularities. Therefore we regard this investigation as 
merely demonstrating how, for a particular physical 
situation, singularities may occur, and how they are 
formed in this case. In this connection, we note that 
an investigation of the singularities occurring in the 
solution of another type of nonlinear wave equation 
has been made by J. B. Keller, Comm. Pure Appl. 
Math. 10, 523 (1957) 
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The radiative correction to the decay spectrum of polarized 
muons is recalculated taking into account a mistake in our previ- 
ous work which was recently pointed out by Berman. The revised 
values for the radiative correction to 5, , and integrated asym- 
metries for the high- as well as low-energy decay electrons have 
turned out to be practically identical with the old values. The p 
value determined from experiments, on the other hand, has to be 
increased by about 1% because of the new correction. Thus the 
over-all effect of the radiative correction to the p value is now an 
increase of the order of 5.6% when the experimental and theo- 
retical spectral distributions are compared in the region 0< p/pmax 
<0.95. The radiative corrections to the spectrum and lifetime of 
the nuclear 8 decay arising from the charge interactions of the 
electron and proton are also studied. Use of this expression gives a 
correction of —1.7% for the lifetime of O“. The corrected 


1. INTRODUCTION 


HE lowest order radiative correction to the decay 
of polarized muons have been studied in previous 
papers.'~ In the present work, the functions which de- 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1 Behrends, Finkelstein, and Sirlin, Phys. Rev. 101, 866 (1956). 
This paper will be quoted as I. 

2 T. Kinoshita and A. Sirlin, Phys. Rev. 107, 593 (1957). This 
paper will be quoted as IT. 

’T. Kinoshita and A. Sirlin, Phys. Rev. 107, 638 (1957). This 
paper will be quoted as III. 


Feynman-Gell-Mann coupling constant is G= (1.40+0.01) x 10~* 
erg/cm*. In the universal V—A theory of weak interactions, the 
calculated muon mean life becomes 7, = (2.31+0.05) X10~° sec. 
(These three values depend logarithmically on the ultraviolet 
cutoff \ and the corrections to 7, increase for increasing values of 
\.) It is found that the corrections to the spectral shape of 8 decay 
are rather large in the case in which the end-point energy En>>m.c? 
The radiative corrections to the lifetime and the total asymmetry 
for muon decay are found to be well defined and finite for m, — 0 
in spite of the fact that the differential spectrum itself diverges 
logarithmically in the same limit. The same situation is en- 
countered in the case of radiative corrections to the nuclear 8 
decay. A physical explanation for such behavior of the radiative 
corrections is attempted. In Appendix A, a simplified expression is 
given for the determination of the Michel parameter. 


termine the various corrections are reconsidered, taking 
into account a mistake in the treatment of the low- 
energy quanta, recently pointed out by Berman.’ In 
Sec. 2, the results of this calculation and their effects on 
the parameters 4, p, £, the lifetime, and the integrated 
asymmetries for high- as well as low-energy electrons 
are discussed. 

As a consequence of this recalculation, the p value is 
increased by an additional amount of about 1%, the 


4S. M. Berman, Phys. Rev. 112, 267 (1958). 
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over-all effect of the radiative corrections on the p value 
being now of the order of 5.6% in the spectral region 
O< p/Pmax<0.95. It is found that the effect of this 
further correction on the parameters &, 6, and the 
momentum dependence of the asymmetry is small. On 
the other hand, the corrections to the lifetime are 
affected considerably. 

It is observed that the lowest order radiative correc- 
tions to the lifetime and the total integrated asymmetry 
for muon decay are finite and well-defined in the limit 
of vanishing electron mass m, in spite of the fact that the 
differential spectrum itself diverges in the same limit, 
since it involves terms proportional to a In(m,/m_.). The 
same situation is found in the case of the nuclear 6 decay 
as is discussed in Sec. 4. This behavior of the differential 
and integrated spectra is examined in Sec. 3. In Sec. 4 
the corrections to the lifetime and spectrum of nuclear 8 
decay arising from the charge interactions of the elec- 
tron and proton are studied. 

A simplified theoretical expression for the corrected 
Michel spectrum is given in Appendix A which may 
serve to facilitate the comparison of theory and ex- 
periment. In Appendix B, the contribution of that part 
of the radiative corrections that can be interpreted as 
caused by an acceleration of a classical charge-current is 
discussed. 


2. RADIATIVE CORRECTIONS TO THE DECAY 
SPECTRUM OF POLARIZED MUON 


Let us consider the effect of radiative corrections to 
the decay spectrum of completely polarized muons. We 
shall restrict ourselves to the case of the two-component 
neutrino theory,® where only the V and A interactions 
are present in charge retention order [i.e., in the order 
(eu) (vv) ]. According to (II.3.3), the decay spectrum of 
completely polarized muons is given, to order a, by 


a me\1—x 
dN(x,0)=4A | 3- dat s(a)+6¢(— )= 
us 


mys x 


a 
+¢ cosa 1-— 20+" ()] xdxdQ, (2.1) 
1 


where «= 2p,/m, and @ is the angle between the electron 
and muon momenta.® The constants A, £, and ¢ are 
defined by (II.2.5), (II.2.33), and (1.3.4), respectively. 
The term proportional to m,/m, is comparatively small 
and will be neglected in most of the following considera- 
tions (see reference 11). It vanishes exactly in the case 
of the V+A interactions. The effect of the radiative 
correction is represented by the functions f(x) and g(x). 

As was pointed out in reference 4, the previous calcu- 
lation of f(x) suffered from a mistake in the treatment 


5T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957); A. 
Salam, Nuovo cimento 5, 299 (1957); L. Landau, Nuclear Phys. 3, 
127 (1957). 

6 With this definition of @, (2.1) is valid for both the x*-y*-e* and 
3 -u-€~ sequences. 
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of the inner bremsstrahlung accompanying the muon 
decay. The same is true of the function g(x). This may 


be traced back to the evaluation of the integral 


kmax dbp (po- P 2 
n—5 f te: hai i “T, (2.2) 
4dr i dy el (pork) (pick) 


where #1, p2, and «x are the four-momenta of muon, 
electron, and photon, respectively, and the e,’s are the 
polarization vectors of the photon. 

This integral was evaluated before in a manner that 
was inconsistent with the treatment of the virtual 
quanta. A consistent procedure is to regard x as the four- 
momentum of a vector meson of mass Amin and energy 
e, and sum over all directions of polarization of the 
vector mesons.”'* In Appendix C, the integral J is 
evaluated in the rest system of particle 1 and the result 
is shown to be equal to the previous one plus a correction 
term which is independent of kmax. From this one readily 
finds that the corrected result for any of the five Fermi 
interactions is obtained if one replaces V of (I.25b) by 
V+C, where 


C=C(x)=1—§a?— (w+Inx—1)(w+Inx—2 In2), (2.3) 


with w=In(m,/m,)=5.332. Adding the virtual photon 
term to the inner bremsstrahlung term, one thus arrives 
at the results? 
1—<2z 
f(x) = (6—4x)R(x)+ (6—6x) Inx+ ry 
x 

‘ XC (5+17x—34x*) (w+Inx) — 22%+3427], 

an 


g(x) = (2—4x) R(x)+ (2—6x) Inx 


x 
—— | tet (w+Inx) 


3x 


4(1—x)? 
+3—7x—32x%7-+-———_—_ inca) 


x 


in the case of the two-component theory where 


0 x" l= 
R(x)=2 >> jn 24o] 442 in(—*) 


n=1 n° x 


1 
—Inx(2Inx—1)+ (3 Inx—1— +) In(i—«). (2.6) 


x 


7 An alternative way is to treat the real and virtual photons as 
exactly massless. However, extreme care must then be taken in 
order to avoid improper cancellation of the infrared divergences, 

§ See, for example, F. Coester, Phys. Rev. 83, 798 (1951), and 
J. M. Jauch and F. Rohrlich, Theory of Photons and Electrons 
(Addison-Wesley Press, Cambridge, 1956) (especially Secs. 6-5 
and 15-2). 

9 We have heard recently that Berman’s result for the spectrum 
agrees exactly with our formula (2.4) [S. M. Berman (private 
communication) ]. This fact was temporarily obscured by the 
presence of a spurious term in Eq. (4) of the initial version of 
reference 4. We are grateful to Mr. Berman for his private 
communication. 
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TaBLE I, Radiative corrections to the isotropic and cos@ terms of the muon decay spectrum and related functions. 
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10°(a/2x) f(x) 10°(a/2x)F (x) 


—0.417 
—0.505 
—().678 
—0.900 
—1.145 
— 1.370 
—1.531 
— 1.573 
— 1.436 
— 1.027 
—0.659 
—0.198 
0 


10° (a/2) g(x) 


—7.727 
—3.677 
—3.116 
— 2.965 
— 2.746 
—2.310 
— 1.555 
—0.327 

1.799 

3.748 

7.623 


69.177 
25.219 
13.301 
7.564 
4.027 
1.540 
—0.368 
— 1.981 
— 3.681 
— 5.009 
—8.012 


The new function R(x) differs from the old function 
u(x) defined in IT by C(x) of (2.3). It is to be noted that 
the function R(x) depends on w only linearly whereas 
u(x) depends on it quadratically. 

For later use, we shall define the functions 


1 
F(x)=2 f f(x)x*dx, 


1 
G(x)= -6f g(x)x*dx. 
The functions f(x), g(x), F(x), and G(x) are tabulated 
in Table I for several values of x. 
We shall now proceed to discuss some aspects of the 
revised spectrum (2.1). 


(a) Michel Parameter 


It was shown in II that the isotropic part of the 
spectrum (II.3.6) can be approximated very well by an 
uncorrected Michel formula in the range 0.35%<0.95. 
This still holds for our new spectrum (2.1). Because of 
this, the normalized isotropic spectrum 


2 a 
(x) =—___—__ —(3-20+=s(2)) (2.8) 
1+ (a/27r)F(0) 2x 

may be approximated by 
Sy(x)=12(1—x)+8per1(4x—1), (2.9) 


which defines the effective Michel parameter pers. These 
functions are normalized by” 


1 
f S(x)x*dx= f 
0 0 


Our problem is to find such a value for pers that S(x) 
is most closely approximated by the linear function 


1 


Si(x)a°dx=1. (2.10) 


In our previous paper (reference 2), the value of pers was 
chosen as 0.705. This was caused by a failure to normalize the 
spectrum in a proper manner. The same remark applies to our 
previous determination of 5.¢¢ (which was 0.74¢). 


10?(a/2%)G(x) 


Or(x)/O(x) ar(x, —1, 0) 


0.9974 0 
0.9980 0.170 
0.9992 0.201 
1.0007 0.181 
1.0021 0.142 
1.0031 0.092 
1.0035 0.033 
1.0034 —0.038 
1.0027 

1.0016 

1,0009 

1.0003 


10°hy a(x) 


—0.681 
—0.709 
—0.773 
—0.897 
—1.121 
— 1.470 
—1.931 
—2.426 
—2.751 
— 2.463 
— 1.769 
—0.580 


24.706 
9.700 
5.542 
3.438 
2.014 
0.856 

—0.230 


Si(x). If one applies the method described in II, one 
obtains pers=0.719 as the best fit for the range 
0.35%50.95. As an alternative, however, let us deter- 
mine pers here by fitting °S(x) with x°S,(x) by means of 
the method of least squares. In the range 0<x<0.95, 
the best least-squares fit is then obtained for 


pett=0.70s, (2.11) 


which is very close to the value mentioned above." This 
is consistent with the observation of II that S(x) is 
almost linear over a large region of electron momentum 
x. We have excluded the interval 0.95 <x in the deter- 
mination of pers in order to give a value which is fairly 
independent of the details of the experimental resolu- 
tion. The consideration of the experimental resolution is 
necessary in that region on account of the fact that the 
corrections to the differential spectrum diverge loga- 
rithmically as x — 1. 

If the local two-component theory of the neutrino is 
exactly correct, one would therefore observe the Michel 
spectrum (2.9) characterized by (2.11) in the range 
x<0.95 instead of the uncorrected value p=0.75. Thus 
the radiative correction to the p value is of the order of 
5.6% if the observation is limited to that spectral 
region.” 

If one applied the above method to the old spectrum 
(1.23), one would have obtained pers=0.71¢ [i.e., an 
effect of 4.5% instead of (2.11) ]."° Thus the new value 
of the radiative correction to the Michel parameter is 
larger than the old value by about 1%. In spite of the 
rather large numerical difference between f(x) of (2.2) 
and (II.A.1), the difference in pers is therefore not very 


1 Tn obtaining Eq. (2.11), the term of order m,/m, of Eq. (2.1) 
has been neglected. It is estimated that if one uses for ¢ the maxi- 
mum value allowed by the theoretical relation ¢< (1—#)! and the 
present experimental lower limit £>0.75, this term could increase 
the correction to the p value by about 0.7%. However, such a 
value of ¢ would require a value of |ga|* considerably larger than 
|gv|? contrary to what is now believed. 

2 The latest experimental values of the Michel parameter p, 
with the Berman correction included, are 0.68+-0.05 [L. Rosenson, 
Phys. Rev. 109, 958 (1958) ], 0.69+-0.02 [K. M. Crowe (private 
communication) ], and 0.741+0.022 [Dudziak, Sagane, and 
Vedder, University of California Radiation Laboratory Report 
UCRL-8202, and W. F. Dudziak, UCRL-8202 Supplement (un- 
published) ]. These values should be compared with the uncor- 
rected value p=0.75. 
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large. This is because the main contribution to the differ- 
ence of old and new spectra is approximately equal to 


(a/2m)(6—4x){1—$a?— (w—1)(w—2 1n2)}, (2.12) 


except for x~0. Since this has the same momentum 
dependence as the uncorrected spectrum, it modifies the 
Michel parameter only slightly. On the other hand, the 
contribution of (2.12) has an appreciable effect on the 
radiative correction to the lifetime. 


(b) Radiative Correction to the Lifetime 


The mean life + of the muon decay is obtained by 
integrating (2.1) over all possible values of « and Q. If 
one denotes the zeroth order mean life by ro, the 
fractional change of the lifetime due to the radiative 
correction is given by" 


T—T a a £25 
=——F(0)= -=(—-») =4.2X10-%. (2.13) 
2r\ 4 


TO T 


Thus the radiative correction suppresses the rate of 
muon decay by about 0.4%. This should be compared 
with the 3% increase of the decay rate in the previous 
calculation. It is not understood why the radiative 
correction suppresses rather than enhances the decay 
rate. A physical explanation of this fact would be 
desirable. 

It is interesting to point out that the lifetime is 
independent of the quantity w and hence approaches a 
finite value in the limit m,— 0. On the other hand, the 
differential spectrum (2.1) diverges logarithmically for 
m,.—> 0. This is a consequence of the breakdown of 
perturbation theory in this limit. These points are 
discussed in more detail in Sec. 3. 


(c) Correction to the Parameter 6 


The parameter 6 may be determined in principle by 
measuring the momentum dependence of dN(x,6) 
—dN (x, 6+). The magnitude of the radiative correc- 
tion to 6 can be estimated in analogy with (a), by ap- 
proximating the function 


6 a 
_-—_—_—_—_—_— (1-204 s()), (2.14) 
1+ (a/2r)G(0) Qn 
by means of 
T 1 (~)=12(1—x) +246 0¢1($4—1). (2.15) 


Note that these functions are normalized by” 


f reve f T(x)x*dx=1. (2.16) 


0 0 


The best least-squares fit of x°T(x) by x?T,(x) is ob- 


13 This numerical result agrees with Berman’s (reference 4). 
g 
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tained by the choice 


5ett= 0.726, (2.17) 


for the range x<0.95. The uncorrected two-component 
neutrino theory gives 6=0.75. Thus the radiative cor- 
rection decreases 5 by about 3% if the observation is 
restricted to the range x<0.95. If one applied this 
method to the old spectrum (II.3.9), one should have 
found 5.s=0.739." Thus there is no significant change 
in the corrected value dere. 


(d) Momentum Dependence of the 
Integrated Asymmetry 


The integrated asymmetry corresponding to electrons 
of energy larger than a certain value p,=«m,/2 has been 
discussed in IT. The new values for the ratio 0,(x)/Q(«) 
(see II) is given in Table I. These corrections are very 
small and may be neglected in view of the accuracy of 
the present experiments. 


(e) Correction to the Parameter & 


The parameter £, which is defined theoretically in 
terms of the weak coupling constants, is determined 
from the observed total integrated asymmetry a by the 
relation 


1+ (a/2mr)F(0) 
f= ~3a(— -) 
1+ (a/2r)G(0) 


From Table I, it is seen that the effect of the radiative 
correction is to increase ¢ by only 0.3% with respect to 
its uncorrected value. This has the same magnitude as 
the old value given in II but the direction is reversed. 
We again notice that G(0) is independent of w and thus 
the lowest order radiative correction to & remains finite 
in the limit m,— 0. 


(2.18) 


(f) Forward-Backward Asymmetry of 
Low-Energy Positrons 


The lowest order radiative correction to the asym- 
metry of low-energy positrons in u*-decay is very large. 
This was studied in III and was used in comparing the 
theory with a recent experiment." Let us express the 
angular distribution of the decay positrons of energy 
less than x by 1+ a(x) cosé. The theoretical expression 
for a(x), including the lowest order radiative correction, 
is given by the function a,(«,£,¢) defined in III. We 
shall give the new values for the function a,(*, —1, 0) 
in Table I. Comparing the present table of a,(«, —1, 0) 
with that of III, it is seen that they coincide within 2%. 
This difference is much smaller than the over-all effect 
of the radiative correction and thus the results of III 
are not affected by the modification of the functions 
F(x) and G(x). 


14 Pless, Brenner, Williams, Bizzarri, Hildebrand, Milburn, 
Shapiro, Strauch, Street, and Young, Phys. Rev. 108, 159 (1957). 
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3. RADIATIVE CORRECTIONS IN THE 
LIMIT m,/m,—0 

As is seen from Eqs. (2.4) and (2.5), the differ- 
ential spectrum (2.1) contains terms depending on 
w=In(m,/m,.). As a consequence, if one considers a 
hypothetical problem in which the ratio m,./m, is 
arbitrarily close to zero, the spectrum approaches + 
and — for x$0.7 and x20.7, respectively.® This 
means that the lowest order perturbation theory is not 
adequate even for small a when the ratio m,/m, be- 
comes very small, the relevant expansion parameter 
being of the order aln(m,/m,). In this limit, higher 
order processes, such as multiple photon emission and 
creation of electron-positron pairs, may become im- 
portant. 

At first hand, this situation may look similar to that 
of the infrared catastrophe, since both divergences are 
associated with vanishing of the mass of a particle. 
There is the important difference, however, that in the 
present case there is nothing that compensates this 
divergence in the same order of perturbation theory. 
Moreover, the divergence of Eq. (2.1) occurs for all 
values of the electron momentum whereas the usual 
infrared divergence is associated with the low-energy 
quanta only. 

The appearance of the w term itself is obviously re- 
lated to the nature of the electron propagation function. 
In fact, the divergence of the lowest order corrections to 
the differential spectrum in the limit m, — 0 is a conse- 
quence of the vanishing of the denominator of the 
electron propagator when the electron and photon have 
no mass and their momenta are parallel. It is therefore 
not entirely trivial that the lowest order corrections to 
the lifetime turn out to be independent of m, and 
approach a finite value for m, — 0. 

In order to gain insight in the details of the cancella- 
tion of the terms involving w, it is instructive to perform 
the integrations over the photon and electron momenta 
in a somewhat different manner from that of Sec. 2. For 
simplicity, we shall discuss the isotropic part only. Let 
us denote the virtual and real photon corrections to the 
muon spectrum by dNV,(p-) and dN,(p.,k), respectively, 
where the latter has not been integrated yet with respect 
to the photon momentum. If one integrates dN, over all 
possible values of k and adds it to dN,, one obtains the 
differential spectrum (2.1). Further integration with 
respect to p, from 0 to p,° gives the quantity F(0) 
—F (x) (apart from a numerical factor) where F(x) is 
defined by (2.7) and x=2p°/m,. Instead of this 
procedure, we shall divide the domain of integration 


18 In this section, the behavior of the spectrum and lifetime as a 
function of m, is studied in the limit m, — 0. It is to be noted that 
these quantities may turn out to be discontinous at m.=0. This is 
because the photon mass Amin is always considered to satisfy the 
relation Aminm, in our problem which is not the case if m,=0. 
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into three parts characterized by 


(a) Petk< pe, | 
(b) p&<petkom,/2, 0S pS pe. 
(c) m,/2<p.+k, | 


The resulting integrals will be denoted by N,.(p,°), 
N.(p), and N.(p.°), respectively. We shall also write 
No(p.°) to represent the integral 0” dNo(p.) of the 
uncorrected spectrum. Similarly V,(p°)= (0? dN,(p-). 

In the domains (a) and (b), the photon can be emitted 
in any direction and thus NV, and N, contain terms 
depending on w. On the other hand, the function N, 
should not depend on w since the photon cannot be 
emitted in this case in the same direction as the electron. 
Explicit calculation of N.(p.°) and N,(.°) shows that 
not only the ordinary infrared divergences but also the 
terms involving w cancel when these two are added 
together and hence the sum V,+.N, is finite and well- 
defined even in the limit m,— 0. It follows that the w 
dependence of F(0)—F (xo) arises entirely from the 
term V4. 

To see another feature of the problem, let us assume 
for a while that the mass of the electron is arbitrarily 
small and moreover restrict our attention to those 
configurations in which the photon and the electron are 
emitted in practically the same direction. Under such 
circumstances, one may imagine that, as the radiative 
interaction is switched on, occasionally electrons of 
momentum ,+k in the uncorrected spectrum are 
“shifted” to a state of momentum ?, by the emission of 
a quantum &. All the electrons in V,(p.°) may then be 
regarded as having originated from corresponding elec- 
trons in Vo(p.") since p.-+k<p- holds for domain (a). 
Taking account of the virtual photon process, the 
number of electrons “counted” in No(p.°)+Na(p.-") 
+.N,(p.°) would thus be approximately equal to that 
in No(p.°) of the same momentum interval. On the other 
hand, V,(p.°) consists of those electrons that have 
“drifted” into the interval (0,p.°) from higher energy 
regions of the uncorrected spectrum, having lost their 
energies by emission of photons. Such electrons there- 
fore do not correspond to any in No(p-’).'® 

Since the electron has actually a nonvanishing mass 
and the photon is not always emitted in the direction of 
electron, this argument is of course not rigorous. It is 
not difficult to see, however, that its essential feature is 
not affected by the removal of our assumptions. 

We have thus found two properties that characterize 
the separation of the integration domain (a) from (b) 
and (c). It is unlikely that this is a mere coincidence. 
One would rather be tempted to infer that there is a 
close relation between them to the extent that the 
former holds because of the latter. Somewhat inaccu- 
rately, one might express this by saying that V.+.V, 


16 Under the assumption of this paragraph, N.-(p.°) should be 
disregarded since it would represent those electrons that have 
“drifted” from the region of uncorrected spectrum which lies 
beyond the maximum energy. 
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does not diverge for m,.—+0 because the number of 
electron is “conserved” in the transition No(p.°) > 
No(p) +N alp)+No(p2). 

The absence of the a ln(m,/m,.) terms in the decay 
lifetime, i.e., the completely integrated spectrum, is ex- 
pected from our argument since the domain of integra- 
tion (b) disappears in that case. This result has been 
verified for all the ten Fermi interactions using the 
results of I and Eq. (2.4) of this paper. The same be- 
havior has been observed in the case of the integrated 
asymmetry in muon decay. 

The arguments developed in this section suggest 
strongly that this is not a peculiar property of the 
radiative correction to muon decay but a property that 
is also found for the radiative corrections to other decay 
processes. This is supported in Sec. 4 by the analysis of 
the neutron beta decay in the V—A theory. 


4. RADIATIVE CORRECTIONS TO BETA DECAY 


The lowest order radiative corrections to the nuclear 
beta decay arising from the charge interactions of the 
proton and electron (assuming that the nucleons have 
no anomalous magnetic moment) may be readily 
evaluated using some of the general expressions derived 
in I as well as Eq. (C.4) of this paper.!’ In the approxi- 
mation in which the electron momentum 9 is neglected 
in comparison with the proton mass mp, one obtains the 
following expression for the radiative corrections to the 
electron spectrum in the V—A theory: 


r M » 
APEp=— Pru'p| 6 in(—) +3 in( ~") +3 
2r M » Me 
1 
+4(! art) 
B 
E,—E 2(En— E) 
A owe lac 
3E Me 
2 268 
¥ [418)—11-a)+1( : ) 
B 1+8 
1—£6 1+6 1 
+(— “) _ i1( ~)|+ tanh—'g 
2 2 B 


(Em—E)? 2 
x [200-454 -2n(—)]|, (4.1) 
6F? 1-8 


where B= p/E, 
‘9 


P°d?p =——(Em— E)*@ (4.2) 
(2m)* 


17 Throughout this section, we mean by the radiative correction 
that part of the electromagnetic corrections of order @ which is 
not included in the usual Coulomb correction. This contribution is 
the same for both electron and positron emissions and should be 
added to the conventional Coulomb F function correction. 
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is the uncorrected spectrum, and G is the Feynman- 
Gell-Mann coupling constant. The quantity A is the 
ultraviolet cutoff, EZ, is the maximum energy of the 
electron (including the rest mass), and L(x) is the 
Spence function!® 


= dt 
La)= f = In( 111). 


As usual, Eq. (4.1) includes the contributions of the 
vertex and wave function renormalizations as well as 
that arising from the inner bremsstrahlung. Contrary to 
the case of muon decay, the ultraviolet divergences have 
not cancelled for the V and A interactions. This is be- 
cause the order (pm) (ev) is quite different from (eu) (vv) 
from the point of view of the electromagnetic interaction. 

Our main concern in this section is to investigate the 
behavior of Eq. (4.1) in the limit m.<E (or 8 — 1). In 
this case (4.1) is reduced to 


(4.3) 


a 
APd*p=—G*Ey* (1 —x)*x*'dx 
x! 


r My 2? 
x | 6 in —) +3 In (= )+3-— 
M » 2 Eon 3 
1—x 1—*x 
+4(In-—- -3+In( - )| 
3x x 


(1—<x)? 4(1—x) 
+ — ine 


6x? 


—3 
3a 


(1—<x)? 1-—« 
+ — +4 In( “)|I. (4.4) 
6x? x 


where x= E/E, and Q=In(2E,,/m.). The spectrum 
(4.4) contains a term proportional to 2 and thus 
diverges logarithmically in the limit m,— 0. If one 
integrates it with respect to x in the range 0< <1, the 
fractional change of the lifetime is found to be 


a r M » 
—=-—- |in(—)+3 in( 7) —2.85] (4.5) 
To 2r M » 2En 


The term containing 2 has dropped out in this expres- 
sion. Thus the relevant expansion parameter for the 
lifetime correction is apparently a In(m,/2E,) in con- 
trast to that of the differential spectrum which is 
a In(m,/m,). Consequently, the radiative correction to 
the lifetime is finite in the limit m,— 0 in exact coinci- 
dence with the case of muon decay. Incidentally, one 
may expect that the radiative correction to the muon 
lifetime is also of order a In(m,/2E,). This happens to 
vanish however, because E,,=m,/2 in this case. Thus, 


18 Tables and useful properties of L(x) are given by K. Mitchell, 
Phil. Mag. 40, 351 (1949). 
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terms of order a become the only corrections as was 
discussed in previous sections. This will explain why the 
lifetime correction to 8-decay can be much larger than 
that to muon decay. 

When the observed electron mass is used, the most 
important contribution to the spectrum comes from the 
term In(m,/m,.). If one neglects the smaller terms of 
(4.1) which are momentum dependent, the resultant 
lifetime is close to the value obtained from (4.1) for the 
observed electron mass. This approximate lifetime, 
however, depends on the term In(m,/m,) and hence 
diverges logarithmically in the limit m, — 0. Comparing 
this with (4.5), it is seen that the neglected terms be- 
come important in this artificial limit and exactly 
cancel the Inm, term of the major part. 

Unfortunately, formulas (4.1), (4.4), and (4.5) are 
not unambiguous because of the presence of ultraviolet 
divergences. To estimate the magnitude of the radiative 
corrections, however, we shall put \=m, in the follow- 
ing, hoping that future theory will justify the approxi- 
mate correctness of such a choice. In order to avoid 
possible misunderstanding, any numerical values quoted 
below that depend on the value of \ will be labelled by 
an asterisk as a warning that such numerical values are 
not completely defined. It should be noted however, 
that the corrections to the lifetime and coupling con- 
stant of 8 decay become even larger if one chooses 
A> Mp. 

Under the assumption A=m,, Eq. (4.5) gives a de- 
crease in the lifetime of 1.9*% in the case of neutron 


decay.’® Of course, the use of (4.5) is not fully justified 
in this case because the approximation E>>m, is used in 
deriving it. The above result is expected to be approxi- 
mately correct, however, since most of the contribution 


to it comes from the energy independent term 
3 In(m,/2E,,). As a check, one may calculate Ar/7o in 
the opposite limit in which 8~0. From (4.1), one then 
gets a decrease of 2.3*% for the neutron decay. One may 
expect that the actual correction due to the interaction 
of the radiation field with the charges will lie between 
these two estimates. 

The case of O"," a positron emitter with E,,~2.3 Mev, 
is of particular importance because it has been used in 
the evaluation of the vector coupling constant and in 
the prediction of the muon lifetime.*” Use of formula 
(4.5) gives Ar/ro= —1.7*%. This is somewhat smaller 
than that given by Berman who has estimated Ar/ro 

In this section we have not considered in detail the 
magnetic moment contributions and other possible 
structure effects arising from the pion clouds. Berman‘ 


1 Strictly speaking, it is inconsistent to put \=m, in (4.1) since 
it has been derived under the assumption \*>>m,*. Re-evaluation 
of the Feynman integrals without this assumption (but assuming 
still \*>>m,/) shows, however, that the value of (4.5) is decreased 
only by an amount 0.002 when the cutoff \ is chosen to be mp. 
This value is included in our estimate of the radiative corrections. 
( *”R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 

1958). 
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has estimated that the magnetic moment contributions 
are of the order of 0.2*%. Here we shall simply make 
use of his result. The corrected Feynman-Gell-Mann 
coupling constant then becomes G= (1.40+0.01) x 10-” 
erg/cm*. From the radiative corrections for the decay 
of O“ and for the muon decay, the muon decay mean 
life is now calculated to be (2.31+0.05) x 10-® sec if 
the universal Fermi interaction is assumed, while the 
experimental value is (2.22+0.02)10-® sec. Thus if 
the numerical values are compared, there appears to be 
a small discrepancy between theory and experiment of 
the order of 5%. 

The situation is somewhat paradoxical because a 
discrepancy of 5% seems to be rather small to be ex- 
plained by a renormalization of gy due to the pion cloud 
but not sufficiently small as to be compatible with the 
estimated errors. Concerning the possible ambiguities 
due to the logarithmic dependence on the cutoff in the 
case of neutron decay, it should be noticed that for 
\>m,, the disagreement is even larger. In fact, to get 
even a 1% decrease in the calculated value of 7,, it 
would be necessary to choose <m~,, which on the one 
hand is unreasonable from the physical point of view 
and, on the other hand, is inconsistent with our present 
knowledge of the domain of validity of the local 
quantum electrodynamics of the electron proton sys- 
tem.” Structure effects of the pion cloud on the electro- 
magnetic correction have been at least partially in- 
vestigated by Berman who has analyzed in detail the 
magnetic moment interactions, which appear to be very 
small. Further study of these structure effects seems to 
be of great interest. It would be also interesting, per- 
haps, to investigate in detail possible effects of the nu- 
clear structure of O" on the electromagnetic corrections. 

Nonetheless, it seems premature for us to draw any 
definite conclusion as to the significance of this dis- 
crepancy. Several experimental and theoretical factors 
such as the determination of the nuclear matrix element 
in O'— N*+e++y, the end point of e+, and the 
experimental muon lifetime enter into this comparison. 
Any future modification may change considerably the 
present situation.” Clearly, more experimental and 
theoretical work is needed to clarify this important 
point. 

When E,, is very large, the momentum dependent 
terms of Eqs. (4.1) or (4.4) contribute considerably to 
the modification of the spectral shape. To gain an idea 
of the order of magnitude involved, we have considered 
a hypothetical case where E,,=30m,. Upon using Eq. 


2S. D. Drell, Ann. Phys. N. Y. 4, 75 (1958). 

2 A very interesting possibility is to postulate that the universal 
weak interactions are carried through an intermediate charged 
vector meson of mass ~1000m,. This would give a theoretical value 
of ry= (2.25+0.05) usec and would predict an effective p value of 
0.763 which is compatible with the latest Berkeley and Columbia 
determinations. At the same time it would give a dynamical reason 
for the tetrahedron scheme of the universal interactions. Un- 
fortunately, this hypothesis seems to predict a rate for the 
u—e+y¥ decay which is faster than is allowed by the present 
experimental upper limit. 





RADIATIVE CORRECTIONS 


(4.4), it is found that the ratio of the heights of the 
spectrum at «=0.2 and x=0.9 is increased by 6.7% 
when the terms of order a are included. The increase 
will be 21% if one considers the ratio at E=m, and 
E=0.9Em. 

For a value of E, of the order of a few electron masses, 
the effects on the spectral shape are considerably smaller 
but not negligible. For example, for En~5m, the ratio 
of the heights of the spectrum at E=m, and E=0.9Ey, 
is increased by 2.5%. 

It is important to notice that the correction function 
to the spectral shape is actually independent of the 
ultraviolet cutoff \. This is because one has to normalize 
the theoretical expression by 


Em 
f (P+AP)(d*p/dE)dE=1/r, 


where + is the experimental mean life, in order to com- 
pare it with experiments. The normalized expression is 
independent of \ up to terms of order a. 
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APPENDIX A. SPECTRUM OF UNPOLARIZED MUONS 
(FOUR-COMPONENT THEORY) 


In comparing theory with the experiments on the 
decay of unpolarized muons, it has become customary to 
determine first the Michel parameter py by fitting the 
experimental curves with the general expression for the 
electron spectrum in the four-component neutrino 
theory, and then the value of py thus determined is 
compared with prediction of a particular theory. In the 
case of the two-component neutrino theory, this value 
is to be compared with (par) theoretical= %- The inclusion 
of the lowest order radiative corrections into the general 
four-component theoretical spectrum was treated in 
reference 1. [See formulas (I.28a) and (1.28c). ] 

We would like to call attention here to an alternative 
expression” 


4x*da[1+h(x) ] 
1+Ai+3p.(Ao—A)) 
X[3(1—«)+2pm($x—1)], 


which is equivalent to Eqs. (I.28a) and (1.28c) up to 
terms of order a but has a simpler structure than the 
latter. In this formula, terms of order m,./p, are neg- 
lected. An advantage of this formula lies in the fact that 
it depends directly on the original expression for the 


7tP(x)dx= 





(A.1) 


23 An expression very similar to (A.1) was first suggested by R. 
Behrends (private communication). 
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Michel parameter py defined for instance by (II.2.6, 7). 
(The effect of the radiative correction appears as a 
corrective factor multiplying the uncorrected Michel 
spectrum.) The old expression (I.28c), although com- 
pletely equivalent to (A.1) up to terms of order a, is 
somewhat more complicated than (A.1) because it is 
expressed in terms of a parameter p which differs some- 
what from the original Michel parameter py. Making 
use of the definition of p given in (I.28a) and neglecting 
terms of order m,/p,, one finds the relation 


PM 


p= , (A.2) 
1+Ai+3p4(Ao— Ax) 





The equivalence up to the lowest order in @ of (I.28c) 
and (A.1) can be easily established with help of (A.2). 

In reference 1, the function A(x) was chosen as a 
suitable average of the corrections to the different 
interactions (S=P, V=A, and 7), taking advantage of 
the fact that they all have a very similar behavior. Since 
it is now believed that the dominant interactions in the 
muon decay are V and A, however, it is more reasonable 
to choose as h(x) the corrections calculated for the V 
and A interactions. We shall therefore choose 


a f(x) 
h(x)=— ao, 
2a 3—22 


(A.3) 


where f(x) is defined by (2.4). The quantities A; and A, 
are given by 


1 
Aia=4 f h(x)[3(1—x) ; x ]x*dx. (A.4) 
0 


Analytical evaluation of (A.4) gives 


A,=0.0132, A.=—0.0216. (A.5) 

The function A(x) diverges logarithmically for x — 1. 
Because of this reason, this quantity was expressed in 
reference 1 as a function of x and the experimental 
energy resolution AE. In practice, however, the experi- 
mental resolution function is folded into the theoretical 
expression and then comparison is made with the ex- 
perimental curve. In the theoretical expression, it is 
therefore sufficient to use the differential spectrum with 
infinite resolution. We have accordingly set AE=0O in 
the function h(x) of Eq. (A.1). 


APPENDIX B. CLASSICAL CONTRIBUTION TO 
INNER BREMSSTRAHLUNG 


It would be of some interest to see how much of the 
radiative correction to the muon decay could be in- 
terpreted as an effect of classical radiation due to 
acceleration of the charge-current. For this purpose, let 
us note that the energy radiated per decay is given by 


eAP,d*p d*x 
Ft acme (B.1) 
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where AP, is given by (1.17), € and x are the energy and 
momentum of the photon, and Pd*p, is the probability 
of the nonradiative decay [see (I.2) ]. Now, if one ex- 
presses AU as a function of the circular frequency v of 
the emitted radiation, using the relations e=hv and 
x=hv/c, and then goes to the limit h — 0, one finds the 
following relation: 


e y? = (pie) 


c (Qn)? i=1,2 


(pov) (pirv) 


where v in the scalar products stands for the 4-vector 
[v,(v/c)n] and n is the direction of propagation of 
radiation. 

As is well known, (B.2) can also be derived from 
purely classical considerations if one assumes that the 
radiation energy is emitted by an instantaneous ac- 
celeration of the charge-current. In the second case, the 
classical contribution of inner bremsstrahlung to the 
muon decay spectrum may be defined as the number of 
“equivalent quanta” which is obtained by dividing the 
energy formula (B.2) by Av. Actually such a definition 
is not unambiguous since the classical term will diverge 
for the long-wavelength limit when it is integrated over 
the photon energy. It is not impossible, however, to 
estimate the magnitude of the classical contribution in a 
more or less qualitative manner. 

For this purpose, it is convenient to separate the part 
of the spectrum due to real photons of energy larger 
than a certain quantity, say the rest energy of the 
electron, from that due to lower energy real photons and 
the virtual photons. As is easily seen, the first part is 
given by (a/2m)b;(x), where b;(x) are the functions 
defined by (1.25) if one sets w-=0 in that expression. 
The second part is then given as the difference between 
the entire radiative correction and the first part. Each 
part consists of ‘‘classical” and “nonclassical” terms. 
The classical term of the first part is given by (a/2)2V(x) 
(with w<=0) where V(x) is defined by (I.25d). 

In the case of V and A interactions, the two parts of 
the spectrum mentioned above are found to contribute 


dvd, (B.2) 


roughly equal amounts to the radiative correction to the 
p value. Furthermore, in the region 0.3<2<0.9, the 
first part is dominated by the contribution of the 
classical term arising from (B.2). It may thus be said 
that the classical radiation of frequency v>m,c?/h may 
account for about half of the radiative correction of the 
p value. The classical contribution is also characterized 


AND A. SIRLIN 
by the fact that it is fairly independent of the electron 
momentum throughout the range of the spectrum. 


APPENDIX C. EVALUATION OF THE INTEGRAL / 


The integral J, defined in (2.2), can be easily evaluated 
in the rest system of particle 1. It is convenient to work 
in the Coester representation of the vector meson field 
in which the scalar quanta have been eliminated and 
the field operators obey the same commutation relations 
as those of the massless photon.’ Summing over the 
three directions of polarization of the vector meson, one 


obtains 
i kmax k°dk (1—x?k*/¢*) 
1=16*f axf ————,_ (C.1) 
= 0 € ( e— Bxk)? 
where e= (k?+A min’)? and B= p,/E,. Integration over k 
can be easily performed by choosing »=k/e as the new 
variable. One thus finds 


T=Io+C, (C.2) 


where 


: ae i-z 
Iy= sa f in( “*) —dx 
-1 Avatn (1—Bx)? 


1 
C=2 ina( tanh—!s— 1)+1 
B 


(C.3) 


9 


1 1 
+— tanh o[2+In( )|+ [L(8)—L(-8)] 
2B B 


'2)-(2)} es 


The function L(x) is defined by (4.3). 

The integral 7) was previously used as the result of 
Eq. (2.2). The correction function C is independent of 
kmax. Thus it may be used in any problem involving the 
radiative corrections of two charged fermions. In the 
case E:>m», (C.4) reduces to 


2F2 EF, 
c=[1-in(—)] (= )+1- te (C.5) 
me 2m2 


This expression can be used in the case of the muon 
decay and it may be expressed in the form given in 


Eq. (2.3). 
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Representations of the Dirac Equation 
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A representation of the Dirac equation which displays its extreme relativistic properties is discussed. 
The “spin” appears naturally related to the “position.” 





i. 


T is well known that the usual form of the Dirac 

equation for a particle of spin } does not lend itself 
easily to a simple interpretation in terms of physical 
quantities. For example, the velocity operator has 
only -+c as eigenvalues and the usual relation between 
velocity and momentum is lost. 

It was shown by Foldy and Wouthuysen! that, by 
means of a canonical transformation, the Dirac equation 
can be written in a form which can be more easily 
interpreted in terms of classical quantities. The simplest 
operators in this C (for classical) representation are 
immediately related to significant classical quantities. 
To distinguish these new operators from those having 
the same names in the usual D (for Dirac) representa- 
tion, Foldy and Wouthuysen call their observables 
“mean,” leaving the usual name to the D operators. 
We shall refer to the various quantities simply as 
D or C and use the same letter as an index, whenever 
ambiguity could arise. 

The C representation is very convenient in discussing 
the nonrelativistic limit, when the momentum 9 is small 
compared to the mass m of the particle (limit towards 
Pauli equation). 

The purpose of this paper is to investigate an E 
(for extreme relativistic) representation, which is 
convenient in discussing the extreme relativistic 
approximation, i.e., when the mass m is small compared 
to the momentum of the particle (limit towards 
Weyl equation). The most simple E operators will be 
shown to possess a direct physical meaning. 


i. 
The Dirac Hamiltonian, 
H?=a-p+6m, 


is transformed into the following: 


(1D) 


E-representation 
Hamiltonian? 


C-representation 
Hamiltonian 


H°=6E, 


(1C) 


a , 
Y sop (1£) 


* On leave of absence from the Tata Institute of Fundamental 
Research, Bombay, India. 

t Present address: Jefferson Physical Laboratory, Harvard 
University, Cambridge, Massachusetts. 

1L. L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1949), 
hereafter referred to as F.-W. 

2 Note added in proof.—This transformation has been previously 


where E?= p?+-m?, by means of the following canonical 
transformation: 


H°=eSH% e's, (2C) 


i ap ia:p m 
= — ae tan (- ~), T=-6— tan-*(), 
2? p 
(3C) (3) 
E + PFB(a- p/p)m 


2E(E+ 
{ p)) (4B) 


In both C and E representations the positive- and 
negative-energy states are kept separate. The projection 
operator 


H®=e'THe'?, — (2B) 


E +m Ba: p 


etiS — — 4C et iT on 


(2E(E+m)}4 


Ay?=3(14H?/E), (Ax?)?=Ax2, (5D) 


for positive- (and negative-) energy states in D rep- 
resentation, is correspondingly transformed by the 
same canonical transformation into the projection 
operator 


=}(1+6), (5C) 


The similarity of the two eon a is apparent: 
the quantity which multiplies E in the transformed 
Hamiltonians is constructed in a similar way from the 
surviving term of the original D representation when 
going to the appropriate C or £ limit. 

Other similarities of the two transformations will 
appear later. At this point we would like, instead, to 
stress the differences. First of all the two transforma- 
tions, starting from D representation, are going in 
opposite directions, to different limits. D representation 
is, so to speak, somewhat in between C and E representa- 
tions, as suggested by the alphabetic order of the 
letters used to denote them 

Secondly, by simply looking at Eqs. (1C), (1D) one 
easily realizes that C representation is isotropic in the 
ordinary 3-dimensional space, where E£ representation, 
containing explicitly the momentum p, establishes a 
kind of polarity in space. This is to be expected, since 
at the extreme relativistic limit the momentum still 
determines a privileged direction in space, whereas 
the extreme classical limit goes over to the particle at 
rest. 


=3(lte-p/p). (SE) 


given by M. Cini and B. Touschek [Nuovo cimento 7, 422 


(1958) J. 
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TABLE I. Relevant £ operators in both E and D representations. 








E dynamical variables 


E representation expressions* 


D representation expressions*® 





E position 


E momentum 


E velocity - Beet 
where E,=+E 


E orbital angular momentum 


axa 
E spin angular momentum 
2i 


p =A," pA,” = pA,® 


dx,/dt=i(H®, x,)=+p,/E=p,/Ex 


L,=A,¥xX pA,F= | 


1 ; Q-pi = mp 
x, =A,?xA,¥ = { x+-— A i Qe? 
2ip 2ip* BP 


pA,? 


+(p/E)A,? 


1 1 (o-p)p 
xt>—@ ¢ Xp xX p+-o0—- 4P 
2ip 2 2 # 


Ps 


0, =A,?>—A,? = Fy5,— 








The third difference arises in the following connection 
If one wishes to keep positive- and negative-energy 
states separate, the only expectation values of an 
operator A, which may occur, are 


(Ws |A lw), (p- | A \y_), (6) 


where the + (—) sign denotes positive- (negative-) 
energy states. Since 


(Ws|Alva)= WlAsAAL|Y)= | Asal), (7) 


instead of discussing a general operator A and then 
considering the consequences of the fact that only 
terms of type (6) do occur, one may alternatively and 
more simply drop restriction (6) and discuss instead 
the operator 

A,=A,AAg. (8) 


However, all the relevant C operators (x°, dx°/dt, p°, 
x°X p°, ©) commute with the operator A,°, so that in 
every relation involving such C operators (commutation 
relations, etc.), one can simply shift the Ay© on one 
side of each expression, and the discussion of the Az 
operators becomes trivially related to the similar 
relation for the original A operators. This is why the 
difference between A, and A operators is not even 
mentioned in the F.-W. paper. However, the significant 
operators in E representation do not all commute with 
A,” and we have to take into account such a distinction 
and use the + operators consistently. 

A table of important C and D operators is already 
available in the F.-W. paper. Therefore, we shall 
simply give a table of the relevant LE operators, 
with their expressions in D representation. Their C- 
representation expressions could be easily derived by 
means of the following canonical transformation, which 
holds for an arbitrary operator A : 


A C repres. — UA E segres.U*, (9) 


* The upper (lower) sign has to be taken for positive- (negative-) energy states. 


where 


1 Ba-p 
ys=—(14 ). (10) 
v2 p 
Since nothing new is to be obtained by such a trans- 
formation, which is not yet apparent in D representa- 
tion, the explicit C expressions are not given. 
The following comments to Table I are in order: 


(1) The EZ position operator x satisfies the usual 
commutation relation with the E momentum operator 
pi. However the different components of x, do not 
commute. The commutator for the « and y components 
is the following: 


ip. 
Lx, 2 J= (—nt.") 
2p* E repres. 


oz 
= (= : ?) . (11) 
2ip? D repres. 


(2) The time derivative of the E position operator 
(the E velocity) is related to the E momentum by the 
relation to be expected from relatively, as in the case 
of the homonominous C operators. 

(3) Both the £E orbital angular momentum and 
E spin angular momentum are constants of motion. 
They are orthogonal and parallel to the E momenta, 
respectively. Their moduli have a simple physical 
meaning, being simply the éofal angular momentum 
along the two directions. This is most easily shown by 
looking to their D-representation expressions. Even the 
factor } (J=L+3e), which creeps in both in C and D 
representations, is automatically obtained in the 
E representation. There is no need for adding the 
quantity 3¢ to the orbital angular momentum. Simply 
by properly defining the orbital angular momentum as 
X;p,, one finds the ¢ofal angular momentum (still a 
vector orthogonal to p,), i.e., a quantity which auto- 
matically incorporates the relativistic (spin) effects. 
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(4) The E spin operator, 4, is also simply related to 
the E chirality operator ys; which in the conventional 
D representation is in turn simply related to the 
longitudinal polarization (helicity) of the particle. 
The relation is not an identity because of the sign + 
(see Table I). This shows most clearly why any chirality 
invariance requirement, such as has been used in the 
theory of weak interaction,’ results in opposite helicities 
for particles and antiparticles. 


*F. C. G. Sudarshan and R. E. Marshak, Proceedings of the 
Padua-Venice Conference on Mesons and Newly Discovered 
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The discussion of the EZ representation for Dirac 
particles in interaction with external fields will be 
dealt with in a subsequent communication. 
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A Soluble Problem in Dispersion Theory* 
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The Lee model is modified by addition of a new field 6’ and a weak coupling N+0 — N +6’, which leads to 
instability of the V particle: V — N+0— N+’. The decay amplitude is calculated to lowest order in the 
weak coupling by dispersion relation methods. In effect we are required to study a set of simultaneous 
dispersion relations. The problem is completely soluble and serves to clarify the essential structure of 
dispersion methods. The results agree with what one obtains, more easily in the present case, by direct 


methods. 


I, INTRODUCTION 


HE Lee model!” of a soluble field theory has come 
to play a role similar to that of, say, the harmonic 
oscillator in classical mechanics. Once a model is known 
to be soluble by simple and straightforward methods, 
it is not difficult to find indirect and not-so-simple 
methods of solution which may nevertheless be relevant 
and useful in other contexts. In this essentially peda- 
gogical spirit we discuss here the dispersion relation 
approach to the Lee model. The original model is 
slightly altered however, by addition of a weak coupling 
which leads to instability of one of the particles of the 
theory. This modification provides a physical moti- 
vation for studying matrix elements which are un- 
interesting in the original model and thus, as is desirable, 
forces us to study a set of simultaneous dispersion 
relations. 

A second reason for enlarging the Lee dynamics in 
this way has to do with a dispersion relation treatment 
of + —> u+v decay which we undertook previously.’ In 
the present case we deal again with a decay process, 
and it is possible to test for errors of principle in the 
dispersion relation approach. This is worth while, for 


* Work supported in part by the Office of Scientific Research, 
Air Research and Development Command. 

1T, D. Lee, Phys. Rev. 95, 1329 (1954). 

2G. Killen and W. Pauli, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 30, No. 7 (1955). 

3M. L. Goldberger and S. B. Treiman, Phys. Rev. 110, 1178 
(1958). 


when applied to particle decay the dispersion methods 
treat renormalization questions in a way which has 
disturbed some of our colleagues. What we find in the 
present model is that the dispersion approach leads to 
the correct solution. A practical attack on more 
realistic particle decay problems of course requires 
many approximations and assumptions beyond a 
commitment to dispersion relations. But granted the 
basic analyticity assumptions, it appears that no errors 
of principle enter into the application of the dispersion 
relation methods. 

The Lee model deals with N, @, and V fields which 
are coupled according to the interaction V = N+48. 
The corresponding particles N and @ are stable; and 
with a suitable choice of parameters a stable V particle 
also exists. Let the respective masses be my, uw, and 
my, where my <my-+u. We now introduce an additional 
field 6’, corresponding to a particle of mass yp’, where 
myt+pu'<my<my+u. We also introduce a direct weak 
interaction N-+0= N+6’, which we always treat to 
lowest order. As a consequence of this interaction the 
V particle becomes unstable, decaying into N+é’ 
through the sequence V > N+0— N+6’. Our problem 
is to calculate the decay amplitude—to first order in 


4 We want to thank especially S. Barshay, N. Kroll, A. Pais, 
M. Ruderman, and J. C. Taylor for discussions and communi- 
cations. We also thank R. Haag for informative discussions on 
the Lee model. 

5 V. Glaser and G. Killen, Nuclear Phys. 2, 706 (1957). 
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the weak coupling but to all orders in the strong 
coupling. The calculation is a trivial one when direct 
methods are employed. Our purpose, however, is to 
approach the problem with the elaborate machinery 
of the dispersion relations. 

Notice that the model we deal with has been con- 
structed in analogy with charged pion decay, which 
we suppose proceeds mainly through the sequence: 
pion — baryon pairs — leptons. 


Il. MODEL 


The Lee model has been extensively studied and 
there is no need here to repeat any of the discussion. 
We shall merely rewrite the expression for the total 
Hamiltonian, including the additional terms describing 
the 6’ particle and the weak interaction N+0 = N+@’ 
which we are appending to the standard Lee model. 
We suppose that the interaction V = N+6 contains a 
source function [%(w) below ] with properties such that 
all integrals which we encounter converge and such 
that the Lee model contains no ghost V-particle state. 
For simplicity we neglect recoil of the N and V particles. 
The Hamiltonian is 


H=H o+H,\+H:, (1) 
Ho=myZyy bv +m nw Wnt De wrde'de 

+>, W yaxtar, 
Hy, =gyn'pyAa '+epvtpnA +imyZypy'py, 


G 
Ynivw(At@+QtaA); 
M 


(2) 
(3) 


where 
u(w) 


——a 
k (2)! 
U(W) 
— a 
zk (2Wo)! 


, = w= (w+ F)}, (5) 


» W=W2+k); (6) 
and the commutation and anticommutation relations 
are 

Laxjornt ]=Six, 


{vv v'} = 1/Z, 


[ax,ant ]=Sxx; 


{Yn vn }=1; ”) 


with 


Lax,ax ]= [oxox J= {Pv} = (ev yv} =0. 


In Eq. (4), G is the weak coupling constant and M is 
a mass, inserted for dimensional reasons. We are quan- 
tizing in a box of volume Q, where later Q— ©. The 
factor Z is a renormalization constant; g is the strong, 
renormalized coupling constant; and py is the renor- 
malized V-particle field. In the absence of H: there is a 
stable V-particle state |V), and Z has been chosen so 
that 

(O|yv|V)=1, (8) 
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Fic. 1. Diagrams for the process V — N +6’. Diagrams like (6) 
are absorbed in (a) by wave-function renormalization. 


where |0) is the vacuum state. Finally dmy is a V- 
particle mass renormalization. 
From (8) and the eigenvalue problem (Ho+H);)| V) 
=my|V), one finds 
ge u*(w) 1 
imy = —— —_——_———, 
Zk 2 mMy—MmMnN—-wW 


u?(w) 


(9) 


(10) 


at ye & 


k 2wQ (my— my—w)? 


One also finds readily the various states of (Ho+H:); 
in particular, we are concerned with the V-particle 
state |V) and the V+ scattering states, denoted by 
| N@.), where w is the energy of the @ particle. As a 
convention, we shall always imply by this symbol an 
“in”-scattering state. The state |V) plus the “in”- 
scattering states form a complete set [we have chosen 
the source function “u(w) such that 0<Z<1, and thus 
there are no ghost states ]. 

As for the N+6’ scattering states, to lowest order in 
G they are the same as the bare-particle states. We 
denote these by | N@w’), where W is the energy of the 
6’ particle. To lowest order in G, the amplitude for 
V — N+0@’ decay is proportional to the matrix element 
(NOw’|H2|V), where W=my—my. More precisely, let 
us define the decay amplitude F according to 


(2Wa)4 


F= N6w" | H2|V), 11 
van* w’ | H2| V) (11) 


so that F does not depend explicitly on W. This is now 
the quantity that we want to evaluate; and in com- 
puting it by dispersion methods, we will be led to con- 
sider amplitudes also for various other processes. Of 
course the matrix element F can be computed directly 
from the known solution |V); or, what is the same 
thing, from use of “Feynman” diagrams. The sole 
diagram in question is in fact the lowest order one 
shown in Fig. 1(a), where the renormalized coupling 
constant g and physical V-particle mass my are to be 
used. The bubble diagrams in Fig. 1(b) are absorbed 
in Fig. 1(a) by wave-function renormalization. One 
finds the simple result 

u?(w) 1 ZG 
F=—g> ————— = —— —imy. 

M & 2 my—my—w gM 


(12) 
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Before proceeding further, let us recall what is meant 
by the lifetime of the V particle. As is well known, one 
satisfactory way of dealing with unstable states is to 
regard them as resonances in scattering processes 
involving the decay products. One looks for a conven- 
tional resonance structure whose location and width 
provide a meaningful definition of both the energy and 
lifetime of the intermediate entity which we then 
describe as a decaying particle. In the present case a 
calculation of elastic N+6’ scattering can be carried 
out rigorously, and one finds a standard resonance 
structure in the immediate neighborhood of the energy 
mv+W=my (as expected, the precise location of the 
resonance is shifted from this point by terms of order 
G* and higher—this is the level shift associated with 
the decay process). The width of the resonance corre- 
sponds precisely to the V-particle lifetime defined by 
the amplitude (11). We shall not present this calculation 
but there is one amusing point about it worth noting: 
Both the elastic scattering amplitude (V+6’ > V+6’) 
and the absorption amplitude (V+6’ — V+4@) vanish 
when the energy my+W is equal to the bare V-particle 
mass. 


III. DISPERSION RELATION APPROACH 


In the present approach we pretend that the state 
functions |V) and |.'@.) are not known. But we are 
permitted, of course, to look at the Hamiltonian and 
make use of its properties, which in the present model 
are of course very simple. In contrast to more realistic 
situations, the required analyticity for dispersion 
relations can be established for all the amplitudes we 
deal with; and we know that all our dispersion integrals 
converge without subtractions. 


A. 


Recalling that the state | V@w’) in Eq. (11) is meant 
to be a bare state, we have from (4) and (11) 


F=(G/M)0| P| V), 
P= WA. 


We may then write, following the prescription of 
Lehmann, Symanzik, and Zimmermann,® 


(13) 
(13’) 


Go.” d 
F=i f eine tmy Ol Tyr") O)dt, (14) 
M J_. dl 


where py'(t) is the Heisenberg field operator which 
coincides with the Schrédinger operator pyt at ‘=0; 
and T(_ ) denotes a Wick time-ordered product : 


T(Pbv'())= {Pv (D}A(—D—-wt (OP, (15) 


where @ is the step function: 6(7r)=1, 7>0; 0(7)=0, 
7<0. The vacuum expectation value of the second term 
~ 6Lehmann, Symanzik, and Zimmermann, Nuovo cimento I, 
205 (1955). 
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on the right side of (15) obviously vanishes, since P 
is a destruction and yt a creation operator. Further- 


more, the equal-time anticommutator {P,Wyt(0)} is 
equal to 0. Thus, setting 


d 
f(H= (-i<+mv wero, 
dt 


we define a function F(£) according to 


(16) 


i) 


G 
PQ =i- f e-€4(0| (P,*(0)}0(—1) Ode; (17) 


—30 


and F(=my) is our required amplitude. From the 
Heisenberg equations of motion 


—idpy/dt=(H wv |, 
we have 


f=—imybv—(g/Z)pwA. (18) 


The function defined in (17) is evidently analytic in 
the upper half of the complex ¢ plane. It is real, as we 
shall see, for real E<my+yu, and can therefore be 
continued also to the lower half-plane in the usual 
manner. We then obtain the dispersion relation 


1 
F (my) = f 
v 


ImF is obtained from the first term in 6(—/) 
=4}+4e(—/); and introducing a sum over a complete 
set of physical states |s), we obtain 


ImF (£) 
dt. 


§—my—le 


(19) 


G 
ImF(é)=r— > (0| P| s)(s| ft|0)6(E—E,), (20) 
M 4 


where &, is the energy of the state |s) and where we 
have used 
ftQP=e' ftO)e Ht 


Since (V| f'|0) vanishes, the only states which con- 
tribute are the V+-6 scattering states | .V@.); so that 


G 
ImF(t)=2— > (0| P| N06.) 
M 


k 


(0! {| N0.)*6(E—my—w). (21) 


B. 


We are thus led to consider two new matrix elements. 
Let us start with the V=—N+8@ “vertex function”’ 
K(w) defined by 

(2)! 
K(w)= (O| f| N@..). 


u(w) 


(22) 


Proceeding as before, and recalling that |N@,) is an 
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“in”-scattering state, we find 


(2w2)! f? d 
riya fruit 40) 
u(w) Ss dl 


X(0|TUfaxt())|N)dt, (23) 


where a,'(t) is the Heisenberg creation operator at time 

t: a,t(t) =e ta,te—™*, Set 

(22)! d 

j0>=-—— ( - - +o )os =—gyn'yyv. 
t 


u(w) 


(24) 
Then 


K(w)=i f «(| T(fj"()| Nd 


(Zw)! 
a y OlLeet(O),f119)5 


u(w 


(25) 


g ' — 
K(w)= -<+ife tO f,jt(t) 0(—2) | Nd. (26) 
Z 
Once again, this defines a function analytic in the upper 
w plane, and we are led to the dispersion relation 


1 p ImK(o’) g 
OFS 


rJ w'—w—ie Z 
Proceeding as before, we have 
ImK (s) = L 0| f| NO. XNOw| j*|N)S(o—w') 
: u(w’) 


———_K (w')(N| j| NOu)*5(w—w’). (28) 
Y (2w'M)} 


The new matrix element to which we are here led is 
in turn related to the process of elastic V+6 scattering. 
More precisely, the S matrix element for N+6.— 
N+48, is given by 
(NO, “out” | NO, “in”’) 

” ' u(w) 
dt e(N | 7(t)| NO 
: (2)! 
we) 
{N 1J | N Bu); 


w)! 


=iwtif 


0 


albanien” (29) 


u(w) ’ 
5 ¥ 5(’—w)——{N| j| NOu)=e sin’, (30) 
k’ (2 2)! 


2W6 

where 6 is the (S-wave) phase shift for N+6 scattering. 
Inserting this result into (28), we find 

ImK (w) = tand(w) ReK (w) 6(w—y), 


and hence (27) becomes the integral equation 


(31) 


g 1 f% tand(w’) ReK(w’) 
K~-—+- f ere, Oe 
Tp 
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This is a standard equation; and since the integral 
above vanishes as w— ©, we have the solution? 


g - 
K(w)=-—— exp 


A rv, 


5(w’) 
—————-de/ . (33) 


, 
@ —W—T€E 


C. 


To obtain the phase shift 5, we study N+ scattering 
via dispersion methods. Define 


0)! 
(N | j| N0.). 


( 
IN (w) = (34) 


Uw 


Then, proceeding in the standard way we find 


SM (a) =i f dt (NL 7,74 (—D|N), (35) 


—o 


which again defines a function analytic in the upper 
complex w plane. We have the dispersion relation 


1 r? ImM(o’ 
TY_»~W —W—te 
and 
Im (w) = w{N | j| VXN | j| V)*6 (my —my—w) 
tr ee (N| j| NOuXN | 7 | NO0-)*5(w’—w). 


From (8), (24), and (34) it follows that 


(37) 


Im (w) = 1g°5 (my — my —w) 
u?(w’) 


+r> 


— | se(u')|*8(!—a) 
kw 

or, carrying out the summation (integration) over k’, 

we have 


Im (w) =2g"6 (my —mn—w) 


1 
+ ed (w’—p?)4|S(w) |70(w—w). (38) 


T 


When this result is substituted into the dispersion 
equation (36), we obtain a Low-type equation,*® whose 
solution is obtainable in a standard way. Namely, 
introduce 


h(w) = g°(my—my—w) [MN (w) (39) 
Clearly h(w) is the boundary value of a function 
analytic in the w plane cut from yu to ©, just as is M(w) ; 
but the singularity of the latter at w= my—my is now 
removed: h(my—my)=1. If IN(w) has no zeros, then 


& ’ See, for example, R. Omnes, Nuovo cimento 8, 316 (1958). 
8 F. E. Low, Phys. Rev. 97, 1392 (1955). 
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h(w) has no singularities in the cut plane and 


(my —my—w) 





h(w)=1+ 


Imh(w’) 





(w’ —w—ie)(my— my—w') 


But from (38) and (39) we see that 


1 
im(—) 
niL4 


g? u?(w) (w*—p*)!0(w—p) 


4r my —my—w 


g 
Imh(w) = 
mMy—MmMn—wW 





Thus, we find from (40) 
h(w)=1—B(w); 


B(w) = g?(my —my—w)— 
An? 


Ps (co’?— 2) bu? (w") 
xf du’ 
ms (my— 


n—w’)?(w’—w—ite) 





g 1 
31 (w) =—— 
my—mv—w 1—B(w) 





Finally, from (30) and (34) we see that 


g? (w—p?)iu2(w) = 1 
e% sing =— -————__ ——__— 


; (45) 
4r my—my—w 1—B(w) 


which is the result obtained by direct methods.!? 

The integral of Eq. (33) can now be readily evaluated 
(see Appendix) and we find for the vertex function 
K(w) the expression 


K(w)=—g/[1—B()]. 


Notice that B(my—my)=0, so that at w=my—my the 
vertex function K is just equal in magnitude to the 
renormalized coupling constant g. 


(46) 


D. 


In connection with Eq. (21), there remains to con- 
sider the amplitude 


' (2w0)! 
R(w)=- sis "haa |\pwA | N6.). 


U\w 


(47) 


Notice that 
G U(W) u(w) 


M (2WQ)? (202)! 


is just the amplitude for the process N+0,—N+6y’ 
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(W=w). Proceeding in the now familiar way, we find 


Ris)=14i fe O|EYwA,j"(O1INIO(—Hat, (48) 


2 


where the first term on the right-hand side comes from 
an equal time commutator. We again have the dis- 
persion equation 
1 fr” ImR(o’) 
R(w)=1+— 


, ° 
WT #6 W@W ~—w-—teE 


(49) 


du’ ; 
and 
ImR(w)=7(0|ywA | VN | 7| V)*5(my—my—w) 
tar Ye OlwA | NON | 7 | NOu:)*5(w’—w). 
But 
(V|j|V)=—8, 
(0|pvA|V)=(M/G)F (my). 
Using these, and (30), we find 
ImR(w) = —1(gM/G)F (my)i(my—my—w) 
+tand(w) ReR(w)0(w—); (51) 
and thus, from (49), 


M_ 1 
R(w) = 1—g—F (my)—__——_ 
G 


my—-mMn—wW 


1 ” tand(w’) ReR(w’) 
andar 


(52) 


wv, w’—w—ie 
The solution is again obtained by standard methods. 


We find 


M F(my) g Z 
Oe i ee 
G Z my—my—w/ 1—B(w) 


E. 


In our attempt to compute the amplitude F for 
V — N+6’ decay, we have been forced to consider the 
V = N+6 vertex function K(w), the amplitude R(w) 
for N+@0— N+6’ processes, and the amplitude for 
N+ elastic scattering. Collecting all results, Eqs. (19), 
(21), (22), (46), (47), and (53), we obtain finally 

F(my)= (G/M) gZI\— °F (my), 
and hence 
G Io 
gZ : 
M 1+]; 


1 * (w?— py?) $0? (w) 
I= - f do ’ 
yu 


4n? |1—B(w) |?(my—mn—w) 


F(my)= 


f @ 


(w?— py?) $0? (w) 
=— dw-— ———$_$_—_—_——_ : 
4r? rm |1—B(w) |?(my—my—w)? 


I; 
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These integrals are evaluated in the Appendix, where 
it is shown that 


émy 
Ih=-—, 
GZ 


le a | 
n=—(—-1). 
BAZ 
We thus find that 
ZG 


F(my)=—— —imy, 
gM 


(56’) 


(57’) 


which is the correct answer. 


IV. DISCUSSION 


One of the motivations for this investigation concerns 
the doubts raised in the minds of several physicists by 
our dispersion relation treatment of r— w+» decay. 
Insofar as matters of principle are concerned, we feel 
that the present calculation demonstrates the validity 
of the dispersion approach. The disturbing feature of 
our earlier work was that the pion decay amplitude 
turned out to be a product of two factors: one of them, 
a more or less recognizable term resembling what one 
might expect from a cutoff perturbation theory; and 
a factor Z;, the pion wave function renormalization 
constant. It was feared that this second factor arose 
from our having summed a string of pion propagation 
bubbles [analgous to those in Fig. 1(b) ], which from 
the standpoint of perturbation theory would have been 
absorbed in a wave-function renormalization factor. 
But this fear is unfounded. In the first place, the wave 
function renormalization removes only a factor Z; (in 
our — yw++v discussion, the coupling constants which 
appear are all renormalized). Secondly, the present 
model exhibits the same behavior; the factor Z in Eq. 
(58) has the same (and correct) origin as the corre- 
sponding factor in pion decay. 

Let us recall the mechanism envisaged for the pion 
problem: The pion forms a virtual nucleon-antinucleon 
pair (via a strong interaction operator, J), and the pair 
annihilates to produce the lepton pair (via the w-capture 
interaction which involves strongly interacting nucleon 
fields as well as the essentially noninteracting lepton 
fields; the nucleon fields form an operator P). Now a 
strict perturbation treatment would yield an answer 
proportional to the unrenormalized strong-coupling 
constant and to the unrenormalized weak-coupling 
constant; there would also appear a divergent integral, 
which we imagine to have a cutoff. 

As for the dispersion treatment, it breaks the problem 
into two parts. First the pair is created by the pion 
operator J; then the nucleon operator P effects the 
annihilation of the pair (into leptons). In analyzing the 
first step, we never allow the pair to re-form virtually 
into a pion. Such terms would correspond to the string 
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of bubbles discussed above and are not admissible; 
they do not in fact occur in the dispersion analysis. 
However, and this is the critical point, when the pair 
annihilates via the operator P this may take place via 
a m meson. Thus, the unfamiliar Z factor arises from 
the weak vertex and appears effectively as a renormali- 
zation of the latter. The way in which this comes about, 
roughly speaking, is that instead of the perturbation 
theory value for the weak vertex, one finds in addition 
a term proportional to the decay amplitude itself. This 
may be seen in Eq. (53) of the present paper, where 
the second term has come from precisely such a discrete 
intermediate state. Furthermore, Eqs. (55) and (57’) 
show quite explicitly the 1/Z factor in the denominator 
of the expression for the decay amplitude, just as in the 
pion decay problem. It is not difficult to see that the 
damping denominator (factor like 1/Z) is a quite general 
characteristic of decay problems. 


APPENDIX 
iG 


In connection with Eq. (33), we want to evaluate the 


1 7” 5(#’) 
I(w)= f ———d,", 
a w’—w—te 


m 


integral 


(A-1) 


where, according to (43) and (45), 


tané(w) = —Im[1—8(w) ]/Rel1—8(w)]; (A-2) 


hence 
1 1—8(w) 
5(w)=—— nf } (A-3) 
2i 1—B*(w) 


Consider the contour in the complex w plane shown in 
Fig. 2, where the curve C; runs from © to u just below 
the real axis and then back to «© just above the axis. 
Since B*(w+7e)=B(w—ie), it is clear that 


1 1 
— J Inl1—8(w’) }- : du’. (A-4) 
C1 w’ —w 


2ri 


Fic. 2. Contour in 
complex w plane. 
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Let C2 be the contour along the infinite circle. Then 


1 
Inf 1—8 
AS nl 


1 
-f In[1—6(w’) |— —doy’ 


1 
(w’) }——d’ 
w’—w 
(A-5) 


W@W —W 


Now 1—8(w) has no zeros or poles in the cut plane; and 
from (10) and (43) we see that 


1—B(w) — Z, (A-6) 


|o| > @. 


Thus 


1 
[= ——{2mi In[1—8(w) ]—2zi InZ} 
sad 


vA 
In———., 
1—B(w) 
which is the result that led to (46) and (53). 


2. 


Next, consider the integral 7; defined by Eq. (57). 
Noting that 


1 1 1 
—_ a Im( ), (A-8) 
B(w) |? ~ Im(1—8) 1—B8 


u(w) (w?—p?)! 
ba(i—f)= —¢——— —— ra, 
4r my—my— 


and that 


we find 


1 
— =f dw m(— )— —_—_—., 
_? 1 ~B(w) my rw 


Refer now to the contour of Fig. 2. Since 1—B(w+ie) 
= 1—6*(w—ie), it is clear that 


1 1 
arigthi= f dw— —-- — — 
c. 1-£6( = my —Mn—w 


1 
-(f-{)-———. 


(A-10) 


(A-11) 
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Once again,¥these integrals are readily evaluated. 
Recalling (A-6) and the fact that B(my—my)=0, we 
find 


I,=—- 


i! 
ei) 
wi 5 


which is the result stated in (57’). 


(A-12) 


3. 


To evaluate the integral Jo, defined by Eq. (56), we 
proceed in a similar manner, finding 


1 » 1 
Iy=- —f dw Im(— ). 
re Jy 1—B(w) 


Again, this can be written 


1 
2rig*l y= (¢-f ao -. (A-14) 
ce 1—B(w) 


Since the integrand has no poles in the cut plane, the 
first integral vanishes. To evaluate the integral around 
the semicircle, we must imagine the circle to have a 
finite radius W, which we later allow to go to infinity. 
That is, we replace the integrand by its asymptotic 


(A-13) 


expansion about the point at infinity: 


dp i 1 


ta 
(1-6)? d(1 /4y) wn W 


! 1 | 1 
| 


oars 


1 dmy1 
=—+ 
Zz Zo 


1—B(w) 
(A-15) 


where dmy is defined in Eq. (9). The integral around the 
circle is now readily evaluated and we find 


(A-16) 


which is the result stated in (56’). 
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Solution of Maxwell’s Equations in Terms of a Spinor Notation: 
the Direct and Inverse Problem* 
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Maxwell’s equations for fields with sources in media in which the dielectric constant and permeability are 
unity are written in terms of a spinor notation which resembles the one used for Dirac’s equation for the 
electron. One can introduce Green’s functions and expansions in terms of complete sets of orthogonal 
functions, analogous to those used in the quantum theory of the electron, to solve Maxwell’s equations in 
more compact form than in terms of the conventional vector notation. 

In addition, the new notation enables us to solve in a simple way an “inverse radiation problem” which 


we describe as follows: 


Consider at time t<0 the electromagnetic field to be zero. At time t=0 sources are turned on and then 
later turned off. The electromagnetic field, which results after this process has been completed, will be a 
radiation field. We can solve the problem of finding the nature of the sources which will lead to a prescribed 
final radiation field. It is shown that, in general, the sources are not unique but additional conditions can be 


given which will make them so. 


1. INTRODUCTION. THE SPINOR FORM OF 
MAXWELL’S EQUATIONS 


AXWELL’S equations in free space with sources 

are: 
curlE+ 0H/ot=0, 
divH=0, 


curlH— dE/dt=47j, 
(1.1) 
divE=4rp. 


[In (1.1) we have used Gaussian units with c= 1.] 
As in a previous paper,! we introduce two 4-com- 
ponent column vectors y and ®: 
Wo Po 
Tank 
v = Yo | ’ ®, ’ 
V3 } ?; 
Yo=I, P)=p, 
i= H,—ik,, 
Y2= H2—1E2, Do= jo, 
¥3= H;—1F3, ®;= 73, 
(H,=H., H2=H,, H3=H.,, etc.), 


and 4X4 matrices a? (t=0, 1, 2, 3): 


$\= Jy 


100 0 0 -10 0 
010 0 ,_}|-1 00 0 
001 0) 0 0 0-i) 

0 0% 0) 


a’=]= 


0 0 -10 0 
0 0 0 i cone 
0 


3 
“je e620" *~ 
0 -§ 0 0 —{ 








* The research reported in this document has been sponsored by 
the Air Force Cambridge Research Center, Air Research and 
Development Command. 

1H. E. Moses, Nuovo cimento Suppl. 7, 1 (1958). Also New 
York University Report IMM-NYU 238, January, 1957 (un- 
published), 


Maxwell’s equations have the form 
13 @ 
—- > ai—_y = —4r9, 
iio Ox! 


(1.4) 


where, in (1.4), and later 


v2 


P=x=1l, x1 =—x=4, x 
Equations essentially identical with (1.4) have also 
been given in by Ohmura? and an analogous but more 
cumbersome set has been given by Oppenheimer.* 
Moliére* and Good® give sets of equations similar to 
(1.4) for the truncated set of Maxwell’s equations in 
which the divergence equations have been omitted. 

In reference 1, it was shown that the usual trans- 
formation properties for the fields and sources are 
obtained. In particular, it was shown that the field 
function y transformed like the wave function for a spin 
1 particle. 

The Hermitian operators a‘ (i=1, 2,3) satisfy the 
following multiplication laws: 

(a!)*= (a*)*= (a")*=T, 
a'a?=1a?= — aa", 
a’a? = ia! = —a*a?, 


a®q!= ia? = — aa. 


=—x=y, =—x3=2. (1.5) 


(1.6) 


As a consequence of these multiplication rules one 
obtains the following important identity: 


is 0 1 3 0 
Cty CE2) 
1i=0 OX; ik=0 Ox 


Fe eee 


ik=0 Oxk 


a 
-ov-(r—)y 
at? 


2 T. Ohmura, Progr. Theoret. Phys. (Kyoto) 16, 684 (1956). 
3 J. R. Oppenheimer, Phys. Rev. 38, 725 (1931). 

4G. Moliére, Ann. Physik 6, 146 (1949). 

5 R. H. Good, Jr., Phys. Rev. 105, 1914 (1957). 


Jed) 


iio Ox; 


(1.7) 


1670 





MAXWELL’S EQUATIONS 


On applying — (1/i) } j~0' a4(0/dx;) to both sides of 


(1.4), we obtain 


4dr 3 te) 
- > a’- —<p. 
i i=0 ON; 


Oy (1.8) 

We see that when there are no source terms, y and 
hence the components of the electromagnetic field 
satisfy the wave equation. If there are sources, on 
taking the top component of the vectors on both sides 
of the equation (1.8) and using yo=0, we obtain as a 
necessary condition for the solution of (1.4), the equa- 
tion of continuity: 


3 OD; Op 


aks divj=0. 
i=0 oxi ot 


(1.9) 


We can also write 


(-}S-a pa 
i ol 


where Hy is given by 


te) 
> ai—, 


ti=1 Ox! 


enc (1.11) 


The operator Ho is analogous to Dirac’s Hamiltonian. 
We can now state our primary objective : we solve (1.10) 
by working in the spectral representation of the operator 
H instead of using the usual Fourier transformations 
in terms of wave numbers. This approach is used in 
references 4 and 5, but the treatment there is incomplete 
and also somewhat cumbersome because the equations 
analogous to (1.10) are not the complete set of 
Maxwell’s equations. 

In the Appendix we shall show how the energy 
conservation laws may be derived simply in terms of 
these definitions. 


2. THE “EIGENFUNCTIONS” OF H.; THE x REPRE- 
SENTATION; THE » REPRESENTATION 

We shall work essentially in the spectral representa- 
tion of the operator 1. We shall introduce four column 
vectors (which we term basic vectors) which form a 
complete, orthonormal set which give the spectral 
representation of Ho. Rather than give a detailed 
motivation for this set of vectors, we shall instead give 
them explicitly. We shall designate the four basic 
vectors by x(x|p,e) where p is a three-dimensional 
vector and where « has the values +1, 0, r. That is, the 
four values of ¢ label the four basic vectors. Explicitly, 
the set of basic vectors which we use is 


IN SPINOR NOTATION 


0 
e?-= 1 rite (nenz—teny) 
ale 
(2m)! v V2(n2?-+n,7)! — (nynztienz) 
nz’ +n,’ 
for e=+1, 


eiP'x 


x(x|p,7) = (an)! 





In (2.1), 7 is the unit vector in the direction of p, i.e., 


n=p/p, (2.1a) 
where p= |p|. Also p-x is the usual three-dimensional 
scalar product of p and x. 

It is easily verified that the basic vectors are ortho- 
normal to each other: 


3 
> | X*(x|p,e)Xi(x| p’,e’)\dx=5(p—p’)b, (2.2) 


i=0 


where 
be =0, 
éq= 1. 


é He 
(2.2a) 


and the asterisk means complex conjugate. This set also 
satisfies the completeness relation: * 


p free | P,€)X;(x’ | p,<)dp= 5(x— x’)5;;. (2.3) 


As a consequence we can expand any four-component 
column vector A (x) 


Ao(x) 
A,(x) 
A2(x) 
A;(x) 


A(x) 


in the following way: 


(2.4) 


A,(x)=>. fxcipoa (p,<)dp, 


400-3 (2.5) 


i=0 


X;*(x| p,e)A «(x)dx. 
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If we choose, we may regard A,(x) and A(p,e) as 
representing an abstract vector A in Hilbert space in 
two different representations, which we may call the 
x-representation and the p-representation, respectively, 
where the norm of A is 


> 


i=0 


A #*(x)A;(x)dx=>- fa *(p,e)A (p,e)dp 


The basic vectors x(x|p, +1) are true eigenfunctions 
of Ho which have their top components zero. They 
satisfy 


Hox (x| pe) =epx(x|p,e), (€e=+1), where p= |p|. (2.6) 


Also 
Hox (x! p,0)=— px(x|p,7), (p= |p) 
and 


— px (x! p,0). 


Another relation that will prove very useful is the 
divergence property 


Hox (x|p,7)= 


3 @¢ 

x = X,(x|p, +1)= 

t 1 0x' 
3 @ 1 
 ——x,(x|p,0)= 


i=1 Ox" 


~—eiP x 
(21)! 


The relations (2.9) enable us to separate the longitudinal 
from the transverse field in a simple fashion. 

We are now able to expand our time-dependent 
electromagnetic field vector ¥(x;7¢) sources ®(x; 7?) in 
terms of the basic vectors x (x| p,e) : 


¥(x;J=L fre |p.) (p,e; Adp, 
(2.10) 


$(x;)=L fxeinorer t)dp, 


Since we require f(x; /)=0, we see from (2.1) thatin 
the p-representation we must have 
¥(p,7; 4)=0. (2.11) 


Hence we may write 


v(x; =" (x; i) +y"(x; 0, 


where 


¥7(x;)=L (x|p,e)v(p,€; dp, 


e=t1 
tae 


ow yw’ is the transverse field, since from (2.9) we have 
> (0/dx')y,?=0, which leads to divE’=divH’=0. 


Libwuies y” is the longitudinal part of the field. 
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We now consider the sources. The equation of 
continuity which is a necessary condition for the 
solution of Maxwell’s equations, 


— (2.13) 
i=0 Ox" 
lead, on using (2.9) and (2.10), to a restriction on 
®(p,e; 4), namely 
i oP(p,7 5) 


(p,0;/) =— ————_ 
p al 


(2.14) 


The condition that ®;(x;¢) is real leads to necessary 
and sufficient symmetry conditions on ®(p,e; /), namely 
&*(p, +1; t)=(—p, +1; 2), 

&* (p,7; ()=0(—p, 7; 2), 
$*(p,0; 1) = —&(—p, 0; #). 
3. THE SOLUTION OF THE INITIAL VALUE PROBLEM. 


SEPARATION OF THE LONGITUDINAL AND 
TRANSVERSE FIELDS 


We shall now use the expansion of ¥ and @ in terms of 
the complete set of basic vectors to solve Maxwell’s 
equations with sources. As in Sec. 2, let us write 


¥(x;)=L fxaipoviee: t)dp, 
(3.1) 


&(x; =>, fxcirore: ‘dp. 


On substituting ¥(x;¢) and @(x;?¢) as given by (3.1) 
into Maxwell’s equations (1.10) and using (2.6)—(2.8), 
we obtain 


xf , tata pe; 2) 
x (x|p,..)————_ 


+ fon x(x|p,0) pp(p,7; dp 
+f x(x\p.7)9(0.05 dap 


a * 


e=+l1 


epx (x| p,e)W(p,e; “dp 


“wk f x(x|p)(p¢;dp. (3.2) 


By identifying coefficients of x(x|p,e), we obtain 
equations for ¥(p,e;¢) in terms of #(p,e; /). The equa- 
tions for the transverse part of the field are obtained by 
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identifying the coefficients of x(x|p, +1), and we find 


10 


- V6 t)—ep(p,e; 1) = —4r(p,e; 1), (€=+1). (3.3) 


As before, we require 


¥(p,7; 1)=0. 
Hence, by identifying the coefficients of x(x|p,7), 


(3.4) 


(3.5) 


4 
v(p,0; t) = P aiaali t), 


and by identifying the coefficients of x(x! p,0) 


10 
—-—w(p,0; t) = —4rb(p,0; 2). (3.6) 
i al 


In order that ¥(p,0; ¢) be given both by (3.5) and (3.6), 


we obtain a relation that ® must satisfy: 


1 1 d6(p,r7;2) 
-- = —6(p,0; 4), 
ip at 


(3.7) 


which is just Eq. (2.14); this was seen to be equivalent 
to the equation of continuity. 

In our notation (as in the usual treatment) the 
transverse and longitudinal fields uncouple. The trans- 
verse field in the p-representation is given by (3.3). 
Because of the first derivatives in time, one can consider 
an initial value problem which this poses. 

On the other hand, the longitudinal field itself, 
rather than its derivative, depends on the sources and is 
therefore simpler to obtain than the transverse field. No 
initial value problem is involved. 

On using the expressions for the eigenfunction (2.1), 


| i(x| p,0) 
L(x; = -45f = = (yr; t)dp 


,0 
ate ff eptein 
i p 


X#;(x’; {)dx’dp 
_~* “f 
~ (Qn) 


nz, etc. Since &o(x; 4)=p 


eiP: (x—-x’) 
—_——dp no(x’; tx’, 
p 
(i=1, 2,3), (3.8) 


where 7;= (x; 4), we see that 


1 e'P: (z—z’) 
veteinn——— ff dpi sae 
2m? Ox" 


0 p(x’ H!) 
} — ~dXx". 
xi J |x—x’| 


(3.9) 


= j— 


We thus obtain the familiar result that the longitudinal 
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magnetic field is zero, 


H/=0, 


p(x’; Z) 
E“(x; t)= grad f - dx’. 
[x—x"| 


Having disposed of the longitudinal field, we shall 
now discuss the initial value problem for the transverse 
field. 

The general solution of the differential equation 
(3.3) is 


V(p,e; j= ier (t-t) (p €; to) +4rrie iept 


(3.10) 
and 


(3.11) 


t 
x fees eran, (e=+1). (3.12) 


The first term on the right represents a solution of 
Maxwell’s equation without sources, while the second 
term shows the effects of sources. It should be noted 
that &o(x,t)=p(x;7) has no effect whatsoever on the 
transverse field. We can also write the solution (3.12) in 
terms of the x-representation : 


Vi (x; )= 2 


e=+1 


-£ J fun 


XX;*(x’| pyelen P(x’ to) dx’dp 


t 
+4ni f arf f > X.(x|p,e) 
to e=+1 


KX;*(x’ | p,eem te? OD (x’ ; 


X;(x| p,e)\y" (p,e; dp 


t')dx'dp. (3.13) 


Hence 


y7 (x; )= f avec t| x’; to)W7(x’ ; to) 


t 
+4ni f at f avn; x’; t’)@(x’; t’) (3.14) 
to 


where G(x;/|x’;?’) is the matrix Green’s function 


given by 


y= 2h 


e=+1 


Gi;(x; t|x’; X (x | p,e) 


XX;*(x’| pee dp. 


The matrix elements are easily evaluated : 


Go;(x,t|x’,’)=0, (j=0, 1, 2, 3) 
0? 0? . 
Gii(x,t|x’,t’) -|- |x x’), 
ot? ax 
(3.16) 
(t=1, 2, 3) 
0? 0? 
Gi2(x,l xa)-[-i |ocwix, 


dldx* =x! dx? 
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and cyclically, 
Gi;(x,t|x’,t’) = Gj.(x,t|x’,t’); 
where 
n(|x—x’|?—|i—?'|*) 


B(x,t|x’,t')=- " (3.17) 


4a |x—x’| 
where 
for x>0, 


x<0. 


n(x)=1 
n(x)=0 


If there were no sources, one would obtain only the 
first term of (3.14) which would represent a radiation 
field in terms of its value at time t=¢o. This radiation 
field could also be written 


3.18 
for ( 


Lv (3.19) 


e=+t1 


x (x| peje? (pe; to)dp. 


It is useful to note that the radiation field (3.19) 
represents a superposition of solutions x (x| p,e)e~**?* of 
Maxwell’s equations without sources. Such solutions 
represent circularly polarized radiation of frequency 
|p| travelling in the direction p for e=1 and —? for 
«=—1. To show this, one sets 7,=1, ny=7.=0, and 
obtains from (2.1) 

E,=0, 
1 (e+1) ro ) 
i nes cos| p(x—et) |, 
: v2(2r)! 2 
1 (e—1) 
E,=———_ sin[ p(x—et) ], 
v2(2r)' 2 
H,=0, 
ii eel 

= = ——n EE Le) I, 

" y2(2m)! 2 
1 (e+1) 


7 .= 
V2(2m)! 2 


cos[ p(x—e) J, 


which are just the usual forms for circularly polarized 
electromagnetic waves. 


4. THE PROBLEM OF FINDING SOURCES WHICH WILL 
GIVE A PRESCRIBED RADIATION FIELD 


Let us consider a particular situation where ®(x; t)=0 
for t<¢o and for ¢>#,. At time t<to and ¢>t, we shall 
have radiation fields which we call initial and final fields. 

A physically interesting problem is to obtain the final 
field from the initial field and sources. The problem is 
analogous to the scattering problem in quantum 
mechanics. Since we have given the general solution of 
Maxwell’s equations in the previous section, we can 
easily solve this problem. 
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We can also solve the “inverse” problem which may 
be described in the following way: We prescribe the 
initial field and the final field. We are required to find 
the sources which lead from the initial field to the final 
field. A particular case is that which occurs when the 
initial field is zero. We shall then want to find the 
sources which give a prescribed radiation pattern. 

Let us now assume that there are no sources for 
t<to. At t=¢o the sources are switched on, permitted to 
vary in time in any desired fashion, and then switched 
off again at t(>t,. From (3.12) it is clear that for t<¢o we 
have a solution of Maxwell’s equations without sources 
which is a purely transverse field and which we may 
write as 


v(x; =p" (x; d) 


=D | x(x|p,ce~*?-y (pe; to)dp 


e=+1 
” f G(x; |x’ toW7 (x's o)dx’, (tSto). (4.1) 


In the time interval tp<¢<t,, the transverse field is 
given by (3.12) or (3.14). 

The longitudinal field is given by (3.9). 

For times ¢>¢, corresponding to the switching off 
again of the sources, we have another solution of 
Maxwell’s equations without sources which is a pure 
transverse field: 


v(x; =" (x; 4) 


= ZL | x(x|pee ery (p,e; 1) 


etl 


= f Gtastlx's mre’ max, t>t, (4.2) 
where 


¥(p,e; 1) =e PY (p,e; Lo) 


ti 
+4rie-on f b(p,e; t’)e*?"'di’, 


' (e=+41). (4.3) 


It will be useful to introduce the notation 


F(p,e)= 
(p,¢) 0 


1 ft 
D(p,e; t’)e*?!'dt’ 
= | (p,e; ¢’) 


us to 


1 


t 
- =f fxecxino.(a; Nerr"'dnar, 
(2m)! t to 


(e=+1). (4.4) 


Equation (4.3) can be written 


¥(pye; £1) =e7P(4-y, (—p,e; to) +2 (2) tie? 4F (pe), 


(e=+1). (4.5) 
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In terms of the p-representation, the initial electro- 
magnetic field is (p,e;%o), while the final one is 
¥(p,e; ¢1), both fields being given. We are required to 
find the sources ®(x; ¢). We shall show that the solution 
is not unique, but that we can obtain essentially unique 
results by imposing additional conditions. 

From (4.5) we can find F(p,e) from the initial and 
final fields : 


haley ey . W(p,e; ti)—e (pe; to) J, 
e=+1. (4.6) 


If we can find ®(p,e;¢) and hence ®(x; ¢) from F(p,e), 
our problem is solved. 

Let us define the function F(p,e;%) as being the 
Fourier transform of ®(p,e;/) with respect to time, 
for e=+1. 


Tv to 


1 ft 
Rhine iie——- f 5 (pe; Ded, 
(2x)! 
(4.7) 


1 +00 
&(p,e; ) = f F(p,e; Be-**dk. 
2m)! 


T —« 


The condition that (x; ¢) be real leads to Eqs. (2.15) 
and hence also 


F*(p,e; k) =F (—p, €; —). (4.7a) 
Also the condition that (x; ¢) vanish for (>t, and t<to 
leads to the requirement that F(p,e;) be an entire 
function in the complex k+ plane and that e~*“\F (p,e; k) 
and e~*F(p,e; k) + 0(1/|k|) as |k|—> © in the upper 
and lower half planes, respectively. 

It is clear that if we are given the initial and final 
fields and hence F(p,e), we can take amy function 
F(p,e; k) which satisfies (4.7a) and the analyticity con- 
ditions such that 


F (p,e; -p)=F (p,e), 


and obtain ®(p,e;/) for e=+1 using the second of 
Eqs. (4.7). 
We can find a suitable real source ®(x; ¢) from 


(4.8) 


(4.9) 


#(x;J=h Jxcapoo (ns dap, 


where ®(p, +1;72) is given by (4.7), ®(p,7;¢) is any 
arbitrary function which satisfies (2.15) and which 
vanishes identically when ¢<¢o or ¢>¢,, and 


&(p,0; 1)= (t/p)dP(p,r; t)/dt. 


We note that there are two types of lack of uniqueness 
in @(x; ¢). One type consists in the arbitrary choice of 
function ®(p,r;¢) which satisfies (2.15), but vanishes 
identically for times ¢<¢ and for times ¢>¢,. This 
arbitrariness corresponds to the possibility of having 
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any arbitrary charge distribution p(x;?) for fo<t<h 
which would give rise to the longitudinal field given 
by (3.9). 

When this charge distribution is switched off, it will 
not affect the final transverse field in any way whatever. 
Thus the final radiation field is given by the sources 


&(x;)= > 


e=+1 


x(x| p,€)P(p,e; A)dp 
only. To this source we may add #4", where 


#4" (x; /) = f x(x|p,7)®(p,7; dp 


+ f x(x|p,0)b(p,0; dp 


which, when expressed in terms of the arbitrary charge 
density p is 


Bo\"?(x; 1) =p(x; 0), 


a1 1 dp(x’; 0) 
GPO hag Dee ae Fen ei, (4.10) 
Ox'4r 4 |x—x’| At 


(i=1, 2, 3). 
[It is clear that @4™ satisfies the equation of continuity 


3 OP Arb 
& Seineage 0, 
=0 Ox! 


since V?(1/4a|x|)=—6(x). ] 

The choice of p(x;¢) and hence also &4" is not an 
essential lack of uniqueness in the inverse problem 
because this source does not give rise to transverse 
fields at any time. 

The second lack of uniqueness in the inverse problem 
is far more important. It concerns the choice of function 
F(p,e; k) for e=+1. Except for the requirement that 
this function satisfy (4.7a) and (4.8) and the analyticity 
conditions, it is arbitrary. We shall therefore impose ad- 
ditional conditions which will make the problem unique. 


5. THE STATEMENT OF THE INVERSE PROBLEM 
WHICH LEADS TO UNIQUE SOLUTIONS 


It will be convenient to choose the origin of time so 
that fo= — 7 and t;=T where T>0. This can always be 
done by taking T=} (t,—¢o) and introducing a new time 
coordinate t/=!—}(t;+¢0). We shall assume the new 
time coordinate is always used in what follows and drop 
the prime. We shall prescribe the initial and final fields 
in the p-representation which are now ¥(p, €; — 7) and 
v(p,e; 7), respectively. Henceforth, whenever ¢ appears 
it will be restricted to the values e= +1. 

The Ansatz which will lead to unique sources for any 
choice of initial and final fields is the requirement that 
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the source vector ®(x; ¢) be represented by 
(x; 1) =" (x)h® (t) +64 (x)h” (0), (5.1) 


where /*(t) is a prescribed real even function of ¢ and 
h’ (t) is a prescribed real odd function of ¢ (the super- 
script U stands for “uneven” and is used instead of O 
to prevent confusion). Neither h* (¢) nor A” (t) is allowed 
to be identically zero. Our statement of the inverse 
problem is that we shall be able to find unique real 
4-component column vectors ®¥(x) and ®%(x) which 
are functions of x only for any initial and final fields. 

Let us first introduce the Fourier transforms of 
h®(t) and h" (t): 

+7 


1 
g®(k)=— f h® (t)e*'dt, 
(2r)t J_p 


1 +7 
o¢(k)=— f h (t)er*tdt, 
(2)! J_p 


It is easily seen that 
g’*(k)=g" (k), 
g®(—k)=g*(k), 
g"*(k) = —g"(k), 
g’ (—k)=—g" (k). 
From (4.7) and the relation 
(pe; 1) =P" (pe)h* (t)4+-" (p,e)h" (2), 
we see that 


F (pe; k) =P* (p,e)g® (k) +" (p,e)g" (k), 
where 


2.0 (pe)=)>- fro p,e)®,;"-" (x)dx, 


PEU(x)= Yo I x(x|pie)h”-” (pe)dp. 


e=+1 
The reality conditions on ®“(x) and ©” (x) lead to the 
requirement that 
P!.U(—p, e)=b" UF (pie). (5.7) 
Equation (4.8), together with (5.3) yields, finally, 
F (pe) =®* (p,e)g® (p) +e" (p,e)g" (p). 
Now it will be convenient to introduce F¥(p,e) and 
FY (p,e) defined by 
F¥ (p.)=3[F (p,)+F*(—p, ©) ], 
FY (pe) =3[F (pe) — F*(—p, e) ]. 
It is clear that 
F(p,e)=F* (pe) +F" (p,e), 
F*(—p, e-)=F** (pe), 
F°(—p, e)=—F°*(p,e). 


(5.8) 


(5.9) 
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Therefore, using (5.3) and (5.7), we have 
F¥ (pe) =®* (p,e)g"(p), 
FY (p,e)=e®" (p,e)g" (p). 


Furthermore, on using (4.6), we find the following 
solutions for ®¥-"(p,e) in terms of the initial and final 
fields: 


(5.11) 


—# 
25 (p<) =— 
4(2n)'g*(p) 
—eterTy*(—p, €; T)—e-*? TY (p, €; —T) 


+e%rTy*(—p, €; T) ], 


Lei? (p,e; 2) 


(5.12) 
: ~ie 
ears 
+e 7Ty* (p, ¢; —T)—e-*?TY(p, €; —T) 
—etrty*(—p, e; T)]. 


Finally, we have the sources 


Le'*”™Y(p,e; 4) 


(5.12a) 


(x; /)= D> J x(x|p,e)®* (p,e)dph* (?) 


e=il 


+2 (5.13) 


e=+1 


x(x|p,e)b” (p,e)dph" (2). 


We shall now consider two examples of the inverse 
problem. 

Example 1.—We shall take the field before the sources 
are switched on to be zero. After the sources are 
switched off the field is to consist of a circularly polar- 
ized wave travelling in the positive x direction with 
frequency v. Hence 


¥(p,e; —7)=0, 


sey | (5.14) 
v(p,e; 7 )=K6(pr—v)6(py) (pz) be, 41, 


v>0. 
Furthermore, we shall take 


h® (t)= Ad(1), 
h” (t)= BS’ (t). 


All sufficiently short time #”(t) and 4" (t) functions can 
be approximated by the functions given in (5.15). 
Furthermore, we may take T to be arbitrarily small. In 
fact we shall take T to be zero after the various integra- 
tions over time have been performed. 

Then, in terms of the x-representation, the field is 
identically zero for <0 and for ¢>0 is given by 
[see (3.20) ] 


E,=0, H,=0, 


K 
—cosl»(«—4)], H,= 


ison sin[y(«—?) J, 
v2 (2m)! v2 ( 


m 2r)} 
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4 K 
H,=———— cos[_v(x—#) ]. 
V2 (27)! 
(5.16) 


Zon) sin[»(«—?) ], 


v2 (27)? 


The calculations for the sources are quite straight- 
forward and one obtains 


0 
0 K 0 


6(x)=——_|_ |, 
—cosvx B16r’v | sinvx 
COSVX. 


(5.17) 


sinvx 


K 0 
(x; /)=—— (5.18) 


16! | —cosvx6(t)+v~! sinvxé’ (t) 
sinvx6 (t)+v~! cosvxd’ (t) 


One can add to this source the arbitrary charge dis- 
tribution p(x;/) which we may choose, if we wish, to 
take the form 

p(x; t)=p(x)6(t), 


where p(x) is arbitrary. This gives rise to the arbitrary 


additional sources 


p(x)5(t) 


1 0 p(x’) 
- J= dx’5'(t) 
4 Ox JY |x—x’| 


PAr(x; t=] 1 3s p(x’) Ix’3!(0) | 
—_——dx 
4a Oy |x—x’ | 


1 0 p(x’) 
———dx’5' (t) 
|x—x’| J 








4 Oz 
Having obtained the sources, we can now obtain the 
fields for all time using techniques given in Sec. 3. The 
transverse field is given by 
K 
r . nr 
v7 (x; 1) 


"V2 (2m)! 


| : 
X94 ner +iv-'6(t) 


,» (5.20) 


| —1 sinvx 
1 
where n(¢) is the Heaviside function: 


t<0 
t>0. 


COSVX. 


n(t)=0 for 


li ie (5.20a) 
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The longitudinal field is 
0 
0/dx 


y"(x;t)=1 
0/dy 


p(x’) 
——dx’5(t). 
|x—x’| 


(5.21) 


0 / 02 


Example 2—In the present example we shall study 
the case in which the time dependence of the sources is 
the same as before and where we again require the 
initial field to be identically zero. In contrast to the 
previous example, however, we shall require the final 
transverse field to be highly concentrated in space 
immediately after the sources are switched off. We 
shall then see that as long as the sources are on, they 
will also be highly concentrated in space. 

It would be nice to consider the field immediately 
after the switchoff to be 


y4 (x) = Rd(x), 


where R is the four-component vector 


R; being any complex number R;= L;+iM;. However, 
y“ is not suitable for a final field because it is not purely 
transverse. Hence we shall subtract the part whose 
divergence is not zero. 

We may expand w(x) as 


¥4(x)= LD f x(x/| p,e)\y4 (p,e)dp 


+ f x(x|p,0)¥4(p,0)dp. (5.23) 


Now, the part for which the divergence does not 
vanish is 


H44(x)= fx(xl 0.0" (0p (5.24) 


Moreover, since 

y4(p,0)=>- frreln.owe Gods (5.25) 
we have, on using the explicit form of X;(x|p,0), 
vet¥(a) =f dxysA(e) f xiGxl 0%" Oar 

i 


1 3 0? 
=-—-ER—__, 
Ox'dx? |x| 


(i=1, 2,3). (5.26) 
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Hence, we shall take as the field immediately after the 
sources are switched off, 


eo 
¥i=RO(x)+— LD R;— —, 


4ri=i  Ox'dx! |x 


(i=1,2,3) (5.27) 


which is still highly localized near the origin and is now 
a purely transverse wave. 

The sources which give rise to (5.27) are easily 
calculated : 


$o" (x) = 0, 


1 a 1 
| Mave) +— > M; | 5.28) 


1 
$,7 (x) =— 
der. 4 imi "ax ‘ax’ |x| 


fi 


1 
U(x) =- E 
(4m)2BL ax? 


©," (x) =- E 
(4m)? 2BL ax! 


te) 071 
peat 
|X 


Ox? 


In addition to these sources, one can add the arbitrary 
sources given by (5.19). 
For t>0, it is easy to show that the field is given by 


¥i(x; =D; Gij(x; 1/0; 0)R,;, (5.29) 


where G is Green’s function given by (3.16). 


APPENDIX. DERIVATION OF THE ENERGY 
CONSERVATION LAW FROM THE 
SPINOR FORM 


One can derive the energy conservation law for 
Maxwell’s equations in a manner similar to the deriva- 
tion of the equation of continuity in Dirac’s equations. 

Let us define two different types of inner products of 
column vectors. Consider two vectors A(x) and B(x) 
which are given by 


Bo(x) 
B,(x)| 
B, ~ 


B(x)= 


In (1) and later, x represents collectively the three- 
dimensional space coordinates. The first type of inner 
product is the Hermitian inner product in_finite- 


MOSES 


dimensional vector space. 
3 
A(x)-B(x)=)>0 A,*(x)B,(x), (2) 
=0 


where the asterisk means the complex conjugate. The 
second inner product is the Hermitian inner product 
used in Hilbert space: 


(A,B)= ¥ f4 i* (x) B;(x)dx= fa (x)-B(x)dx. (3) 


The operators a‘ are Hermitian with respect to both 
inner products. 
Let us write 


1 
A (x) it —(x), 
8x 


—1 3 fe) 
B(x) =— > a’'_-y. 


1 i=0 Ox? 


Because of Maxwell’s equations (1.4), we have 


1 
(A,B)=—¥ 


8a i=0 


v(x): Va) 


=1i f v(x)-®(x)dx. (5) 
Also 


0 
(B,A)=- 's ai—p (x) -W(x)dx 


8m i=0 Ox! 


—4i f 809) -venjdx. (6) 


Since the operators a‘ are Hermitian, Eq. (6) becomes 


> 
— 


Sar i=0 


0 
—¥(s) aid (x)dx=—Hi f(x) (x). (7) 
x 


On adding (5) and (7), we obtain 


3 0 
> | —S*(x)dx 


Ox" 


0 
=— ~ fsvayint — Si(x)dx= J Pooas, (8) 
Ox* 


where 


1 
Si(x) =—)(x)-a‘y(x), (i=0, 1, 2, 3) 
8x 


P(x) = Reip(x) -®(x) = »? E,ji 


i=1 





MAXWELL’S EQUATIONS 


where Re means “real part.” It is easy to see that 
P(x) is the time rate of change at which the electric 
field does work per unit volume on the sources. Hence 
S°= (1/81) D:i*¥; is the energy density and the 
components S‘ (i=1, 2,3) are the components of the 
Poynting vector. Since the field y is arbitrary, we can 
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strip off the integrals in (9) and obtain the familiar 
differential form of the conservation of energy: 
dS°/dt+divS = E-j. 


Various other conservation laws can be obtained in an 
analogous way. 


(10) 
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Symmetry Laws and Strong Interactions* 
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An attempt is made to explore the possible connection between 
symmetry laws in internal space (e.g., isospin space) and symmetry 
laws in Lorentz space with special attention to the question: Why 
are the strong interactions parity-conserving? For direct (non- 
derivative-type) pion-nucleon interactions, CP invariance and 
charge independence are sufficient to guarantee the separate con- 
servation of P and C, as previously pointed out. For derivative- 
type pion-nucleon interactions, charge independence and G 
invariance (rotational and inversion invariance in three-dimen- 
sional isospin space) require that parity (and CP) be conserved; 
in addition we can also show that the charge-triplet pion must be 
pseudoscalar, provided that the virtual Yukawa process r® = p+p 
is allowed or, equivalently, the 7° can be regarded as a bound state 
of a proton and an antiproton as far as symmetry laws are con- 
cerned. For the K couplings, analogous conditions cannot be 
obtained from the usual assumption of charge independence alone. 
However, if the K couplings (rather than the couplings) exhibit 
a higher internal symmetry in the sense that the K couplings are 
universal, the high K symmetry plus charge independence in the 
usual sense imply parity conservation both in the case of CP- 
invariant nonderivative-type K interactions and in the case of 


t 


ECENTLY some progress has been made in our 

understanding of weak interactions. With the 
empirical observation of a statistically well-established 
asymmetry in the decay of A particles! and with the 
advent of the universal VA theory which accounts for 
parity nonconservation in weak processes regardless of 
whether or not neutrinos are involved,?~ the original 
“puzzle” that arose from the curious behavior of the 
pionic decay modes of K particles has largely dis- 
appeared. Yet there remain deeper (and perhaps more 
difficult) questions unanswered: Why do baryons and 


mesons interact sometimes strongly and sometimes 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

t On leave of absence from the University of Chicago. 

1 Crawford, Cresti, Good, Gottstein, Lyman, Solmitz, Stevenson, 
and Ticho, Phys. Rev. 108, 1102 (1957) ; F. Eisler et al., Phys. Rev. 
108, 1353 (1957). 

2E. C. G. Sudarshan and R. E. Marshak, Suppl. Nuovo 
cimento (to be published). 

3 R, P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (1958). 

4J. J. Sakurai, Nuovo cimento 7, 649 (1958). 


G-invariant derivative-type K interactions. The high K symmetry 
also implies that the relative N= parity as well as the relative 
AX parity is even. It is conjectured that, if the K couplings must 
be of a derivative type, only ps-pv coupling is allowed, which 
means that the K particle is pseudoscalar. The global symmetry 
model which cannot be reconciled with our assumption of the 
high K symmetry is re-examined. The high K symmetry is 
destroyed in a specific and definite manner by the 7 couplings, 
and relations among the various coupling constants are inferred 
from the baryon mass spectrum. Some empirical implications of 
our model are discussed. Whereas G invariance requires the sym- 
metric appearance of the two chiral spinors 4$(1+s)~ and 
3(1—y;)¥ for strangeness-conserving processes, for strangeness- 
nonconserving processes G conjugation carries charge-conserving 
interactions into inadmissible interactions that do not conserve 
electric charge. Hence, if we take the point of view that parity- 
conserving interactions are generated by G conjugation, we have 
some understanding of the puzzling fact that strangeness con- 
servation and parity conservation have the same domain of 
validity. Further theoretical speculations are made. 


weakly? “Why are the strong interactions parity- 
symmetric,”® or, more specifically, why can’t we insert 
1+v7s for the strangeness-conserving [p,A°,K+] inter- 
action? Why are the parity-conserving interactions 10" 
to 10" times stronger than the parity-nonconserving 
interactions? 

It is not at all evident to us now whether the present 
(unsatisfactory) quantum field theory of elementary 
particles is capable of coping with these formidable 
questions. Yet we cannot help but be struck by the 
empirical facts that strongly interacting particles possess 
internal degrees of freedom such as isospin and strange- 
ness that leptons do not seem to possess; that sym- 
metry laws concerning these internal degrees of freedom 
are approximate, just as the “law” of the conservation 
of parity is approximate; and that the conservation of 
strangeness (or equivalently the conservation of J3) 
seems to have the same domain of validity as the con- 
servation of parity for those interactions that involve 
only strongly interacting particles. From these empirical 
pe if Pauli (private communication to V. Weisskopf, January, 

57) 
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observations we are naturally led to conjecture that 
there may exist an intimate relation between “internal’”’ 
space and space-time in the sense that symmetry laws 
in isospin space are “interlocked” with symmetry laws 
in Lorentz space—a point of view suggested by Pais 
even before the r—6@ problem became a serious puzzle.® 

If there indeed exists such a deep connection, we 
might well ask the following questions: 

(1) Can we deduce the law of parity conservation 
from symmetry laws that we usually associate with 
internal space (e.g., isospin space) ? 

(2) Can we determine the intrinsic (relative) parities 
of strongly interacting particles from the symmetry 
behavior of those particles in isospin space? 

(3) Do strongly interacting particles exhibit a higher 
symmetry than the symmetries implied by charge in- 
dependence in the usual sense, and, if so, how is such a 
higher symmetry related to symmetry laws in Lorentz 
space? 

(4) Is it just accidental that parity conservation and 
strangeness conservation have the same domain of 
validity, or can we establish some sort of connection 
between parity and strangeness? 

One of the most urgent tasks of elementary particle 
physics today is to make an attempt to answer these 
questions in a unified manner. 


II. 


We first review the transformation properties of 
various kinds of Yukawa interactions under C and CP. 
Throughout this paper we use Hermitian y matrices 
with ys=vrvevsvs. Under charge conjugation C, a 
spin-} fermion field y and a spin-zero boson field ¢ 
transform as 

¥i.2— m, 2,2, 
3 — 03°o3", 


where we have used the Majorana representation of the 
y matrices in which yq4 is purely imaginary, and 
7;(j=1, 2, 3) are purely real so that we have 


(1) 


yet =—¥4, ¥57=7;- 


Under the parity operation P?, we have 


Vi1,2 ss m, 2? v1, 2, (3) 
3 — 13s. 


In order to apply the charge-conjugation operation, 
it is essential that the interaction Lagrangian is properly 
antisymmetrized according to the Fermi-Dirac statistics. 
To save space, however, we use the abbreviation 

Yi-Vobs=}(ViMr.—W.Ni)bs for Q=1,iys, (4) 
and 

Vr -Wobs=} (ViM.—Y.N1)0,b3 for Q=iy, is, 


6 A. Pais, Proceedings of the Fifth Annual Rochester Conference on 
High-Energy Nuclear Physics (Interscience Publishers, Inc., New 
York, 1955), p. 135. 
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where Y=y'y4. We have inserted factors of i in such a 
manner that the resulting Lagrangian is Hermitian 
with real coupling constants when ¢; is strictly neutral 
and the fermion 1 and fermion 2 are identical, i.e., 
when the interaction is self-conjugate. 

Under C, we have 


Vi -W2b3 > m°*2°ns“wcpe-Yids* ; (5) 
and under CP, 
Vi Wobs > mens m?*n2? ns? wowph2'Wids*. (6) 


Here we and wp can take values +1 and —1, and depend 
only on the nature of the couplings and not on the types 
of fields in question. From (4) it is seen that in order 
to obtain we it is sufficient to examine whether y,Q is 
equal to —Q7y,7 or to +77," in the Majorana repre- 
sentation (2). To obtain wp we examine whether yiQy, 
is equal to 2 or to —Q. The values of we and wp are 
given in Table I. We may note in particular that under 
CP the two nonderivative-type couplings (scalar coup- 
lings (scalar coupling and pseudoscalar coupling) trans- 
form oppositely, and that under C the two derivative- 
type couplings (vector coupling and pseudovector 
coupling) transform oppositely. Unless these two points 
are clearly borne in mind, the rest of the paper may be 
difficult to follow. 

From Table I we can immediately deduce several 
interesting theorems, most of which have been noted 
previously : 

Theorem A.—If CP invariance holds, and if the 
Yukawa coupling is direct (i.e., not involving deriva- 
tives), then parity must be conserved for self-conjugate 
interactions involving strictly neutral bosons, i.e., 
either scalar coupling or pseudoscalar coupling (but not 
both simultaneously) is allowed. 

Theorem B (Feinberg-Gupta-Soloviev theorem’), — 
If CP invariance holds, and if the Yukawa coupling is 
direct, then parity must be conserved for charge- 
independent interactions between the charge-triplet pion 
and the charge-doublet nucleon of the form Ne-NV-x 
= (p- p—ni-n)x+v2 (p-net+ii- pr-). 


TABLE I. The transformation properties of Yukawa couplings. 
For notations see the text. 


wp 





1 
iys —1 
ty; _ =i 
iys 1 
1Yj75 1 
j 1 
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Theorem C.—If C invariance holds, and if ¢;— $3 
under charge conjugation, then the scalar-vector cou- 
pling is forbidden for self-conjugate interactions. 

Corollary A.—If C invariance holds, and if the pion- 
nucleon must be of a derivative type, then we can 
deduce not only that the r°-nucleon interaction must 
be parity-conserving but also that the r® must be 
pseudoscalar solely from the fact that the spin-zero 7° 
is even under charge conjugation. 

Theorem D.—If C invariance and charge independence 
hold, if pion-nucleon interactions must be of a derivative 
type, and if the 7° is even under C, then parity must 
be conserved, and the charged pion as well as the 
neutral pion must be pseudoscalar (with the usual 
convention that the relative pm parity is even''). 

Corollary A and Theorem D have interesting con- 
sequences. Let us first note that the fact that the 1° is 
even under C has nothing to do with the pseudoscalar 
character of the pion if the virtual Yukawa process 
mw = p+ is allowed, or if the +° can be regarded as a 
bound system of p and j. Consider a pp system having 
the same symmetry property as a spinless °. Such a pp 
system is in 'So and/or in *Po. (If parity is conserved, 
and if the r° is pseudoscalar, then 7° can dissociate only 
into 'So, but this is irrelevant in our argument.) But 
both So and *Py are even under charge conjugation 
because the charge-conjugation parity of a self-conjugate 
fermion-antifermion system is given by (—1)!**." 
Hence if the 7° is spinless, and if the virtual Yukawa 
process r° = p+7 is allowed, then the r® must neces- 
sarily be even under charge conjugation, which is in 
agreement with the empirical observation 2° — 2y. 

Now, as Feynman would say, suppose history were 
different.*"* Let us imagine that people had believed 
that only V and (or) A appear in elementary-particle 
physics, which might have been the case (as the recent 
work of Brown" shows) if the Kramers-Feynman 
equation” had been discovered before the Dirac equa- 
tion. This would have meant that any Yukawa coupling 
of a spinless boson field must involve the gradient of the 
meson field. Then from the very fact that the pion is 
spinless and from the theoretical conjecture that the 
virtual process 7° p+ is allowed, we could have 
deduced by the use of Corollary A that the 2° had to be 
pseudoscalar. Using charge independence we could have 
concluded further that the charged as well as the 
neutral pion is pseudoscalar, as Theorem D shows. 

The fact that C invariance in the case of derivative- 


type interactions leads to the extra condition on the 


" Wick, Wightman, and Wigner, Phys. Rev. 88, 101 (1952). 

2 See, for example, L. Wolfenstein and D. G. Ravenhall, Phys. 
Rev. 88, 279 (1952). 

1R. P. Feynman, Proceedings of the Seventh Annual Rochester 
Conference on High-Energy Nuclear Physics, 1957 (Interscience 
Publishers, Inc., New York, 1957), Chap. IX, p. 42. 

41. M. Brown, Phys. Rev. 111, 957 (1958). 

15H. A. Kramers, Quantum Mechanics (Interscience Publishers, 
Inc., New York, 1957), p. 272; H. A. Kramers, Verhandl. Zeeman 
jubil, 403 (1935). 
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intrinsic parity, whereas no such condition is obtained 
in the case of CP-invariant nonderivative-type interac- 
tions, is not surprising. In the case of CP-invariant non- 
derivative-type interactions, we can always adjust 
m?*n2’n3’ in such a way that a given interaction be- 
comes parity-conserving for one of the parity channels. 
(Just take :?*n2?n3?= +1 for scalar coupling and —1 
for pseudoscalar coupling.) On the other hand, for 
C-invariant derivative-type interactions the product 
m°*n2°ns© is not necessarily a parameter which we can 
freely adjust to make it agree with we, because this 
product is determined already from other considerations, 
e.g., from the theoretical consideration that the /=0 
pp system is necessarily even under C or from the 
empirical observation 7° — 2y. 

Actually all these remarks about the scalar-vector 
coupling of the pion are somewhat academic. It has been 
known for some time that the neutral scalar-vector 
coupling can be transformed away into a null coupling 
by Dyson’s canonical transformation.'® Therefore the 
scalar-vector coupling of the neutral pion is illusory. 
A similar equivalence theorem can be obtained for 
charged pions.!” In any case it is interesting to note 
that we can dispose of the scalar character of the pion 
by two independent arguments if only derivative-type 
interactions are to be allowed. 

Theorem B and Theorem D show the importance of 
charge independence in deducing parity conservation 
for pion-nucleon interactions. The essential reason is 
that charge independence of the form +-x requires, 
among other things, that the coupling constants that 
characterize the p-nm* interaction and the /- pr- inter- 
action be the same not only in absolute magnitude but 
also in phase and in sign, which is a stronger require- 
ment than the one that follows from the Hermiticity 
alone. This puts the charged-pion interaction essentially 
on the same footing as the interaction of self-conjugate 
neutral pions as first pointed out by Pais and Jost.'® 
This requirement, when considered with the fact that 
vector coupling and pseudovector coupling behave 
oppositely under C and that scalar coupling and 
pseudoscalar coupling behave oppositely under CP, 
leads to the conclusion that only one of the parity 
channels is allowed in each case. For instance, to prove 
Theorem B directly (i.e., without using Theorem A and 
charge independence explicitly), we merely note that 


A: par- —> — np nn *ne -—* np nn *n, Pp net for ps 
as tp nn ne np a ns pp net for s. (7) 
III. 

We are looking for some sort of “interlock” between 
internal symmetry laws and space-time symmetry laws. 
So far we know of only one connection between an 

16 F, J. Dyson, Phys. Rev. 73, 929 (1948). 


17K. M. Case, Phys. Rev. 76, 14 (1949). 
18 A, Pais and R. Jost, Phys. Rev. 87, 871 (1952). 
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internal (algebraic) property of particle fields and 
space-time (geometric) properties of particle fields; one 
of the greatest achievements of the quantum field theory 
is that it has related the charge conjugation operation, 
which is an algebraic transformation, to the parity 
operation and time-reversa] operation, which are geo- 
metric transformations. This relation, which is embodied 
in the well-known CPT theorem, essentially arises from 
the Hermiticity requirement on the Hamiltonian con- 
structed out of field operators that are not necessarily 
Hermitian, and is intimately tied in with the use of 
complex numbers in quantum mechanics.” 

If there is to be a connection between other internal 
degrees of freedom for strongly interacting particles 
and the space-time properties of those particles, we 
may make an attempt to generalize the notion of charge 
conjugation in such a manner that a symmetry opera- 
tion in “internal space” (e.g., isospin space) induces 
symmetry operations in Lorentz space. Michel,” Lee and 
Yang,”! as well as others, have noted that although the 
charge-conjugation operation does not commute with 
isospin rotations, the G-conjugation operation defined by 


G=C exp(ilen), (8) 


where J, is the second component of isospin, does so, 
and that this G conjugation might as well be regarded 
as a natural generalization of charge conjugation for 
particles having isospins. Moreover, this G-conjugation 
operation amounts to an inversion of all three axes in 
isospin space, so that the pion field which is a polar 
vector in three-dimensional isospin space behaves as 


nn, (9) 


and in general we have 
. U 
G=(-1)", 


(where U, S, and B, respectively, stand for hypercharge, 
strangeness, and baryon number), as expected from the 
transformation properties of isospinors under double 
inversion. 

It has been suggested by Gell-Mann" that if we 
concentrate our attention on G invariance and regard 
P invariance as a consequence of it, we gain some insight 
into the separate conservation of C and P for strong 
interactions which are invariant under reflection as well 
as under rotations in isospin space. In his approach, 
however, it is assumed that all interactions are CP 
invariant; his assertion follows immediately from the 
fact that G conjugation is defined to be the product of C 
and a special kind of isospin rotation. A more interesting 
question is whether we can deduce the conservation 


U=S+B (10) 


1% C.N. Yang, Proceedings of the Seventh Annual Rochester Con 
ference on High-Energy Nuclear Physics, 1957 (Interscience Pub- 
lishers, Inc., New York, 1957), Chap. IX, p. 26; J. Schwinger, 
Proc. Natl. Acad. Sci. U. S. 44, 223 (1958). 

2” L. Michel, Nuovo cimento 10, 319 (1953). 

1 T, D. Lee and C. N. Yang, Nuovo cimento 3, 749 (1956). 
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of parity solely from inversion and rotational invariance 
in isospin space without reference to any invariance 
principle that has to do with space-time, e.g., T in- 
variance or CP invariance. 

Indeed we expect from Theorem D of the previous 
section that, for derivative-type interactions, symmetry 
principles associated with internal degrees of freedom 
alone are sufficient to guarantee parity conservation 
It is instructive to work this point out explicitly by the 
use of the transformation properties under G rather 
than under C. For the [p,n,x*] coupling, we have 


G 
at=m, tin, — — (mi +i) =—7"t, 


G 
(Dyn) — (Pru), 


G 
(pruvsn) > — (pruysn), 


so that G invariance forbids the vector coupling of the 
pion field. Hence, parity must be conserved, and the 
at must be pseudoscalar. For the r° interaction, we have 


G 
P=7;— —7, 
G 7 (12) 
(Drup) > — (Hyun), 


G 
(pruvsp) > +(fiyuysn), 


and we again see that the vector coupling is forbidden 
if the x° is to be coupled in the form (p-p—%-n)r°. 
Thus we have accomplished one of our goals. From 
internal symmetry laws alone—namely, from rotational 
and inversion invariance in isospin space—we can 
deduce that the pion-nucleon interaction must conserve 
parity provided that the interaction is of a derivative 
type or, equivalently, the interaction is V and or A. 


IV. 


We now extend our considerations to the strong inter- 
actions involving strange particles. In the following we 
assume that these interactions are charge-independent 
in the usual sense. In the past there were some indica- 
tions that charge independence might be violated in the 
reaction r+ p + 2+ K.”*-* More recent experiments”:”6 
show that, if such violation exists at all, it is not as large 
as the earlier experiments indicated. Should future ex- 
periments confirm the violation of one of the so-called 
triangular inequalities in the YA production, the re- 
maining part of this paper is of little value. Even in that 


2 J. J. Sakurai, Phys. Rev. 107, 1119 (1957). 

*3 Brown, Glaser, Mayer, Perl, Vander Velde, and Cronin, Phys. 
Rev. 107, 906 (1957). 

** L. B. Leipuner and R. K. Adair, Phys. Rev. 109, 1358 (1958). 

25 Vander Velde, Cronin, and Glaser, Suppl. Nuovo cimento 
(to be published). 

26 F. Eisler ef al. (to be published). 
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case the possibility exists that strong interactions 
exhibit some other internal symmetries than the ones 
implied by charge independence in the conventional 
sense. Various interesting proposals along these lines 
have been made recently by Pais.?7.?8 

It is natural to make an attempt to obtain theorems 
analogous to Theorem B and Theorem D of Sec. II for 
charge-independent interactions between baryons and 
K mesons. However, we immediately recognize that for 
the K couplings no such theorems can be obtained from 
the usual assumptions of charge independence alone. 
The essential reason is that although charge independ- 
ence in the case of the pion-nucleon interaction implies 
invariance under p= n, r+ = a, which invariance is 
necessary to establish Theorems B and D, the charge 
independence of the [.V,A,K] interaction does not 
imply that the Lagrangian is invariant under the inter- 
change of A and .V. The two baryons not only have 
different masses but also have different symmetry 
properties in isospin space. So the charge independent 
interaction p-A°K*++7-A°K°+H.c. is not charge-sym- 
metric in the sense of Pais and Jost,!*.** even though it is 
rotationally invariant in isospin space. That CP in- 
variance and charge independence are not sufficient to 
guarantee parity conservation in the case of nonderiva- 
tive-type K couplings has been pointed out by many 
authors.’.*-*° Similarly, for derivative-type K couplings, 
G invariance and charge independence do not imply 
parity conservation. 

Thus there is no compelling reason why the K cou- 
plings should be parity-conserving if charge inde- 
pendence in the usual sense is to be the ultimate internal 
symmetry realized in strong meson-baryon interactions. 
On this ground some theoreticians suspected the validity 
of parity conservation in K phenomena, and proposed 
specific tests to examine this hypothesis.’ Preliminary 
data, however, seem to indicate that there is no 
significant parity nonconservation in the reaction 


«+p cnn A°+ K°.31 
V. 


We recall that the parity restrictions on the “charged” 
[ p,n,x+] interaction follow from the fact that the t-x 
interaction is charge-symmetric in the sense that the 
amplitude for the dissociation p= n+7* is the same 
as the amplitude for n= p+2-. Roughly speaking, 
we have used the fact that the emission of a charged 
pion is independent of the electric charge of the pion 
as well as of the electric charge of the source of the pion. 


27 A. Pais, Phys. Rev. 110, 574 (1958). 

28 A. Pais, Phys. Rev. 112, 624 (1958) ; Phys. Rev. Letters 1, 418 
(1958). 

29 The Yukawa interaction (4) is charge-symmetric in the sense 
of Pais and Jost if it is invariant under ¥, — y2 and ¢; = 3". 

% Drell, Frautschi, and Lockett, Stanford University, California 
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31 FS. Crawford, University of California Radiation Laboratory 
(private communication). 
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The pion-nucleon interaction which allows transfer of 
electric charge between bosons and fermions exhibits 
a higher symmetry—namely charge independence- 
than the electromagnetic interaction which does not 
allow such transfer. In our formalism, the conservation 
of parity in pion-nucleon processes that may involve 
electric charge transfer is a direct consequence of charge 
independence in this sense. 

We now note that in the case of the pion-baryon 
interactions there is no transfer of hypercharge between 
bosons and fermions. On the other hand, in the case of 
the K baryon interactions, the hypercharge of the 
baryon must necessarily change as the baryon emits or 
absorbs the K particle which bears hypercharge. It is 
natural to make the following analogy: The relation 
between the electromagnetic coupling which does not 
allow electric-charge transfer and the x couplings which 
do allow electric-charge transfer is similar to that 
between the w couplings which do not involve hyper- 
charge transfer and the K couplings which must involve 
hypercharge transfer. The pion-baryon interactions are 
charge-independent and therefore exhibit an internal 
symmetry which is destroyed by the electromagnetic 
interaction. In pursuing the analogy, we expect that the 
K couplings exhibit a higher internal symmetry which 
is not shared with the r couplings—a point of view 
reminiscent of Schwinger’s earlier theory of strange 
particles.” 

We now formalize the foregoing arguments on the K 
couplings. We assume that the various K interactions 
do not distinguish whether the initial or final baryon 
has hypercharge U=1, 0, or —1 nor whether the K 
particle (U’=1) or anti-K particle (U=—1) is emitted 
or absorbed. In this sense there exists a universal K 
coupling. We further assume that all baryon fields are 
different modes of a single fundamental baryon field; 
then the baryons are still degenerate in the presence 
of the K couplings as long as we do not switch on the 
m couplings. We may call the symmetry implied by 
this universal K coupling ‘‘cosmic symmetry’ in con- 
trast symmetry” of Gell-Mann* and 
Schwinger.*® 

We can now write the interaction Hamiltonian for 
the K couplings in the doublet representation of Gell- 
Mann* and Pais?” in which 7=} is assigned to all 
baryons and J=0 to Kt and K°®: 


to “global 


[K]= 21Gx[N- VK°+N-ZK+t 
+ (E-YR+—E-ZR)]+Hc, (13) 


32 J. Schwinger, Phys. Rev. 104, 1164 (1956). His old assumption 
that K particles and U=0 baryons exhibit variable intrinsic 
parities can be easily omitted. 

3% The usage of the word “cosmic” may be justified because 
etymologically it can mean orderly. 

34M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 

35 J. Schwinger, Ann. Phys. N. Y. 2, 407 (1957). 





1684 


where we have 


a 

n=(" }, 
n 

r-(,)) (2) 
y > 


Y°=2-4(A°—2°), Z°=2-4(A°4+-2%). 

In obtaining (13) we have assumed that the coupling 
constants that characterize the [.V,A,K ] coupling and 
the [.V,2,K ] coupling are the same in sign as well as in 
magnitude, and similarly the relative sign of the 
=,A,K] and [=,2,K] couplings has been taken to be 
positive. A priori we could have taken these signs to 
be opposite, in which case the K couplings would read 


(K ]=2'Gx(N-VK°+N-WKt+ 
+ (-VR+—2-WR)]+H<., 


>t — y? 
v=( ), w-( ) 
—Z) a 


In the following discussions we use (13) rather than (15). 
The analysis and the results obtained from (15) are 
substantially the same provided that appropriate modi- 
fications are made for the w couplings. The + sign in 
front of the cascade coupling is also irrelevant as far as 
the discussion of baryon degeneracies are concerned. 

In addition to the symmetries implied by charge 
independence in the usual sense, the Lagrangian (13) as 
well as the free-field Lagrangian in the absence of the 
couplings is invariant under 


(15) 


where 


(16) 


[= Fé, 


K+ + Ko 
c= () inne (*) 
Ke — Kt 


where the + sign corresponds to the + sign in (13), and 
also under 


(17) 


YZ, £-+f, 


Kt K® 
e-(Spoe-() 
K® — Kt 
- K° = —Kt 
R-( -, rink=( | 
—K+ ey 


The invariance under (17) expresses the fact that the K 
couplings do not distinguish whether the baryons that 
emit or absorb K particles have hypercharge +1 or —1; 
the invariance under (18) implies that there exists a 
symmetry between the two baryon doublets not having 
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hypercharge. However, this is not the whole story to 
our cosmic symmetry. If all baryons are indeed de- 
generate in the absence of the r couplings, there should 
be nothing in the K couplings that distinguishes baryons 
having hypercharge from baryons not having hyper- 
charge just as there is nothing in the pion-nucleon 
coupling that distinguishes electrically charged particles 
from electrically neutral particles. Then there must 
exist a complete symmetry between U=0 baryons 
(Y,Z) and U=+1 baryons (V,2), so that the K inter- 
actions must be invariant under 

Ne Y, Kt2kK*, 
a (19) 
Z227Z, Kak’. 


This means that the coupling among K°, .V, and Y must 
be of the form 


LN, Y,K° |= V2GK (N . YK°+ Y : NR°), 


(20) 


Note that this is a stronger condition than what follows 
from the Hermiticity requirement on the interaction 
Lagrangian. Other K couplings also have the same 
structure as (20). 


VI. 


We now examine the parity restrictions imposed by 
our cosmic symmetry. We note that the K° couplings of 
the form (20) are ‘“‘charge-symmetric”’ in the generalized 
sense of Pais and Jost” where “charge” now means 
hypercharge rather than electric charge. Then it is 
clear from the work of Feinberg’ that CP invariance 
leads to the separate conservation of C and P for non- 
derivative-type K° couplings. Once we establish parity 
conservation for K° couplings, parity conservation for 
K* couplings follows automatically from conventional 
charge independence. Hence we have the analog of 
Theorem B of Sec. II for the K couplings: Cosmic 
symmetry guarantees parity conservation for Yukawa- 
type direct K couplings provided that CP invariance 
holds. 

We now examine the restrictions imposed by cosmic 
symmetry on G-invariant K couplings of derivative 
type. For the cosmic-symmetric K couplings it does not 
matter whether we regard Y, Z, K+, and K° as doublet, 
doublet, singlet, and singlet, respectively, or A, 2, and 
K as singlet, triplet, and doublet. If we take the former 


view, we have 
P\ a nit E\ «G at 
yee: nn© ’ 7 ae nz = ’ 
n —p z —m 


>t yt Z G Tt 
( ’ ( ) nae ve ), (21) 
/ > > — Zot 
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whereas the latter view implies 
p G n' 
) im - 
n —#x 


G 
Cat 
A- nY A ’ 


Kt e Ke 
(")u( 5) 
K° —K+ 


For our present purpose (21) is more convenient. For 
the [.V,Y,K°] coupling, we have 
G(N-VK°+Y-NR%)G" 
—nv*ny’nk’(N-VK°+Y-NR°) for ov 
=+nn@*ny nx’ (N-VK°+Y-NK°) for pv. 


0 


_ Gc = 
, — 92° 


(23) 


Hence parity must be conserved, and the K is scalar or 
pseudoscalar depending on whether ny°*ny°nx® is —1 
or +1, respectively. Similarly we can deduce that all 
derivative-type G-invariant K couplings conserve parity. 

We note that cosmic symmetry requires the relative 
NE parity as well as the relative AY parity to be even: 
This is to be contrasted with the global symmetry case 
where the A parity is required to be even but no re- 
striction is placed on the VZ parity. Schwinger** does 
speculate on the possibility of the VZ parity being odd 
so that the two possibilities available for Hermitian 
spin-} fields under space inversion are realized, but 
this does not follow from the assumption of global 
symmetry alone. 

Now the only (physically meaningful) relative parity 
still to be determined is that between A° and Kt, or 
equivalently between Y and K°. Is there any way of 
determining this relative parity by the use of some 
a priori theoretical argument? In the case of CP- 
invariant nonderivative-type coupling there does not 
seem to be any method for determining this parity, 
just as in the case of nonderivative [NV ,\,z ] interactions 
we could not determine the z to be pseudoscalar on 
a priori grounds. In the case of derivative-type cou- 
plings, a method analogous to the one we used in 
deducing 7,°=1 does not seem to be applicable in the 
K case since the K° particle is not self-conjugate. How- 
ever, an argument based on equivalence theorems may 
throw some light on the K parity. We note that in the 
absence of the couplings all baryons have the same 
mass. Then to the lowest order, the vector coupling 
of the K particle to baryons leads to a null coupling 
since we have 


0K? re 
iFux Ny VY ay ee 


r 


F(My—My) _ 
——_K*NY=0. (24) 


Cap HK 


On this ground we conjecture that if cosmic symmetry 
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holds, and if the K couplings must be of a derivative 
type, then the K is pseudoscalar. It is interesting to see 


whether this is indeed the case experimentally. 
VII. 


We have seen that if the K couplings rather than the 
mw couplings exhibit a higher symmetry, then we have 
a much more vivid analogy between the K interactions 
that transfer hypercharge and the 7 interactions that 
do not allow hypercharge transfer on the one hand, and 
the m interactions that may transfer electric charge and 
the electromagnetic interaction that does not allow 
electric-charge transfer on the other. Moreover, the 
assumption of the universal K couplings leads to more 
interesting and stringent conditions on the space-time 
properties of the baryon-meson interactions. 

It is here appropriate to recall the argument of Gell- 
Mann who also created an analogy between the and 
K couplings on the one hand and the strong and elec- 
tromagnetic couplings on the other, but who reached a 
conclusion opposite to ours: The m couplings exhibit a 
higher symmetry which is destroyed by the K cou- 
plings.™ He first noted that the K couplings are weaker 
than the z couplings and then argued by analogy that 
the very strong m couplings must possess a higher 
symmetry than the only moderately strong K couplings. 

There are a few points worth commenting on in Gell- 
Mann’s argument. His observation that the K couplings 
are only moderately strong is based on the comparison 
he made between the ps-ps constant Gwax*/4m for the 
[N,A,K ] interaction and the analogous coupling con- 
stant Gy,’/4m for the [V,N x ]interaction. If the process 


yt+p > A+K+, 


occurs via the absorption on the electric-dipole photon 
followed by the s-wave creation of A and K, it may not 
be impossible to deduce this coupling constant provided 
that the pion-baryon interactions are unimportant in 
reaction (25). In fact, the observed p dependence of 
reaction (25) is not in disagreement with this picture 
if the K is pseudoscalar.** The value of Gwax?/4r 
deduced in this manner is smaller than Gy,?/4m by a 
factor of 10. 

But let us not hastily conclude that the [.V,A,K ] 
interaction is weak. The strength of the electric dipole 
arising from the dissociation of the proton into a A° and 
a K+ is already smaller than the strength of the electric 
dipole in the wn case by a factor of V2ux/us (where we 
have ignored the reduced mass effect) even if the 
probabilities of dissociation are equal for [N,V ,] and 
[N,A,K ]. So if we naively assume that the production 
amplitude of the pseudoscalar meson by y rays is 
proportional to the dipole strength of the virtual baryon- 
meson system,*’:*8 the associated photoproduction cross 


(25) 


36 McDaniel, Silverman, Wilson, and Cortellessa, Phys. Rev. 
Letters 1, 109 (1958). 

37M. Gell-Mann and K. M. Watson, Ann. Rev. Nuclear Sci. 4, 
219 (1955). 

38 B. T. Feld, Ann. Phys. 4, 189 (1958). 
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section for strange particles is expected to be smaller 
than the photopion cross section by a factor of 12 (or 24 
if we take isospin into account). Another way of saying 
the same thing is that we must consider the fact that 
the characteristic cross section for K-particle phenomena 
is smaller than that for pion phenomena by a factor of 
12 because the K-particle Compton wavelength is 
shorter than the pion Compton wavelength by a factor 
of 3.5. It turns out that in ps-ps theory the meson mass 
is irrelevant in computing the diagram that corresponds 
to the s-state emission of the pseudoscalar meson near 
threshold, and in fact in the formula Gell-Mann used 
in deducing 


Gyak’/4r~0.1Gy,"/4n, (26) 


the meson mass does not appear explicitly. This means 
that although his use of the formula may be justified, 
and his relation (26) is correct, his conclusion that Eq. 
(26) implies that the [V,A,K ] coupling is considerably 
weaker than the [V,N,7] coupling can be somewhat 
misleading. His method of comparing coupling strengths 
tends to obscure the vital fact that the radius of the 
interaction for the K phenomena is smaller to start with. 

In order to argue whether or not the linear coupling 
of the ps K meson to baryons is weaker than the ana- 
logous w coupling, it may be more appropriate to 
compare the probability of emitting a meson whose 
wavelength is of the order of its own Compton wave- 
length. Roughly speaking, this means that we should 
compare the ps-pv constant F*/4r. We have 


Fye Gye ue F 
Scenes ““( =.) ~0.08, 
4dr dr 2Mn 


Fyak® Gwar? UK . 
ae ees -) =().1, 
4dr 4dr My+Myu 


so that the ps-pv constant for the [.V,A,K ] interaction 
is of the same order of magnitude as the ps-pv constant 
for the [N,N ] interaction. 

We do not take the above argument as evidence for 
equality in strength of the A couplings and the 7 
couplings. We merely point out that the coupling 
constants must be compared carefully when the meson 
masses in question are not equal. We cannot legitimately 
argue whether the coupling strength in one case is 
greater than that in the other until we specify what 
kind of processes we are concerned with. For instance, 
in estimating the electromagnetic radius of the nucleon 
by field-theory methods, the K coupling is necessarily 
unimportant even with a fairly large coupling constant 
because of the smallness of the A-particle Compton 
wavelength. In associated production the total cross 
section may be small and yet there may be a small region 
of interaction in which the K couplings play a very 
important role. It has been observed that even at high 
energies the K-production cross section is considerably 
smaller than the w-production cross section, but we 


(27) 
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should not forget that the interaction radius of K 
phenomena is smaller to start with. It is worth noting 
in this connection that, by analyzing associated produc- 
tion experiments, Leipuner and Adair have inferred 
that the K-production interaction may be quite strong 
in the interaction area of the order of ux~*—an area 
considerably smaller than the interaction area character- 
istic of pion phenomena.” 

In addition to the assumption that the K couplings 
are considerably weaker than the w couplings (which 
may be or may not be correct depending on what kind 
of phenomena we are talking about), Gell-Mann’s 
analogy is based on the idea that stronger couplings 
possess symmetries that weaker couplings do not 
possess. It is conceivable that this popular idea, which 
has been expressed by a number of people on a variety 
of occasions,” is only superficial and will not turn out 
to be one of the ultimate “laws” in elementary-particle 
physics. In fact, recent advances in weak interac- 
tions seem to suggest that ‘‘weak” interactions may 
possess symmetries that are not shared by strong 
interactions.'~*.-# 

These considerations indicate that from a priori 
theoretical points of view, the global symmetry model 
of Gell-Mann and Schwinger is not necessarily attrac- 
tive. We now turn our attention to some of the experi- 
mental consequences of global symmetry that have been 
extensively investigated in the past year. The main 
difficulty here is that the neglect of the A-2 mass 
difference cannot be always justified, and it is hard to 
tell whether the disagreement with experiments of 
naive calculations based on global symmetry arises 
from the A mass difference or from the basic theoretical 
assumption itself. To be sure, the Pais parameter 


6= (Mzy— Ma)/Ma=0.067 (28) 


is small, but this parameter is not necessarily the 
appropriate parameter. 

To illustrate this point, let us recall that in such 
calculations it is assumed that Y° and Z° belong to 
“different worlds” as long as the ‘very strong”’ pion- 
baryon interactions are concerned. The point we should 
like to make is that, because of the AY mass difference, 
Y° and Z° do not retain their identities. Suppose that 
we create a pure beam of Y° particles to start with so 
that A° and 2° are 180° out of phase at t=0. Subse- 
quently we have 
| A°,2°) = 2-4[exp(7Az) | A°)— |°)] exp(—iM sf) 

=43{[1+exp(ids) ] | Y°) 
+[1—exp(iAs) ] | Z°)} exp(—iMy), 
A=M;— Ma. 


(29) 


% See for example, R. Oppenheimer, Proceedings of the Seventh 
Annual Rochester Conference on High-Energy Nuclear Physics, 1957 
(Interscience Publishers, New York, 1957), Chap. IX, p. 27. 

 R. E. Behrends, Phys. Rev. 109, 2217 (1958). 

41S. A. Bludman, Nuovo cimento 9, 433 (1958). 

“ See also note added in proof in R. Gatto, Nuclear Phys. 5, 
530 (1958). 
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This shows that the pure Y° beam we started with 
becomes a pure Z° beam at time ‘=7/A, and, in general, 
the state vector oscillates between that of the pure Y° 
and that of the pure Z°, which is somewhat reminiscent 
of the Pais-Piccioni effect* (in the hypothetical limit 
where the oscillation time is much shorter than the 4, 
lifetime). If this characteristic oscillation time is small 
compared to the characteristic reaction time, simple 
global-symmetry calculations are justified. In fact, if the 
characteristic reaction time is r/Ma, the neglect of the 
AX mass difference produces an error of the order of 
the Pais parameter in amplitude. However, if the char- 
acteristic reaction time is of the order of /u,~7/2A, 
simple global symmetry calculations are completely 
unjustified. It is well known that the reaction time 
depends sensitively on the detailed mechanism of the 
dynamics of the reaction in question—especially on 
the nature of the intermediate states involved. We 
emphasize that extreme care must be taken in com- 
paring simple global-symmetry calculations with ex- 
periments. In fact, the Amati-Vitale inequality for 
various K~p capture processes,“ which follows from the 
global symmetry model with the neglect of 6 together 
with the assumption that A~p capture proceeds via a 
single angular-momentum state, is violently violated.” 
This does not necessarily mean that the global-sym- 
metry model is wrong. It is impossible to prove or 
disprove the validity of the model on the basis of such 
calculations. 

To date there has been one piece of evidence in 
support of the global-symmetry model. If we assume 
that the force between the nucleon and the A hyperon 
is due solely to the exchange of two pions, we can esti- 
mate the coupling constant for the [A,2,7 ] interaction. 
The ps-ps constant deduced in this manner turns out to 
be of the order of magnitude of the ps-ps constant for 
the [.V,.V,7] interaction.“* We shall come back to this 
point in Sec. TX. 


VIII. 


The reason that a great deal of emphasis has been 
placed on criticizing the global-symmetry model of 
Gell-Mann and Schwinger is that our approach to 
strong interactions would necessarily lead to con- 
tradictions if both global symmetry and cosmic sym- 
metry were to hold simultaneously. If both the 

: : : Se dh eae 
couplings and the K couplings exhibited “high” sym- 
metries, there would be no mechanism for destroying 
the baryon degeneracy. In addition, as Pais points out, 
various empirically observed reactions such as the 
+A? production in r*p collisions would be forbidden”? 
We keep cosmic symmetry in the A couplings, not 

4 A. Pais and O. Piccioni, Phys. Rev. 100, 1487 (1955). 

441), Amati and B. Vitale, Nuovo cimento 9, 895 (1958). 

45 R,. H. Dalitz, 1958 Annual International Conference on High- 
Energy Physics at CERN, edited by B. Ferretti (CERN, Geneva, 
1958). 

46 See for example D. B. Lichtenberg and M. Ross, Phys. Rev. 
109, 2163 (1958). 
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because the K couplings are stronger but because the 
high K symmetry is preferable in view of the theoretical 
arguments given in Secs. V and VI. So we let the less 
symmetric couplings split the baryon supermultiplet 
into the observed multiplets Z, 2, A, and NV. 

It is harder to specify the requirement of asymmetry 
than that of symmetry, and there exists an infinite 
variety of possibilities that would lead to the break- 
down of cosmic symmetry. Yet it is extremely plausible 
that cosmic symmetry is broken down in a definite 
manner. We are here guided by the heuristic principle 
that whenever Nature breaks down a symmetry 
principle she does so in a very specific and elegant 
manner. For instance, before we switch on the electro- 
magnetic interaction, the proton state which is an 
eigenstate of the rs operator with r3,=+1 and the 
neutron state with 73=—1 are “indiscernibles’”’; the 
electromagnetic field (barring the anomalous moment 
interaction) picks out only one of the two eigenspinors 
of 73. Likewise, before we switch on the weak inter- 
actions, the two eigenspinsors of ys are ‘‘indiscernibles” ; 
we have recently learned that Nature prefers only 
one—namely $(1+-ys)¥—of the two eigenspinors of 5 
“when,” in Pauli’s words, ‘“‘she expresses herself weakly.” 

The mass spectrum of baryons provides us with 
clues to the way cosmic symmetry is broken by the 
m couplings. The largest mass difference among various 
baryons is that between V and &, and we look for a 
mechanism that produces this large mass difference 
along the line suggested by Schwinger.**? We recall 
that the symmetry between = and JN can be achieved 
either with (Ve-N+2¢-2)-xorwith (Ne-N—2e-2)-x. 
If both are simultaneously present, the V& symmetry 
is broken. The simplest and most definite way to break 
the symmetry is to keep both with equal amplitudes, 
and this leads to a null coupling for the [2,27 | interac- 
tion. Now the Yukawa-type coupling between a pseudo- 
scalar boson and a fermion tends to depress the fermion 
mass as long as virtual transitions into intermediate 
negative-energy states are unimportant. This may be 
the case if the pion-baryon interaction is ps-pv, or if the 
interaction is ps-ps but pairs are suppressed for some 
mysterious reason. Then the above qualitative picture 
is sufficient to account for the =.V mass difference. The 
degenerate baryon mass in the absence of the m cou- 
plings is presumably close to the observed 2 mass. 

We cannot destroy the symmetry between Y and Z 
in the same way as we have destroyed the symmetry 
between V and 2 because our purpose is to eventually 
produce a singlet and triplet rather than two doublets. 
Moreover, the .V= mass difference is larger than the AZ 
mass difference by a factor of five. Because the AZ mass 
is smaller than the mass difference between any other 
pair of baryons, we may infer that the coupling constant 
for [A,2,r] and [Z,Z,7] must be of the same order of 


47 See also P. T. Matthews and A. Salam, Nuclear Phys. 2, 582 
(1957). 
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magnitude. This suggests that Gaz, and Gs, are equal 
in magnitude. If they were the same in sign as well as 
in magnitude, the four-dimensional symmetry would 
persist ; so we take Gaz, = —Gz,. With this assumption 
the couplings of x to A and 2 can be grouped in such a 
way that the doublet representation of the second kind, 
namely in terms of V and W defined by (16), is possible. 
We have 
[AD ]+[2,2,7]< EX -L-n2—-A-E-n—-Z-A-n 
=V2-V-2+We-W-x. (30) 
This possibility, that the K couplings and the 7 cou- 
plings exhibit different four-dimensional symmetries as 
far as U=0 baryons are concerned, has been discussed 
previously by Schwinger.** Had we chosen Eq. (15) 
rather than Eq. (13) for the K couplings, i.e., had we 
used the doublet representation of the second kind for 
the K couplings, then we would have been forced to 
use the doublet representation of the first kind (Y,Z 
representation) for the m couplings. 

The Lagrangian (30) does not produce any mass 
difference between A and © even if we take into account 
simultaneously the virtual K effects which manifest 
a four-dimensional symmetry of the opposite kind. 
When we switch on the r*j-n+2-/-p interaction, the 
lack of four-dimensional invariance becomes manifest 
for the first time, and A and = emerge as a singlet and a 
triplet. All this is evident from the work of Pais.” 

It may be argued that even if the coupling of the 
pion to the bare cascade hyperon is null, the “physical” 
coupling may not necessarily vanish since the = can 
dissociate into aS (or A), anda K and the = (or A) can 
in turn absorb or emit a pion. However, it is note- 
worthy that in the lowest order there is no such con- 
tribution to the physical [2,2,7] coupling. Consider, 
for instance, the virtual absorption of a r~ by a 2°. The 
=° can dissociate into a 2+ and K-, and the 2+ absorbs 
the ~ to become a Z° [see Eqs. (16) and (30) ]; but 
according to Eq. (13) the Z° cannot become a =~ by 
reabsorbing the K~. We may also consider 2° > Z°+K°; 
this time the Z° cannot absorb the 2~. Hence a coupling 
of the form Z--=%,- cannot be brought about in this 
manner, and by charge independence we infer that the 
total Ze-=z interaction is still null in the approxima- 
tions we have considered. Similarly we can readily prove 
that lowest-order renormalization contributions to the 
[V,N,x] vertex brought about by the K couplings 
vanish. On the other hand, the lowest-order renormaliza- 
tion contributions to [2,2,7 ] and [A,z,7 ] are of sucha 
nature that they lead to “physical” couplings like 
¥°.>+n- (brought about via 3++2- > K°+p+a-— n 
+K° = Y°) which are absent in the original x-coupling 
Lagrangian (30). In fact, it is precisely such “effective” 
couplings brought about solely by the renormalization 
effects that are responsible for the mass difference 
between A and 2. 

It is here appropriate to examine the parity restric- 
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tions on the pion-hyperon interactions. It can be readily 
seen that both X -E-x and A-E-x+E-A-x are charge 
symmetric in the sense of Pais and Jost.” For instance, 
the interaction A°-2+#-+2+-A%%+ is symmetric under 
the simultaneous interchanges of 2+ and A° and of x 
and w+. Note that the 7’s in question are already de- 
termined from other couplings. Thus we have the 
analogs of Theorem B and Theorem D for the pion- 
hyperon interactions. 

It may be argued that because we have deduced the 
parity restrictions on the K couplings in the absence of 
the x couplings, these restrictions become relaxed as we 
switch on the z couplings. This is not the case. We have 
an analogous situation with the conservation of /3. 
After all, strictly speaking, the concept of isospin makes 
sense only in the absence of the electromagnetic interac- 
tion, and the conservation of /; is first deduced in the 
ideal limit e— 0. But this does not necessarily mean 
that the conservation of /; is approximate to the order 
of 1/137. Provided that the electromagnetic interaction 
that we subsequently introduce is “minimal” in the 
sense of Gell-Mann,‘* the /3 conservation is intact. 
(Otherwise we would expect A°— +7 to be as fast as 
~°— A°+y7, the rates of both processes being propor- 
tional to 1/137.) Similarly, as long as the m couplings 
that we subsequently introduce conserve parity, the 
conservation of parity for the K couplings that we have 
derived in the hypothetical limit G, — 0 still holds even 
in the presence of the w couplings. 

We note that the pion-baryon interactions are char- 
acterized by two coupling constants—one for [.V,.V,7 ] 
and the other for both [A,Z,7] and [2,2,7]. In this 
sense, our model is in accordance with the Pais principle 
of “economy of constants.”** In fact we hold the Pais 
principle as a sound guiding principle which may help 
us in bringing order to the maze of meson-baron inter- 
actions; on esthetic grounds it is very unlikely that we 
need as many as eight (or five in Gell-Mann’s model*) 
different and totally unrelated constants to characterize 
the so-called strong interactions. For this reason, we 
speculate on the possibility that there may be a connec- 
tion between the two 7 coupling constants in our model, 
so that there is further economy. Perhaps there exists a 
kind of ‘coupling-constant quantization” for the 
various pion-baryon couplings. The pion-baryon con- 
stant is zero for 2 with S=—2, moderately large for A 
and = with S=—1, and very large for NV with S=0. 
Thus we are led to Schwinger’s old idea that the magni- 
tude of the effective “charge” of the pion-baryon inter- 
action is given by U+-B=2B+S. If we accept this 
(tentative) assumption, the z-coupling Lagrangian 
reads 


[a ]=G,[Ne-N-n+}3EX-E-n—3(A-D-2+E-A-z) ] 
=G,[Ne-N-2+}(Ve-V-2t+We-W-n)]. (31) 


48M, Gell-Mann, Suppl. Nuovo cimento 4, 848 (1955). 
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We further note that, in terms of ps-pv constants, the 
single r-coupling constant in Eq. (31) which is equal to 
the usual ps-pv constant for [V,V,r] is of the same 
order as the universal K-coupling constant. This com- 
parison is superficial because the ps-pv constant F is de- 
fined in such a way that the interaction iFu-Wy,yswd,o 
involves a length, namely the Compton wavelength of 
the boson in question. Yet, as already discussed in Sec. 
VII, this equality between the z-coupling constant and 
the K-coupling constant crudely implies that the 
probability of the p-wave dissociation of the nucleon 
into a nucleon and a pion is as great as the probability 
of the p-wave dissociation of the nucleon into a A 
particle and a K particle, etc., with the important 
qualification that the pion cloud spreads much further 
than the K-particle cloud so that the interaction area 
of pion phenomena is 12 times larger than the interac- 
tion area of K-particle phenomena. 

Someday a field theory may be developed that avoids 
the ad hoc interaction of lengths. Within the framework 
of such a theory our coupling equality may be formu- 
lated in a more convincing manner. 


IX. 


We now turn our attention to more empirical implica- 
tions of our model. It must be admitted that various 
statements which we make in this section are some- 
what speculative because we lack reliable methods of 
computation. 

We recall that in the absence of the couplings a 
charged K is created in association with a Z hyperon, 
and a neutral K with a Y hyperon. Consequently there 
are several statements we could make if the r couplings 
were really absent. We may hope that in certain cases 
these statements are approximately true even in the 
real world. For instance, it may be that the w couplings 
are relatively unimportant for A*-nucleon scattering. 
Then the process 


K++n— K°+p (32) 
is forbidden to the order of 6, where 6 is the Pais param- 
eter (28). Indeed this tendency is indicative from the 
dispersion-theory point of view for low K energies. We 
expect that contributions from the inhomogeneous poles 
in K-nucleon dispersion relations become more im- 
portant as we go to lower A energies. Suppose that we 
could analytically continue the amplitudes for K-nucleon 
scattering into a nonphysical region wx<yux. The for- 
ward scattering amplitudes have poles at wox~ —0.14 ux 
and at ws=—0.33 ux, which correspond to the A and 2 
states. Our model predicts that the sum of the residues 
at these poles for the amplitude corresponding to the 
process (32) is essentially zero and that the sum of the 
residues at wa and wy for the elastic Atp amplitude is 
roughly equal to the residue at wy for the A*n (non- 
charge-exchange) amplitude. Using this picture, we 
expect that even in the physical region the process (32) 
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becomes less and less frequent as the kinetic energies 
of K particles go down. 

There is no reason why the reaction 


K-+p— R°+n, (33) 


should be rare even though any calculation based solely 
on the K-coupling Lagrangian (13) would indicate that 
it should be rare. Indeed dispersion-theoretic techniques 
suggest that the behavior of the scattering amplitude 
for (33) is mainly determined by large absorption cross 
sections that correspond to the reactions K-+p — A+ 
and K-+p— +m. There is no doubt that for these 
absorptive processes the m couplings do play important 
roles. So we expect that the reaction (33) is fully allowed. 
We may remark parenthetically that"the apparent cross 
section for (33) may be suppressed at*low “energies 
because » is heavier than p and K° is probably heavier 
than K+.” 

In discussing the associated production of strange 
particles via rp collisions, we again recall our assump- 
tions that Y(2*+ and Y°) and Z(=~ and Z") belong to 
different worlds as far as the K couplings are concerned, 
and that V(Z*+ and Z°) and W(=- and Y°) belong to 
different worlds as far as the r couplings are concerned. 
In the lowest order, we have only one diagram each for 
the production of charged strange particles: 

at+p— st+2+Kt — Kt+2"t, (34) 


and 


x +p—n— Kt+2- (35) 


On the other hand, neutral strange particles can be 


produced either by the process 
a +p a +2t+K° — K°+2", (36) 
or by the process 


a +p 2— K°+Y°, (37) 


Note in particular that the 2* production and the Z° 
production are allowed by virtrue of the pion-hyperon 
couplings whereas the =~ production and the Y° produc- 
tion are allowed by virtue of the pion-nucleon coupling. 
Thus, in the lowest order, one mechanism produces 2+ 


and another different mechanism produces 2~, whereas 
both mechanisms can produce A° and >°. Needless to 
say, we cannot trust lowest-order calculations because 
such calculations would give no polarization for A° 
particles. However, it is tempting to argue that the basic 
feature of such calculations—namely the fact that A° 
(or 2°) can be produced via two different mechanisms— 
has something to do with reality, especially with the 
empirical facts that the angular distribution for A° is 
remarkably backward, whereas the distributions for 2 
and possibly for 2+ are relatively forward.*~*6 If both 
the Y° state and the Z° state contribute substantially 
49 See for example W. H. Barkas and A. H. Rosenfeld, University 


of California Radiation Laboratory Report UCRL-8030, May, 
1958 (unpublished). 
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to the production of neutral hyperons, there is no 
reason why the A°K® production should resemble the 
>°K°® production. It should be interesting to examine 
whether the 2° angular distribution is really like the A° 
angular distribution at energies considerably above 
threshold with better statistics than are now available. 
This is particularly important because the 2° distribu- 
tion is tied up with the question of charge-independence 
violation. 

In Sec. VIII we have argued from the baryon spec- 
trum that the [A,2,7 ] interaction must be weaker than 
the [V,N,x] interaction. The study of hypernuclei 
reveals that the exchange of two pions alone between 
a A particle and a nucleon can account for the observed 
binding energies of hypernuclei provided that the AZ 
parity is even and that the [A,z,7] interaction is as 
strong as the [V7] interaction.“© Thus our assump- 
tion of a smaller value for Gaz,?/4r seems to lead to 
difficulties if the 2m exchange picture is correct. The 
point we should like to emphasize is that the problem 
of hypernuclei may not be a simple either-or type 
problem. Perhaps both the 27 exchange and the single-K 
exchange contribute, whereas either one of them alone 
will not be sufficient to bind hypernuclei. In this con- 
nection it is worth realizing that if the K particle is 
pseudoscalar, the K exchange also gives attraction with 
the right spin-dependence.®* Moreover, there may be a 
three-body contribution which may supplement two- 
body forces arising from the 2r exchange and the 
single-K exchange.*! It is particularly important to note 
that the range of such a three-body force is as long as 
1/u,, in contrast to the range of the two-body force due 
to the 2 exchange which is of the order 1/2u,. If we 
consider all these factors, the conclusion Gas,’=Gy,’ 
based solely on the single-r exchange may be somewhat 
premature; it is conceivable that hypernuclei are still 
bound even if Gaz,’ is considerably smaller than Gy,’. 

Problems involving the polarization of the vacuum 
by pions may provide interesting tests of our hypothesis 
concerning the inequality of the various pion-baryon 
couplings. Let us consider, in particular, neutral-pion 
decay. On the global symmetry model we expect that 
the nucleon-pair contribution and the cascade-pair con- 
tribution cancel each other, and in fact in perturbation 
theory the 7° decay rate is suppressed by a factor of 
[(Mz—My)/Mz}=<1/9 in comparison with the rate 
based solely on the nucleon pair contribution. Even in 
nonperturbative calculations it is reasonable to assume 
that the r° decay proceeds slower by a comparable order 
of magnitude as long as the m couplings are global. 
Recently Goldberger and Treiman have applied dis- 
persion-theory techniques to estimate the 7° lifetime, 
and using the nucleon pair contribution alone they have 


& G. Wentzel, Phys. Rev. 101, 835 (1956). 

51H. Weitzner, Phys. Rev. 110, 593 (1958); R. Spitzer, Phys. 
Rev. 110, 1190 (1958). 

8 T, Kinoshita, Phys. Rev. 94, 1384 (1954); J. Tiomno, Nuovo 
cimento 6, 256 (1957). 
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obtained a lifetime value r=6.5X10~" sec which is in 
agreement with the present experimental limit r<10-" 
sec.**.54 According to our model, because the [2,2,7 ] 
coupling is null, the 7° lifetime is given by the Gold- 
berger-Treiman value. It is interesting to see whether ° 
the actual lifetime is indeed given by this value or by a 
value roughly ten times longer. 


X. 


We now come back to one of the questions we have 
raised in the beginning: Why can’t we insert 1+7z5 in 
strangeness-conserving interactions? In order to answer 
this question it is instructive to formulate by the use of 
a somewhat different approach what we have accom- 
plished.** It is convenient to consider eigenspinors of 
vs. Define 

A,=3(1+75)A, 


(38) 
A_=}3(1—75)A, etc. 


As far as weak interactions are concerned, nature seems 
to pick out just one (namely A,, p,, etc.) of the two 
eigenspinors of ys. Our question is: Why must 
both eigenspinors appear symmetrically in strangeness- 
conserving interactions? 

We pretend for a moment that even for strangeness- 
conserving interactions only one kind of eigenspinors 
appears so that the [V,A,K ] interaction reads 


[N,A,K ],=iFux (pyypAy°d,Kt++1,7,A°0,K° 
+A, yp, 0,.Kt+A,°yn0,K°). (39) 


Equation (39) is certainly rotationally-invariant in 
isospin space. However, the interaction is invariant 
neither under inversion in isospin space nor under space 
inversion in Lorentz space. We recall that our general 
purpose has been to look for a symmetry operation in 
internal space that simultaneously induces a symmetry 
operation in Lorentz space. The G conjugation which 
amounts to inversion in isospin space does meet the 
desired purpose. We can make the whole interaction 
parity-conserving by demanding that the interaction 
be G-invariant. To see this we first note that the interac- 
tion that is G conjugate to (39) is 


GLN,A,K ],G"=[N,A,K ]|- 
= —iFux(A_*y,n_0,K° 
+K_y,p_0,K++n_y,A°0,K° 

+ p—ypA0,K*) ’ 

which contains eigenspinors of opposite chirality only. 

(In applying G we have used (22) rather than (21), and 

n’s have been so chosen that we have nann*nx = 1, which 

leads to the pseudoscalar K.) We now note that the sum 


(40) 


53M. L. Goldberger and S. B. Treiman, Nuovo cimento 3, 451 
(1958). 

54 Harris, Orear, and Taylor, Phys. Rev. 106, 327 (1957). 

55 A preliminary account of this section was given at the Ithaca 
Meeting of the American Physical Society [Bull. Am. Phys. Soc. 
Ser. IT 3, 256 (1958) ]. 
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[V,A,K],+[N,A,K]. contains both kinds of eigen- 
spinors symmetrically and is invariant under parity 
because only ps-pv coupling survives. Thus, even if we 
start with interactions that contain 1+7ys5 everywhere, 
we can generate parity-conserving interactions that 
contain 1+y; and 1—~y5 symmetrically just by re- 
quiring inversion invariance in isospin space. 

We now examine whether or not the same procedure 
works for strangeness-nonconserving processes. We 
consider the [A,p,7~ ] interaction which violates strange- 
ness conservation. We have 


i = G 
i(Py¥wA,Or-+A +¥up+Oun*) 


—i(A_y,n_0,m-+n_y,A_O,mt). (41) 


The [A,n,x~] interaction that we have generated by 
applying G is inadmissible because it does not conserve 
electric charge. The G-conjugation operation carries a 
charge-conserving interaction with ASO into an in- 
admissible interaction that does not conserve electric 
charge; to see this in general, we note 


(42) 


G G 
holy U-+~-a=($4D, 


so that the relation AO=A(/;+3U)=0 cannot be 
maintained for the G-conjugate interaction unless 
AJ;=0, and AU=0 separately to start with. Then there 
is no compelling reason why 1—vy5 as well as 1+75 
should appear symmetrically for strangeness-violating 
interactions. Thus if we take the point of view that the 
origin of parity conservation lies in inversion invari- 
ance in isospin space, which was originally suggested by 
Gell-Mann," we gain some insight into the puzzling fact 
that parity conservation and strangeness conservation 
have the same domain of validity. 

We may naturally ask: What about leptons? The 
fact that no physically interesting consequences have 
been obtained by trying to extend the notion of isospin 
and strangeness to interactions containing leptons 
suggests that leptons lack internal degrees of freedom 
that strongly interacting particles possess. Perhaps 
the reason that there is nonconservation of parity in 
every process that involves leptons (with the exception 
of their minimal electromagnetic coupling) is that the 
G-conjugation operation which generates parity-con- 
serving interactions for particles having isospin does not 
make sense for leptons which do not possess such internal 
degrees of freedom. One may argue that the existence 
of the law of lepton conservation indicates that leptons 
too possess some kind of internal degrees of freedom. 
Closer examination shows that this need not be the 
case; if weak interactions are of the V—A form, there 
is no need to postulate an additional gauge group 
because the conservation of “‘true fermions’ follows 
from 75 invariance.*:*6 


56 This point of view has been explored further by F. Giirsey 
[Nuclear Phys. (to be published) ] in connection with group prop- 
erties of elementary particles. 
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XI. 


In this paper we have explored the possible connec- 
tion between symmetry laws in isospin space and sym- 
metry laws in Lorentz space. For the pion-nucleon 
interaction the desired connection that leads to parity 
conservation can be established from the usual assump- 
tion of charge independence alone both in the case of 
CP-invariant nonderivative-type couplings and in the 
case of G-invariant derivative-type couplings. In an 
attempt to look for analogous relations for the K 
couplings, we have been naturally led to the idea of 
“cosmic symmetry”; the K couplings are universal, 
and all baryons are degenerate in the absence of the r 
couplings. The high K symmetry we propose does not 
mean that the K couplings are stronger; we wish here 
to decouple the notion of symmetry from that of 
strength. The w couplings are not “global” and destroy 
cosmic symmetry in a specific and definite manner. 
Some empirical consequences of our model have been 
discussed. 

Whereas we cannot find any one crucial experiment 
that would settle the choice between global symmetry 
and cosmic symmetry, it is worth keeping in mind that 
if global symmetry is to be the highest and ultimate 
internal symmetry realized by strong interactions, there 
is no theoretical reason at present why the K couplings 
should conserve parity. Parity nonconservation in the 
K couplings would have devastating consequences even 
for pion-nucleon interactions, e.g., the symmetry 
property of the bare-field Lagrangian would be different 
from that of the physical-field Lagrangian when we 
consider corrections to the [.V,NV,7] vertex brought 
about by the [.V,A,K ] interaction. 

Our arguments would be more convincing should 
future experiments show that the K particle is pseudo- 
scalar relative to the A hyperon, and that the AZ parity 
and the VZ parity are both even. In that case we would 
have a unified understanding of the origin of parity 
conservation in strong interactions, the intrinsic 
(relative) parities of elementary particles, and the 
connection between parity and strangeness in terms of 
inversion invariance in isospin space provided that 
meson-baryon interactions are of derivative type. We 
might even be tempted to argue that these theoretical 
arguments are strong enough to suggest that the 
conjecture of Gell-Mann and Schwinger that the 
couplings rather than the K couplings exhibit a higher 
symmetry is wrong. 

We may further speculate on the possibility that 
these ‘‘axial-vector” couplings that occur in strong 
interactions are related to the existence of the vector 
coupling and the absence of any fundamental (Pauli- 
type) tensor coupling in electrodynamics, and to the 
occurrence of V—A in weak interactions. We are led to 
the idea that fundamental interactions that occur in the 
quantum field theory are of V and (or) A, a point of 
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view recently discussed.",°’ These interactions are 
chirality-invariant,? can be cast more readily into a 
two-component form,*® and are invariant under strong 
and (or) weak mass reversal.‘ Although these specula- 
tions are somewhat formal at present, they might not 
necessarily be void of physical content. 

Perhaps the most disappointing feature of our whole 
investigations is that we have been forced to use the 
language of local field theory, and in particular to rely 
heavily on the Lagrangian formalism. Whether we 
regard CP invariance or G invariance as a fundamental 
invariance principle in order to obtain the parity re- 
strictions, we must assume that the interaction Lag- 
rangian contains either nonderivative-type couplings 
only or derivative-type couplings only. We feel that 
such assumptions are extremely unsatisfactory. 

However, the possibility exists that the use of field 
theory is unjustified and yet symmetries or relations 
among symmetries implied by the theory are still valid. 
For example, the requirement imposed by the CPT 
theorem may turn out to be of greater generality than 
our present field theory by means of which the theorem 
has been proved. Another example of this kind is the 


57 R. P. Feynman, Bull. Am. Phys. Soc. Ser. IT, 3, 55 (1958). 
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empirical fact that parity conservation holds at least 
to an accuracy of one part in 10° in intensity®* whereas 
the inadequacy of local field theory is already reflected 
in that, in order to account for various self-energy 
effects, some sort of Feynman cutoff becomes necessary 
at energies not too high in comparison with the nucleon 
rest energy.” We believe that in elementary-particle 
physics today only those arguments that are based on 
symmetry principles are on a firm and permanent 
footing. We may hope that relations between internal 
symmetry laws and space-time symmetry laws similar 
to the ones discussed in this paper are still valid in a 
more satisfactory theory of elementary particles. 
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From dispersion relations an effective range formula is derived for K*p scattering. In the expression for 
the effective range, the integrals over the cross sections are certainly convergent and weighted against the 
contributions from the unphysical region. This expression is then analyzed under the experimentally sug- 
gested hypothesis of rather constant A*P cross sections up to ~110 Mev; it is observed that the effective 
range is rather energy independent and the integrals contributing to it are estimated to be all of the same 
sign. The expression for the effective range is then quantitatively evaluated, and it is shown that the com- 
parison with the low-energy dependence of o* indicates equal A and & parities with opposite K parity (K 
pseudoscalar). The possibility of evaluating the coupling constants from the low-energy behavior of the K*p 


cross section is then briefly discussed. 


(1) INTRODUCTION 
EVERAL attempts have been performed in the last 
year’ to obtain the relative parities of the strange 
particles from the analysis of the meson-nucleon dis- 
persion relations. The results were, however, rather 
ambiguous; no definite conclusions were possible at 
least in the absence of information about the sign of 
the K~-p potential (sign of the corresponding scattering 
* Present address: CERN, Geneva, Switzerland. 
1P. T. Matthews and A. Salam, Phys. Rev. 110, 569 (1958). 
See also C. Goebel, Phys. Rev. 110, 572 (1958). 
2K. Igi, Progr. Theoret. Phys. (Kyoto) 19, 238 (1958). 
3S. Barshay, Phys. Rev. Letters 1, 177 (1958). 


length). The main difficulty for the low-energy dis- 
persion relation analysis lies in the fact, generally be- 
lieved, that only subtracted dispersion relations can 
be used in order to have convergent integrals. These 
relations involve the scattering lengths as undeter- 
mined parameters and are tautological at zero kinetic 
energy (T7x=0).f Matthews and Salam! noted, how- 


ever, that if o-—o+ vanishes for infinite energies 


+ Note added in proof.—In a recent paper by K. Igi [Progr. 
Theoret. Phys. (Kyoto) 20, 403 (1958) ] an analysis of K*-p 
scattering cross section with such dispersion relations is performed. 
However, the indetermination of the sign of the K~-p scattering 
length do not allow for definite conclusions. 
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sufficiently quickly, then a relation between the K~-p 
and K+-p scattering lengths can be obtained by sub- 
tracting the corresponding dispersion relation for Tx = 
This relation is not sufficient, at present, to specify the 
parities of the strange particles. 

In this paper we shall make use of the information on 
the low-energy behavior of K+-p scattering: we shall 
show that this will allow for rather clear-cut indications 
on the parity values.‘ 

In the next paragraph we shall derive an effective 
range expression for K+-p (or K~-p) scattering by direct 
subtraction of the corresponding dispersion relation. It 
will be shown that for low energies the effective range 
r+ is very weakly dependent on the energy. Besides, in 
the expression for r*, the integrals over the cross sec- 
tions are convergent and are weighted against con- 
tributions from the unphysical region. It is shown that 
the contributions of the integrals over ot and o~ are 
both of the same sign; these contributions are then 
evaluated by approximating in a simple way the experi- 
mental cross sections. Then it is seen that the isotropy 
and the very weak energy dependence of A+-p scatter- 
ing for low energies gives a clear indication for equal 
A and & parities and opposite K parity. It is also pos- 
sible to guess, with the support of good arguments, that 
the high energy contributions (where there are no ex- 
perimental data) would not spoil the conclusions ob- 
tained, but rather add weight to their correctness. 

In the following, the relative K-A and K- parities 
will be called Px and Py, respectively. If Pa=Pz 
(P,=— Ps) the relative A-2 parity will be +1 (—1). 

The conclusions reached here are completely inde- 
pendent of the ventilated possibility of opposite K+-K° 
parity. In such a case, the parity we are dealing with in 
this paper is that of the charged heavy meson. 

We shall call 7, K, NV, A, and = the masses of the 
corresponding particles and use units in which h=c=1. 
If not specified otherwise, the energies and momenta 
are those of the heavy meson in the laboratory system; 
we shall use frequently A as an energy unit. 


(2) EFFECTIVE RANGE RELATION 


The unsubtracted relativistic dispersion relations for 
forward Kt+-p and AK--p scattering can be written in 
the following way.° 


D+*(w) = By*(w) + Bz*(w) 


1 k'a*(a k’'a* (w’) as 
+ of : re +- =f: : 
T w — w Ti 

4In a forthcoming paper [ Amati, Galzenati, and Vitale, Nuovo 
cimento (to be published) ] dispersion relation analysis of low 
energy K--p scattering and absorption will be performed. The 
conclusions reached are in agreement with the present ones. 

5 For the conventional derivation see D. Amati and B. Vitale, 
Nuovo cimento 7, 190 (1958). A rigorous proof for heavy-meson 
nucleon dispersion relation has not yet been obtained; see, how- 
ever, Bremermann, Oehme, and Taylor, Phys. Rev. 109, 2178 
(1958). 
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where D*(w) and D~(w) are the real parts of the for- 
ward K,* and K,~ scattering amplitudes at energy w; 
+ and o~ are the total cross sections, and @ denotes the 
principal value of the integral. The lower limit of the 
integrations is K for the integrals containing o+, while 
it is 
(A+7)?— N?2— K? 
wo= ~iK 


2N 


for those containing o~, owing to the possibility of K~ 
absorption processes. The bound-state contributions By 
(Y stands for A or Y) are given by 


Y+N+wy 
By+(w)=+ ; 


wokwy 


gy? Y—N-—wy 
r ( 
PA wtwy 


W2— K*)/2N. (5) 


By (w) 
where 
wy=(V2— 


By performing a subtraction in the dispersion rela- 
tions (1), we obtain® 


D+*+(w) = D+(K)+ (w— K)r*(w), (6) 
where 


+(w) + Re 


r=(w)=Ra 
1 k'a+(w") dos’ 1 k'a* (w’) doy’ 

-f- of = f ’ 

7 (w’—w)(w’—K) ard (w’+w)(w’/+K) 


the bound-state contributions Ry 


(7) 
(w) being given by 


gy Y¥+N+oy 


) for Py=+1, (8) 


) for Py=—1. (9) 


, which is 


(wtwy)(K+wy) 


Y—N—wy 


gy" 
Ry*#(w)=+ 
2Y 


(wtwy)(K+wy) 
The vanishing of o+ (w’) —o~ (w’) for w’ > « 
a rather general statement,’ ensures the convergence of 
the integral expression in (7) and, therefore, the 
meaning of (6). 

From now on we shall fix our attention on Kt-p 
scattering and restrict the discussion to not too high 
values of the energy w (let us say 7x 110 Mev) 

We first note that for small values of the energy, 
r+(w) is very weakly dependent on w. This fact is clear 
in the expressions for Ry(w) and the second integral 
As for the first integral, we that since ot 


in (7). note 


6 We note that the subtracted forward dispersion relation, and 
therefore their analysis, are completely independent of the exist 
ence or nonexistence of a direct Az interaction. 

7]. Ia. Pomeranchuk, Zhur. Eksptl. i Teoret. Fiz. U.R.S.S. 34, 
725 (1958) (translation: Soviet Phys. JETP 34(7), 499 (1958) ]. 
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is practically constant at small energies,** the principal 
value integral is also rather independent of w. Then the 
expression (6) is really a conventional effective range 
relation; the difference from the normal potential 
scattering lies in the fact that r+ can well be negative. 
We shall see later that this seems to be the case for 
Kt-p scattering. 

As for the contribution of the unphysical region to r*, 
we see that the denominators of the last integral of (7) 
are slowly varying and rather large in that region. Then 
even if A~(w’)=k’o~(w’) has cusps or kinks? there, the 
integral over the unphysical region will be rather, small 
and, in some sense, proportional to the mean value of 
a". 

We shall discuss now, in a qualitative manner, the 
signs of the integrals contributing to rt(w). The con- 
tribution of the last integral in (7), for the physical 
region, is clearly negative. As for the first integral, let 
us begin by noting that the very-high-energy contribu- 
tion can be grouped together with the very-high-energy 
contribution of the integral over o~. But since o+—o~ 
is quite probably negative for all energies (owing to the 
greater number of channels at disposal for a K~p re- 
action), then the high-energy contribution to r*+(w) is 
also expected to be negative, even if probably small. 
Let us now discuss the low- and intermediate-energy 


contribution of o+(w’) to the first integral in (7). We 


noted before that 
k'a*(w’) 
of dw’, 
w’—w 


extended to the low- and intermediate-energy range, 
will decrease when w increases provided that w is always 
contained in the range of energies for which o+ is very 
slowly varying. Then, by considering the subtraction 
made to obtain (6), it is clear that the principal-value 
integral in (7) is expected to give a negative contribu- 
tion. This conclusion can also be reached by the direct 
analysis of that term on the basis of the low-energy 
Then, just by qualitative analysis, 


dependence of ot. 
8 See, for instance, Proceedings of the Padua-Venice Conference 
on Fundamental Particles, 1958 (Suppl. Nuovo cimento, to be 


Annual International Conference on High 


published) and 1958 
edited by B. Ferretti (CERN, Geneva, 


Energy Physics at CERN, 
1958). 

® We want to stress that all the arguments of this paper rest on 
the evidence for small energy dependence of ot at low energies. 
The experimental data, even though the errors are rather large, 
give a good basis for that evidence from ~30 Mev to at least 
~120 Mev. If for energies lower than ~30 Mev o* would present 
some unexpected behavior (for instance some abrupt decrease), 
then the analysis of Eqs. (6) and (7) would be rather complicated 
and the evaluations given here would no longer be valid. Not- 
withstanding, a rather similar study would be possible for an 
equation similar to (6) but obtained by subtraction at an energy 
such that, from there on, ot presents the characteristic slowly 
varying behavior. For such an expression, many of the qualitative 
arguments drawn here would be applicable so, probably, the con- 
clusions on the parities would be similar to those obtained here. 
We note, however, the great interest that the experimental 
measurement of the A*-p total cross section at very low energies 
can have. 


AMATI 


we are able to estimate that the integral contributions 
to r* are all negative. Since the value of Ry*(w) is 
negative for Py=+1 and positive for Py=—1, the 
possibility of relating the sign and magnitude of r+(w) 
to the relative parities of the strange particles is evident. 
But to carry out this comparison, it is better to give 
some more quantitative details of the magnitudes of 
the different terms of (7). 


(3) QUANTITATIVE EVALUATION OF r*(@) 


For the low- and intermediate-energy region we shall 
approximate o+(w’) with a constant 6. Let us call 2 the 
upper limit of that energy region; then we put 


ot(w’)=b for K<w’ <2. (10) 
For o~, owing to the absorption processes, we shall use 


the approximation 


o~(w’)=c+d/k' for K<w’ <Q, (11) 
with constants ¢ and d. For the unphysical region we 
shall simply continue o~(w’) ~d/k’ either to wo [Eq. (2) ] 
or to some lower limit between wo and K. 

The analysis of experimental data for Kt+-p and K~-p 
scattering gives for b, c, and d the approximate values”: 


b~10/K?, c~55/K*, d~10/K. (12) 
The rather large experimental uncertainties make the 
values for 6, c, and d given in (12) rather dubious. We 
can, however, hope that the values of ot and o~ given 
by (10), (11), and (12) are not too bad, especially at 
low energies. We estimate the error on the integrals 
over the cross sections to be probably not greater than 
20 or 30%. It will be seen that the conclusions we shall 
reach are practically unchanged by it. We note that 
the contributions involving 6, c, and d all have the 
same sign, so that the error in each will not be enhanced 
by cancellations. 

If we allow 2 to vary from 2K to 4K, the computa- 
tion shows that the total contribution of the integrals 
to r+(w) remains unchanged even though the separate 
contributions of the terms containing o*+ and o~ are 
modified. 

The contribution of the unphysical region, calculated 
as described before, turns out to be very small: less 
than 10% of the integral containing o~ over the physical 
region. 

We shall write down the result of the computation 
both for very low values of the energy (k?/A°’<1, where 
r+ is a constant), and for a higher value of the energy 


10 This estimation is similar to that of Matthews and Salam! 
even if some new experimental results are introduced [see for 
instance the analysis of Ascoli, Hill, and Yoon, Nuovo cimento 5, 
813 (1958), and Proceedings “of the 1958 Annual Conference on 
High- Energy Physics at CERN, edited by B. Ferretti (CERN, 
Geneva, 1958) ]. 





INDICATION FOR <<, A 
which we choose to be w=1.22K (Tx=110 Mev): 


1f—11.6 (g,?/47) 
riKy=—| " 
Kk? 0.95 (g4?/42) 

1 Re ae 10 
RK? 1.1(gs?/4ar) 
1(—9.5 (gs?/4r) 

r(122K)=—| 
K*L  0.78(g,?/4r) 
1 S nn 


K*L 0.92 (gs*/4m) 


- 


11 


——. (14) 
K? 

In the first (second) bracket of (13) and (14), the 
upper value must be considered if Pa=+1 (Ps=+1) 
and the lower one if Pa= —1 (Ps=~—1). 

In writing (13) and (14) we have neglected the con- 
tributions of the high energies (w’ >) that are obviously 
rather difficult to evaluate. But as discussed in the 
previous paragraph, this contribution is expected to be 
negative, even if probably small. Then the actual values 
of r+ should be possibly somewhat lower than (13) and 
(14); we shall see that this can favor our analysis. 


(4) DISCUSSION AND CONCLUSIONS 


The experimental evidence for a weak dependence of 
o* on the energy implies a low value for r+. To make a 
more quantitative statement we must find out which 
values of r+ are compatible with the experimental re- 
sults. It is not feasible from the present experimental 
data to obtain a value for r*; it is possible, however, to 
find a maximum for its absolute value. 

Let us first express ot(w) as a function of r*(w), 
making use of the experimental fact that the angular 
distribution for K+-p scattering is essentially isotropic, 
in the c.m. system, for the energies we are interested in. 
Passing to the c.m. system and making use of the 
optical theorem, we get 


Rh? 
D*¥?(w) =— -[4ir0* (w) — ky2a*?(w) J, 


6 


(15) 


| D* (K) | (15’) 


N+K 
=— = —[4aro* (K) }}, 


where k, is the momentum in the c.m. system. Inserting 
(6), we find 


kivot?(w) hky(N+K)\2 
pea mill) Er 
4 kN 


+ 


(w— K)kp ; (w— K)ky\? r*?(w) 
DK Hla) +(- ) —. (16) 
2rk nr 


As for the sign of Dt (K), we know from experiment that 
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it is negative due to the sign of the interference with the 
Coulomb potential. Then an increase in o*+(w) for in- 
creasing energy, as seems to be the case for higher 
energies, will essentially characterize a negative r+. We 
are interested in finding some limitation for this nega- 
tive value (i.e., a minimum value for r+) in order to 
draw from (13) or (14) some condition on the signs of 
the bound state contributions. 

The experimental data® indicate that up to T7x~110 
Mev, o* is nearly 14 mb, with errors of about some 
millibarns. It is very difficult to judge which are the 
real limitations given by these numbers; however, the 
data allow us to believe, with sufficient confidence, that 
when going from very low energies (Tx~0) up to 110 
Mev, ot has not increased by more than 5 mb from 
about its mean value of 14 mb. If this is indeed the case, 
we can obtain from (15’) and (16) the following limita- 
tion for r*: 

r+(1.22K) = —7.5/K?. (17) 
We see then, comparing with (14), that the bound state 
contributions must be positive, and this is a clear indi- 
cation of Pj= Py= —1. The possibility of Pa= Ps=+1 
is obviously inconsistent with (17); that of different A 
and & parities (Pa=— Pz) is possible only if ga? and gs? 
differ by nearly a couple of orders of magnitude, and 
this is really implausible." 

We see that the generally believed rather constant 
behavior of o* at low energies, suggests clearly that the 
parities of A and = are most probably the same while 
the parity of the heavy meson is opposite. In order to 
confirm this result it would be very good to improve 
the experimental information on the detailed behavior 
of Kt-p scattering at low energies (from Tx~0 to 
Tx~110 Mev for instance), especially by giving an 
upper bound for the variation of the total cross section 
and confirming the isotropy of the angular distribution. 
Indeed, if experimental data will show with better pre- 
cision that the variation of ot with energy is quite 
smaller than the maximum variation which we were 
confident to assume, all the arguments made previously 
will be strengthened. 

We want also to note that the determination of r+ 
can supply a good method for investigating the value 
of the coupling constants. As a poor indication we note 
that a value r¢+~ —5/K?, which gives an increase in ot 
of about 3 mb in going from 0 to 110 Mev, would be 
given by ga‘/4mr=gy'/4~3.5. 
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1 The fact that the physical processes involving A or © are not 
directly related to their respective coupling constants, makes it 
difficult to find definite evidence against such a great difference 
among their values. However, even a very rough analysis with 
dispersion relation techniques suggests that with such a diiference 
in the coupling constants it would be difficult to explain the rather 
similar abundance of A and & in production and photoproduction 
processes. 
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Dislocation Energies in NaCl, H. B. HUNTINGTON, 
J. E. Dickry, aNnp Ross THomson [Phys. Rev. 
100, 1117 (1955) |. The Madelung formulas were 
incorrectly written in final draft. The correct forms 


wilr mlz 
intt( - ) cos(~=), (9) 
a a 


> Ko(2nlr/b) cos(2lz/b) +3 In(2b a} (13) 
bli=i 


Se e wv2z/a Wx ry 
V (x,y,2)=> cos cos ;  (%) 
a v2 a a 


Also, in Fig. 13 ions of opposite sign lie on alternate 


are: 
2e « 

da l=\(l odd 

4e 
V (z,r) = 


and 


planes 6/2 apart. 


Quadrupolar Nuclear Spin-Lattice Relaxation in 
Crystals with Body-Centered Cubic Lattice Struc- 
ture, T. P. Das, D. K. Roy, anp S. K. Guosu Roy 
[Phys. Rev. 104, 1568 (1956) ]. In Eq. (19), in 
the expression for V4(r), —506v2y*z should be 
replaced by —560v2y*z. 

In Eq. (20), the correct expressions for A 022 and 


A 144 are 


— 36 0 0 
Aww=A 0 204 — 60v2], 
L 0 — 60W2 —168 


f —180v27 
180v2 
— 72 


. ae 


300V27 
+4087 


+4087 
—120v2: 


Aiay=A 


180V2 — 72 | 


Two new tensors A j22 and A 433 are required, namely 


—180V2 — 72 ) 
—300V2i +4087 
+4087 120Vv27) 
—180v27 408) 
180v2 721 
721 120v2 J 


f 180Vv27 
Ajoo=A] —180V21 
— 72 
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— 180v27 
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In Eq. (21), the correct expressions for N;,; and 
Ny 4, are 
Ni, 1=16X746 496A?= Ny, 7, 
Nis=Ni5= —16X*43 582A?=N,, w=Ni,11- 
In Eq. (23), the correct expressions for F4:(7™*) 
and E42(7™*) are 
E,,(7*) =746 496(D,+D;) 
+(—43 582)(Ds+Ds+DwtDi), 
F42(7T*) =157 464(Di+D;) 
+51 984(Dit+Ds+Di0tDi1). 


ree 
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Equations (24) should read 
Dy’ =2.62 X10‘T**, 
DJ =D, =2.96X10T*, 
D7 =11.7X108T*, 
Dy! = Dy’ =3.76 X10'T™. 
Equations (25) should read 
D,(T*) =0.198 —0.0067/T*, 
D,(T*) =0.0125 —0.00035/7T*, 
D;(T*) =1.16—0.0655/7T*, 
D,o(T*) =0.452 —0.0276/T*?. 


The authors are grateful to Dr. E. G. Wikner 
and Dr. Rhoderick for pointing out these errors 
and Dr. Wikner for also helping in their correction. 


Pion-Deuteron Scattering in the Impulse Approxi- 
mation, RoNALD M. Rockmore [Phys. Rev. 105, 
256 (1957) ]. In (2.4), (2.5), (2.6), and (5.6), the 
factor 1/vwWyasv), occurring outside the curly 
brackets, should be replaced by 1/v,0Ww ip), 
where v,=k/(E+Wwywem.)). In (5.7) the factor 
1/v'w'Wacav) should be replaced by 1/v,'w’Waciav), 
where v,’=qo'/(wo'+2M). In (2.1) the radical 
should read (E?Wy ¢e.m.)?/M Ww ciabywwo)?. The cor- 
responding expressions found in ‘“‘Pion-Deuteron 
Scattering in the Impulse Approximation,” R. M. 
Rockmore [Nevis Report No. 26, April, 1956 
(unpublished) ], are correct. Consequently the cal- 
culations and graphs presented in the published 
paper are also correct. 


Variational Calculations of Dipole Polarizabilities 
of Helium-Like Ions, E. G. WIKNER AND T. P. 
Das [Phys. Rev. 107, 497 (1958) ]. The last two 
sentences in the second-last paragraph on page 501 
should read: “Since the presence of covalency 
decreases the effective negative charge on the 
anions, the electronic polarizabilities of anions 
would be smaller in the solid than in the free state. 
The opposite would be expected for cations.” 


Normal Modes of Germanium by Neutron Spec- 
trometry, B. N. BROCKHOUSE AND P. K. IYENGAR 
[Phys. Rev. 111, 747 (1958) ]. Equation (3) gives 
the partial differential cross section per steradian, 
not per 4 steradians as stated. It was also omitted 
to make clear that Eq. (3), though exact for 
germanium, is an approximation in the general 
case. For the general case e~?” in Eq. (3) should be 
replaced by a factor e~”* under the summation in 
Eq. (5). 
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ERRATA 


Nuclear Spin-Electron-Neutrino Correlation in For- 
bidden § Decay, ApAm M. BinceEr [Phys. Rev. 112, 
244 (1958) ]. In the line following Eq. (1) the word 
proton should be replaced by the word positron. 
In Table X, column 3, the coefficient of M,,: should 
be precisely the same as the coefficient of Nyx. In 
the first line of Eq. (26), {ys} foo Xr should be 
replaced by /y;0} fo Xr. 


Internal Pairs in the Capture of = by Protons, 
RONALD M. ROCKMORE AND JOHN G. TAYLOR 
[Phys. Rev. 112, 992 (1958) ]. Each diagram in 
Fig. 2 should be righted so that arrows point up, 
and the labels (a), (b) interchanged. 


Magnetization Mechanism and Domain Structure 
of Multidomain Particles, HENRI AMAR [ Phys. Rev. 
111, 149 (1958) ]. The proof that the trace of the 
demagnetizing tensor of a uniformly magnetized, 
arbitrarily-shaped body is equal to 4m was first 
published recently by Brown and Morrish.' In 
mentioning this proof in our paper, we erroneously 
used the term ‘‘demagnetizing” instead of ‘‘applied”’ 
field. It turns out that although these authors 
assume that the applied field is uniform, they do 
not use this assumption in their derivation. There- 
fore, contrary to our statement, their proof is 
quite general. 


It must be pointed out, however, that the 
definitions of demagnetizing factors used in our 
paper and in reference 1 are not identical. Let a 
body be uniformly magnetized in the direction of 


unit vector a, i.e., [=Ja, and let N, be the cor- 
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responding demagnetizing factor as we defined it. 
N, is easily shown to be a linear combination of 
the components of the demagnetizing tensor N,;, 
namely N.= >; Nijaiaj;, and reduces to one of the 
diagonal elements N,; when @ is parallel to a 
principal axis. 

1W. F. Brown, Jr., and A. H. Morrish, Phys. Rev. 105, 1198 
(1957), Sec. 2. 


Revised Weizsécker Semiempirical Formula for 
Diffuse Nuclear Surfaces, WILLIAM D. GUNTER, 
JRr., AND RoBert A. Husss [Phys. Rev. 113, 252 
(1959)]. A factor was omitted from the second line 
of the revised Weizsicker formula for f= (M—A)/A 
on p. 253. This second line should read 


dy € ey? 176\ 
ae AO 
relLit+(e/c)?PL c¢ Ne 5X\c 


The other equations and results remain as before, 
since all calculations were made using the correct 
equation. 


Thermal Excitations in Liquid He’, Louis GoLp- 
STEIN [ Phys. Rev. 112, 1465 (1958) ]. On page 1468, 
line underneath Eq. (20), ‘‘the curly brackets or’”’ 
should read ‘‘the curly brackets on.” In the fifth 
line underneath Eq. (20), (c,7) should read c,(T). 
On page 1472, second line under title of Sec. 4.2, 
“‘capaacity”’ should read “capacity.’’ On page 1480, 
last line of the title of Sec. 4.5, ‘‘Elementary Equa- 
tions” should read ‘‘Elementary Excitations.”’ 





PHYSICAL REVIEW VOLUME 


113, 


NUMBER 6 MARCH 15, 1959 


Author Index to Volume 113 


References with (E) are to Errata 


Adair, Robert K. High-energy maxima in x-p cross sections 
338 

Alburger, D. E. (see Wilkinson, D. H.)—563 

Amar, Henri. Magnetization mechanism and domain structure 
of multidomain particles—1697 (E) 

Amati, D. Indication for K, A, 2 relative parities from effective 
range analysis of Kt-p scattering—1692 

Amster, Harvey J. Optical model evidence for surface 
absorption of neutrons—911 

Apker, L. (see Taft, E.)—156 

Arbell, H. (see Halperin, A.)—1216 

Arnold, G. P. (see Yarnell, J. L.)—1379 

Arnowitt, R. and S. Deser. Quantum theory of gravitation: 
general formulation and linearized theory—745 

—— (see Girardeau, M.)—755 

Asaro, Frank (see Stephens, F. S.)—212 

Atkins, K. R. Third and fourth sound in liquid He II—962 

—— and H. Flicker. Velocity of sound in liquid He*—959 

——,B. Rosenbaum, and H. Seki. Evaporation effects 
during superflow of liquid He II—751 

Atkinson, W. R. (see Fowler, R. G.)—1268 


Balazs, Nandor L. Statistical mechanics of strings—1178 

Ball, James S. and Jose R. Fulco. Nucleon-antinucleon 
scattering—647 

Balluffi, R. W. (see Vook, Frederick L.)—62; 72 

Bame, S. J., Jr., and R. L. Cubitt. (7,7) cross sections of Na?%, 
[!27, and Au'*7—256 

Bardeen, J., G. Rickayzen, and L. Tewordt. Theory of thermal 
conductivity of superconductors—982 

Barrett, W. A., F. E. Holmstrom, and J. W. Keuffel. Capture 
and decay of u~ in Fe—661 

Barshay, Saul. Hyperon-antihyperon production in nucleon- 
antinucleon collisions and relative Z-A parity—349 

Becker, R. A. (see Dillman, L. T.)—635 

— (see Henry, R. W.)—1090 

Bedo, D. E. and D. H. Tomboulian. M2; emission band of Cu 
—464 

Bég, M. A. B. and P. M. Stehle. Formation of positronium in 
electron gas—1545 

Behringer, Robert E. Metallic transition in LiH—787 

Bendt, P. J., R. D. Cowan, and J. L. Yarnell. Excitations in 
liquid He: thermodynamic calculations—1386 

—— (see Yarnell, J. L.)—1379 

Bennett, A. I. Two electrical phenomena on liquid Ge surfaces 
—773 

Benson, Jay L., Richard A. Damerow, and Richard R. Ries. 
Atomic masses of stable isotopes of Pb and Hg and mass 
difference D2-He*—1105 

Berger, Martin J., John H. Hubbell, and Ida H. Reingold. 
Contribution of annihilation radiation to y-ray flux in Pb— 
857 
— and Lewis V. Spencer. General relation between fluxes 
from collimated point and plane sources of radiation—408 

Bierman, E., R. Lea, J. Orear, and S. Rosendorff. Evidence 
against mass-500 particle—710 

Bincer, Adam M. Nuclear spin-electron-neutrino correlation 
in forbidden 8 decay—1697(E) 

Blanpied, William A. Polarization of scattered protons near 
17 Mev—1099 

Blatt, F. (see Burstein, E.)—15 

Bloch, Michel and Matthew Sands. Photoproduction of pion 
pairs in H—305 

Bloembergen, N. (see Taylor, E. F.)—431 


Blount, E. I. Energy levels in irradiated Ge—995 


Bodansky, D. (see Eccles, S. F.)—608 

Bonner, T. W. and J. C. Slattery. Nonelastic scattering cross 
section for 8-20 Mev neutrons—1088 

Bose, S. K., A. Gamba, and E. C. G. Sudarshan. Representa- 
tions of Dirac equation—1661 

Boyd, D. R. (see Sihvonen, Y. T.)—965 

Brackmann, R. T. (see Fite, Wade L.)—815 

Breene, R. G., Jr. Analytic wave functions. II. Atoms with 1s, 
2s, 2p, 3s, and 3p electrons—809 

Breit, G. (see Shapiro, J.)—179 

Brockhouse, B. N. and P. K. Iyengar. Normal modes of Ge by 
neutron spectrometry—1696(E) 

Brosi, A. R., B. H. Ketelle, H. C. Thomas, and R. J. Kerr. 
Decay schemes of Sm!45 and Pm!45—239 

Brout, R. Sum rule for lattice vibrations in ionic crystals—43 

Brower, W. S. (see Fang, P. H.)—456 

Brown, Frederick C. (see Kobayashi, Koichi)—507 

Brun, E. (see Horen, D. J.)—875 

Burgus, W. H. (see Regier, R. B.)—1589 

Burkig, Jack W., J. Reginald Richardson, and Glen E. 
Schrank. p-p scattering at 19.8 Mev—290 

Burstein, E., G. S. Picus, R. F. Wallis, and F. Blatt. Zeeman- 
type magneto-optical studies of interband transitions in semi- 
conductors—15 

Butler, J. W., L. W. Fagg, and H. D. Holmgren. Energy levels 
in F!® from O'8(d,ny)F!® reaction—268 

—— (see Gossett, C. R.)—246 


Cable, J. W. (see Wilkinson, M. K.)—497 

Callaway, Joseph. Model for lattice thermal conductivity at 
low temperatures—1046 

Carpenter, Stuart G. and Richard Wilson. p-n asymmetries 
at 143 Mev—650 

Carter, R. E., F. Reines, J. J. Wagner, and M. E. Wyman. 
Free antineutrino absorption cross section. II. Expected 
cross section from measurements of fission fragment electron 
spectrum—280 

Chamberlain, Owen, Gerson Goldhaber, Louis Jauneau, 
Theodore Kalogeropoulos, Emilio Segré, and Rein Silber- 
berg. Antiproton-nucleon annihilation process. II—1615 

Champion, K. S. W. (see Faire, A. C.)—1 

Chew, G. F. and F. E. Low. Unstable particles as targets in 
scattering experiments—1640 

Choudhury, D. C. (see Tamura, T.)—552 

Chynoweth, A. G. Radiation damage effects in ferroelectric 
triglycine sulfate—159 

Clark, John W. and Eugene Feenberg. Simplified treatment 
for strong short-range repulsions in N-particle systems. 
I. General theory—388 

Cocconi, G. (see Sellen, J. M.)—1323 

Cocconi, V. T. (see Sellen, J. M.)—1323 

Cochran, R. G. and W. W. Pratt. 25-min isomer of Se’’—852 

Cohen, Bernard L. and Allen G. Rubin. Inelastic proton 
scattering in medium-weight elements—579 

Colvin, Clifford B. (see Schupp, Fritz, D.)—1095 

Cowan, Clyde L., Jr. (see Reines, Frederick)—273 

Cowan, R. D. (see Bendt, P. J.)—1386 

Cranberg, L. and R. K. Smith. Breakup of deuterons by 
protons—587 

Crawford, Frank S., Jr., Marcello Cresti, Myron L. Good, 
Klaus Gottstein, Ernest M. Lyman, Frank T. Solmitz, 
M. Lynn Stevenson, and Harold Ticho. Evidence for 
transition of K® into K® meson—1601 

Creager, Charles B. (see Mitchell, Allan C. G.)—628 

Cresti, Marcello (see Crawford, Frank S., Jr.)—1601 


1698 





AUTHOR 


Cromer, Alan H. Direct-interaction model calculations of 
high-energy proton-carbon scattering—1607 

Cronemeyer, D. C. Infrared absorption of reduced rutile TiO2 
single crystals—1222 

Crowe, Kenneth M. (see Kruger, Hans)—341 

Cubitt, R. L. (see Bame, S. J., Jr.)—256 

Cutkosky, R. E. Radiative meson-nucleon scattering. II— 
727 


Damask, A. C., G. J. Dienes, and V. G. Weizer. Calculation 
of migration and binding energies of mono-, di-, and tri- 
vacancies in Cu with use of Morse function—781 

Damerow, Richard A. (see Benson, Jay L.)—1105 

Danielson, G. C. (see Sawada, S.)—803; 1005; 1008 

Danielson, Robert E. Geomagnetic measurements on heavy 
primary cosmic radiation near equator—1311 

Das, T. P., D. K. Roy, and S. K. Ghosh Roy. Quadrupolar 
nuclear spin-lattice relaxation in crystals with bcc lattice 
structure—1696(E) 

—— (see Wikner, E. G.)—1696(E) 

Dawson, John W. Nonlinear electron oscillations in cold 
plasma—383 

Deser, S. (see Arnowitt, R.)—745 

de-Shalit, A. Effective charge of neutrons in nuclei 

Devlin, G. E. (see Schawlow, A. L.)—120 

deZafra, R. L. Effect of impurities on angular correlation of 
positron annihilation radiation—1547 

Dickey, J. E. (see Huntington, H. B.) 

Dienes, G. J. (see Damask, A. C.)—781 

Dillman, L. T., R. W. Henry, N. B. Gove, and R. A. Becker. 

Scintillation studies of some neutron-deficient isotopes of Lu 

—635 

(see Henry, R. W.)—1090 

Drell, S. D. and S. Fubini. Higher electromagnetic corrections 
to electron-proton scattering—741 

Dresner, Lawrence. Spacing of nuclear energy levels 


547 


1696(E) 


633 


Eccles, S. F. and D. Bodansky. 7.65-Mev state of C!*—608 

Edwards, Steve, Jr. Effect of mode mixtures on n-y correla- 
tions from stripping reactions—1277 

—— (see Owen, George E.)—1575 

Ehrenberg, Hans F., Robert Hofstadter, Ulrich Meyer- 
Berkhout, D. G. Ravenhall, and Stanley E. Sobottka. High- 
energy electron scattering and charge distribution of C!? 
and O'%—666 

Eisenhauer, C. M. (see Ghose, A.) 

Everhart, E. (see Jones, P. R.)—182 


-49 


Fagg, L. W. (see Butler, J. W.)—268 

Faire, A. C. and K. S. W. Champion. Measurements of dis- 
sociative recombination and diffusion in N2 at low pressures 
— 

Fang, P. H. Conductivity of plasmas to microwaves 

—— and W. S. Brower. Temperature dependence of break- 


13 


down field of BaTiO;—456 

Feenberg, Eugene (see Clark, John W.) 

Fischer, J. (see York, C.)—1339 

Fisher, D. E., A. Zucker, and A. Gropp. Nuclear reactions 
induced by N bombardment of S—542 

Fisher, Michael E. Transformations of Ising models—969 

Fite, Wade L. and R. T. Brackmann. Ionization of atomic O 
on electron impact—815 

Flicker, H. (see Atkins, K. R.)—959 

Foland, W. D. and R. D. Present. Hydrodynamic theory of 
spontaneous fission—613 

Foldy, Leslie L., Kenneth W. Ford, and Donald R. Yennie. 
Effect of recoil on elastic scattering of high-energy electrons 
by zero-spin nuclei—1147 

Ford, Kenneth W. (see Foldy, Leslie L.)—1147 


388 


INDEX 1699 


Fowler, R. G. and W. R. Atkinson. Electron recombination in 
atomic H—1268 

Fowler, William B., Richard L. Lander, and Wilson M. 
Powell. Neutral K meson as particle mixture—928 

Freeman, A. J. Compton scattering of x-rays from Al—176 

—— Compton scattering of x-rays from nonspherical charge 
distributions—169 

Freier, P. S., E. P. Ney, and C. J. Waddington. Li, Be, and B in 
primary cosmic radiation—921 

Frerichs, R. and R. Handy. Electroluminescence in cuprous 
oxide—1191 

Frey, W. F., R. E. Johnston, and J. I. Hopkins. K-series 
fluorescence yields of V, Mn, and Ne—1057 

Friedberg, S. A. (see Guthrie, G. L.)—45 

Fritzsche, H. and K. Lark-Horovitz. Effect of minority 
carriers on impurity conduction in p-type Ge—999 

Fronsdal, Christian. Unitary irreducible representations of 
Lorentz group—1367 

——and H. Uberall. y-meson decay with inner brems- 
strahlung—654 

Frosch, C. J. (see Spitzer, W. G.)—133 

Frye, Graham. Radiative capture of K mesons from orbital P 
states of K-mesonic atoms—688 

Fubini, S. (see Drell, S. D.)—741 

Fujii, Akihiko and Masaaki Kawaguchi. Decay of hyperons 
and mesons from universal Fermi interaction—1156 

Fujii, Tadao A. Elastic scattering of 150-Mev negative pions 
by nuclei—695 

Fukui, Shuji, Takashi Kitamura, 
“‘Anomalous”’ scattering of ~« mesons 

Fulco, Jose R. (see Ball, James S.)—647 


and Yuzuru Watase. 
315 


Gallagher, C. J., Jr., J. O. Newton, and Virginia S. Shirley. 
Decay of 13-hr Re®*—1298 

Galzenati, E. and B. Vitale. Heavy-meson hyperon relative 
parity and sign of Coulomb interference in K~ —p scattering 

1635 

Gamba, A. (see Bose, S. K.)—1661 

Gandy, H. W. Optical transmission of heat-treated SrTiO3;— 
795 

Garland, C. W. (see Slutsky, L. J.)—167 

Gartenhaus, S. and C. N. Lindner. Nucleon form factors from 
electroproduction of pions—917 

Gavrila, Mihai. Relativistic K-shell photoeffect—514 

Ghose, A., H. Palevsky, D. J. Hughes, I. Pelah, and C. M. 
Eisenhauer. Lattice vibrations in Ge by scattering of cold 
neutrons—49 

Girardeau, M. and R. Arnowitt. Theory of many-boson 
systems: pair theory—755 

Gleason, G. I. Disintegration scheme of Zn**—287 

Gold, Albert and Robert S. Knox. Excited state wave func- 
tions, excitation energies, and oscillator strengths for 
Ne (2p53s)—834 

Gold, Wallace (see Spruch, Larry)—1060 

Goldberger, M. L. and S. B. Treiman. Soluble problem in 
dispersion theory—1663 

Goldhaber, Gerson (see Chamberlain, Owen)—1615 

Goldman, J. E. (see Guthrie, G. L.)—45 

Goldstein, Louis. Thermal excitations in liquid He® 

Good, J. D. Pion spectrum in radiative K,* decay 

Good, Myron L. (see Crawford, Frank S., Jr.)—1601 

Gossett, C. R. and J. W. Butler. Neutron thresholds 
in V®(p,n)Cr, Mn 5(p,n)Fe®, Zn(p,n)Ga™, and 
As'5(p,n)Se7® reactions—246 

Gottstein, Klaus (see Crawford, Frank S., Jr.)—1601 

Gove, H. E. and A. E. Litherland. Study of levels in O% 
through radiative capture of a particles by C'*—1078 

Gove, N. B. (see Dillman, L. T.)—635 

—— (see Henry, R. W.)—1090 

Gropp, A. (see Fisher, D. E.) 


1697 (E) 
352 


542 





1700 


Gunter, William D., Jr., and Robert A. Hubbs. Revised 
Weizsicker semiempirical formula for diffuse nuclear 
surfaces—252; 1697(E) 

Guthrie, G. L. Heat capacity of pseudo-Cu below 4.2°K—793 

-, S. A. Friedberg, and J. E. Goldman. Specific heats of 
some Cu-rich Cu-Ni alloys—45 


Halbert, M. L. (see Pinajian, J. J.)—589 
Halperin, A. and H. Arbell. Excitation spectra and tempera- 
ture dependence of luminescence of ZnS single crystals— 
1216 
and M. Schlesinger. Effect of thermal pretreatment on 
thermoluminescence of KCI crystals—762 
Handy, R. (see Frerichs, R.)—1191 
Hanlon, Jacque E. and A. W. Lawson. Effective ionic charge 
in alkali halides—472 
Hart, E. L. (see Sellen, J. M.)—1323 
Hart, Edward W. Thermodynamics of inhomogeneous systems 
412 
Hartman, Paul L. (see Taylor, John W.)—1421 
Havas, Peter. Equations of motion of point particles in fields 
of nonzero rest mass and spin—732 
Hebel, L. C. and C. P. Slichter. Nuclear spin relaxation in 
normal and superconducting Al—1504 
Henkes, Wolfgang. Radiations from Ba!**—863 
Henley, Ernest M. and Boris A. Jacobsohn. Time reversal in 
nuclear interactions—225 
(see Jacobsohn, Boris A.)—234 
Henry, R. W., L. T. Dillman, N. B. Gove, and R. A. Becker. 
Coincidence studies in decay of Tb'®* and Tb!*+—1090 
(see Dillman, L. T.)—635 
Hensley, Eugene B. (see Saum, George A.) 
Hoffman, R. W. (see Knorr, T. G.)—1039 
Hofstadter, Robert (see Ehrenberg, Hans F.)—666 
Holland, R. E. and F. J. Lynch. Reaction A*°(p,n)K* and 
decay of K*#°—903 
Holloway, J. T. and L. Jackson Laslett. Radiations from Tb'** 
1581 
Holmgren, 


1019 


H. D. and R. L. Johnston. H*(a,y)Li’ and 
He?®(a,y) Be’ reactions—1556 
(see Butler, J. W.)—268 
Holmstrom, F. E. (see Barrett, W. A.)—661 
Holstein, T. Theory of ultrasonic absorption in metals: 
collision-drag effect—479 
Hopkins, J. I. (see Frey, W. F.)—1057 
Horen, Daniel J. Decay of radioisotopes Ge® and Ga®—572 
, W. E. Meyerhof, J. J. Kraushaar, D. O. Wells, E. Brun, 
and J. E. Neighbor. Decay of As’*—875 
Hubbell, John H. (see Berger, Martin J.)—857 
Hubbs, Robert A. (see Gunter, William D., Jr.) 
1697(E) 
Hughes, D. J. (see Ghose, A.)—49 
Hughes, F. L. Mean adsorption lifetime of Rb on etched W 
single crystals. II]. Neutrals—1036 
-and H. Levinstein. Mean adsorption lifetime of Rb on 
etched W single crystals. I. lons—1029 
, H. Levinstein, and R. Kaplan. Surface properties of 
etched W single crystals—1023 
Huntington, H. B., J. B. Dickey, and Robb Thomson. Dis- 
location energies in NaCl—1696(E) 


252; 


Iddings, C. K. and P. M. Platzman. Nuclear structure correc- 
tion in hfs in H—192 

Iddings, Glen M. (see West, Harry I., Jr.)—881 

Ittner, W. B. (see Jones, R. E.)—1520 


Iyengar, P. K. (see Brockhouse, B. N.)—1696(E) 


Jacobs, I. S..and R. W. Schmitt. Low-temperature electrical 
and magnetic behavior of dilute alloys: Mn in Cu and Co in 


Cu—459 


VOLUME 


113 


Jacobsohn, Boris A. and Ernest M. Henley. y-ray correlation 
tests for time reversal invariance in nuclear forces—234 

—— (see Henley, Ernest M.)—225 

Jauneau, Louis (see Chamberlain, Owen) 

Johnson, P. D. (see Williams, F. E.)—97 

Johnston, R. E. (see Frey, W. F.)—1057 

Johnston, R. L. (see Holmgren, H. D.)—1556 

Jones, P. R., F. P. Ziemba, H. A. Moses, and E. Everhart. 
Total cross sections for multiple electron stripping in 
atomic collisions at energies to 100 kev—182 

Jones, R. E. and W. B. Ittner. Superconductivity of InzgBi— 
1520 

Juliano, Jose O., C. W. Kocher, T. D. Nainan, and Allan C. G. 
Mitchell. Disintegration of Fe®? and Fe®*—602 

(see Mitchell, Allan C. G.)—628 


1615 


Kalbach, R. M., J. J. Lord, and C. H. Tsao. Elastic p-p 
collisions at 6.2 Bev in nuclear emulsions—325 

—, J. J. Lord, and C. H. Tsao. Inelastic p-p collisions at 6.2 
Bev—330 

Kalogeropoulos, Theodore (see Chamberlain, Owen) 

Kamiya, Y. (see Sekido, Y.)—1108 

Kaplan, R. (see Hughes, F. L.)—1023 

Kawaguchi, Masaaki (see Fujii, Akihiko)—1156 

Keesom, P. H. and G. Seidel. Specific heat of Ge and Si at 
low temperatures—33 

Keller, Seymour P. Stimulated infrared emission from Sm 
centers in SrS phosphors—1415 

and George D. Pettit. A phosphor with fluorescence 

larger than energy gap—785 

Kern, Bernard D. (see Kreger, William E.) 

Kernan, W. (see York, C.)—1339 

Kerr, E. C. (see Yarnell, J. L.)—1379 

Kerr, R. J. (see Brosi, A. R.)—239 

Ketelle, B. H. (see Brosi, A. R.)—239 

Keuffel, J. W. (see Barrett, W. A.)—661 

Kienle, Paul and R. E. Segel. Relative pulse height of protons 
and electrons in KI (T1)—909 

Kinoshita, Toichiro and Alberto Sirlin. Radiative corrections 
to Fermi interactions—1652 

Kitamura, Takashi (see Fukui, Shuji)—315 

Kjeldaas, T., Jr. Theory of ultrasonic cyclotron resonance in 
metals at low temperatures—1473 

Kleinman, D. (see Spitzer, W. G.)—127; 133 

Knorr, T. G. and R. W. Hoffman. Geometric dependence of 
magnetic anisotropy in thin Fe films—1039 

Knox, Robert S. (see Gold, Albert)—834 

Kobayashi, Koichi and Frederick C. Brown. Hall effect for 
electrons in AgCl—507 

Kocher, C. W. (see Juliano, Jose O.)—602 

~ (see Mitchell, Allan C. G.)—628 

Koehler, W. C. (see Wilkinson, M. K.)—497 

Kohman, Truman P. (see Rightmire, Robert A.)—1069 

Komar, Arthur. Covariant conservation laws in general 
relativity —934 

Koster, G. F. and H. Statz. Method of treating Zeeman 
splittings of paramagnetic ions in crystalline fields—445 

Kotani, Tsuneyuki and Marc Ross. §-y correlations in first 
forbidden transition—622 

Kraichnan, Robert H. Classical fluctuation-relaxation theorem 

1181 

Kraushaar, J. J. (see Horen, D. J.)—875 

Kraybill, Henry L. (see Lanou, Robert E., Jr.)—657 

Kreger, William E. and Bernard D. Kern. C!2(n,p)B!? cross 
section for 14.9- to 17.5-Mev neutrons—890 

Kruger, Hans and Kenneth M. Crowe. Preliminary results on 
momentum dependence of asymmetry in muon decay—341 


1615 


890 


Lampert, M. A. and A. Rose. Transient behavior of ohmic 
contact—1236 
— (see Rose, A.)—1227 





AUTHOR 


Land, Robert H. Photoproduction of charged pions from 
deuterium—1141 

Lander, Richard L. (see Fowler, William B.)—928 

Lanou, Robert E., Jr., and Henry L. Kraybill. lonization loss 
by » mesons in He—657 

Laquer, Henry L., Stephen G. Sydoriak, and Thomas R. 
Roberts. Sound velocity and adiabatic compressibility of 
liquid He*—417 

Lark-Horovitz, K. (see Fritzsche, H.)—999 

Laslett, L. Jackson. (see Holloway, J. T.)—1581 

Lawson, A. W. (see Hanlon, Jacque E.)—472 

Lazarus, Alan J., W. K. H. Panofsky, and F. R. Tangherlini. 
Photoproduction of positive pions in H in angular range 
7° <@. m.<27° and photon energy range 220 Mev <k <390 
Mev—1330 

Lazarus, D. (see Tichelaar, G. W.) 

Lea, R. (see Bierman, E.)—710 

Lee, T. D. and C. N. Yang. Low-temperature behavior of 
dilute Bose system of hard’ spheres. II. Nonequilibrium 
properties—1406 

——and C. N. Yang. Many-body problem in quantum 
statistical mechanics. I. General formulation—1165 

Lempicki, A. Anomalous photovoltaic effect in ZnS single 
crystals—1204 

Leon, M. Decay of ,H* and spin dependence of A nucleon 
interaction—1604 

Levinstein, H. (see Hughes, F. L.)—1023; 1029 

Lichtenberg, D. B. Scattering and annihilation of antihyperons 
by nucleons—1309 

Lide, R. W. and M. L. Wiedenbeck. Directional correlation 
of y-rays following decay of Eu'®?—840 

Liebermann, Leonard. Acoustical absorption arising from 
molecular resonance in solids—1052 

Lindner, C. N. (see Gartenhaus, S.) 

Litherland, A. E. (see Gove, H. E.)—1078 

Lockwood, J. A. (see Towle, L. C.)—641 

Loeb, Leonard B. Significance of formative time lags in 
gaseous breakdown—7 

Lomon, E. L. Radiative corrections for nearly elastic scatter- 
ing—726 

Lord, J. J. (see Kalbach, R. M.)—325; 330 

Lorents, Donald C. and E. J. Zimmerman. Stopping of low- 
energy H+ and He? ions in plastics—1199 

Low, F. E. (see Chew, G. F.)—1640 

Low, W. (see Stahl-Brada, R.)—775 

Ludwig, G. W. and H. H. Woodbury. Electron spin resonance 
in Ni-doped Ge—1014 

Lutzky, Morton and John S. Toll. Formation of discon- 
tinuities in classical nonlinear electrodynamics—1649 

Lyman, Ernest M. (see Crawford, Frank S., Jr.)—1601 

Lynch, F. J. (see Holland, R. E.)—903 


438 


917 


MacGregor, Malcolm H. Phase-shift analysis of p-p scattering 


experiments below 40 Mev—1559 
Madansky, L. (see Owen, George E.)—1575 
Mann, Lloyd G. (see West, Harry I., Jr.)—881 
March, R. (see York, C.)—1339 
Marcus, J. A. (see Yahia, J.)—137 
Marshak, R. E. (see Okubo, S.)—944 
Martin, Don S., Jr. (see Schupp, Fritz D.) 
Mataré, H. F. (see Reed, B.)—454 
Mathews, Jon. Application of linear network analysis to 
Feynman diagrams—381 
McCracken, K. G. Variations in cosmic-ray rigidity spectrum 
—343 
McCusker, C. B. A., D. E. Page, and R. A. Reid. Further 
evidence for variation in rate of dense air showers with solar 
time—712 
McReynolds, A. W. (see Pelah, I.) 
(see Whittemore, W. L.)—806 


1095 


767 


INDEX 1701 


Meechan, C. J. and A. Sosin. Stored energy release in Cu 
following electron irradiation below 20°K—422 
Meiboom, S. (see Széke, A.)—585 
Meissner, Hans. Potential fluctuations in transition region to 
superconductivity—1183 
and Richard Zdanis. ‘Thin film’ experiment with bulk 
superconductors—1435 
Melkanoff, M. A., O. R. Price, D. H. Stork, and H. K. Ticho. 
Optical model analysis of elastic scattering of 125-Mev Kt 
mesons in nuclear emulsions—1303 
Melkonian, Edward (see Safford, George J.)—1285 
Metzger, Albert E. and J. M. Miller. Study of Tl, Pb, and Bi 
nuclei produced in bombardment of Au with 380-Mev 
protons—1125 
Meyer-Berkhout, Ulrich (see Ehrenberg, Hans F.) 
Meyerhof, W. E. (see Horen, D. J.)—875 
Miller, J. M. (see Metzger, Albert E.)—1125 
Miller, Peter B. Penetration depth in impure superconductors 
1209 
Mitchell, Allan C. G., Jose O. Juliano, Charles B. Creager, 
and C. W. Kocher. Disintegration of I'%4 and I'25—628 
(see Juliano, Jose O.)—602 
Mittleman, Marvin H. and Kenneth M. Watson. Scattering 
of charged particles by neutral atoms—198 
Moravesik, Michael J. (see Taylor, John G.)—-689 
Morita, Masato. Higher order corrections to allowed 8 decay 
1584 
Morrison, David L. and Norbert T. Porile. Absence of isomer- 
ism in Ga®5—289 
Moses, H. A. (see Jones, P. R.)—182 
Moses, H. E. Solution of Maxwell's equations in terms of 
spinor notation: direct and inverse problem—1670 
Miiller, Erwin W. (see Young, Russel D.)—115 


666 


Nainan, T. D. (see Juliano, Jose O.)—602 

Neighbor, J. E. (see Horen, D. J.)—875 

Neuringer, L. J. Effect of pressure on infrared absorption of 
semiconductors—1495 

Newton, J. O. (see Gallagher, C. J., Jr.) 

Ney, E. P. (see Freier, P. S.)—921 

Noziéres, P. and D. Pines. Electron interaction in solids. 
Characteristic energy loss spectrum—1254 


1298 


Oehme, Reinhard and John G. Taylor. Proof of dispersion 
relations for production of pions by real and virtual photons 
and for related processes—371 

Ofer, Shimon. Decay of Pm'4* and Pm!44—895 

Okubo, S., R. E. Marshak, and E. C. G. Sudarshan. V-A 
theory and decay of A hyperon—944 

Oneda, S. and Y. Tanikawa. Consequences of renormalizable 
weak interactions—1354 

Orbach, R. and P. Pincus. Excitation of spin waves in anti- 
ferromagnet by uniform rf field—1213 

Orear, J. (see Bierman, E.)—710 

Owen, George E., L. Madansky, and Steve Edwards, Jr. 
Analysis of reaction C!4(He*,a)C!2—1575 


Page, D. E. (see McCusker, C. B. A.)—712 

Pais, A. and R. Serber. General transformation of symmetrical 
pseudoscalar theory—955 

Palevsky, H. (see Ghose, A.)—49 

Panofsky, W. K. H. (see Lazarus, Alan J.) 

Parmenter, R. H. Acoustoelectric effect—102 

Pelah, I., W. L. Whittemore, and A. W. McReynolds. Energy 
distribution of neutrons scattered by liquid Pb—767 

(see Ghose, A.)—49 

Perlman, I. (see Stephens, F. S.)—212 

Perlow, Gilbert J. and Andrew F. Stehney. Halogen delayed- 
neutron activities—1269 


1330 





1702 


Peter, Martin. Millimeter-wave paramagnetic resonance 
spectrum of ®S state impurity (Fe**+*+) in MgWO,—801 

Pettit, George D. (see Keller, Seymour P.)—785 

Philipp, H. R. and E. A. Taft. Optical constants of Ge in 
region 1 to 10 ev—1002 
— (see Taft, E.)—156 

Phillips, James C. Vibration spectra and specific heats of 
diamond-type lattices—147 

Picus, G. S. (see Burstein, E.)—15 

Pinajian, J. J. and M. L. Halbert. N-induced nuclear reactions 
in K—589 

Pincus, P. Temperature dependence of anisotropy energy in 
antiferromagnets—769 

(see Orbach, R.)—1213 

Pines, D. (see Noziéres, P.)—1254 

Platzman, P. M. (see Iddings, C. K.)—192 

Porile, Norbert T. (see Morrison, David L.)—289 

Powell, Wilson M. (see Fowler, William B.)—928 

Prats, Francisco and John S. Toll. Construction of Dirac 
equation central potential from phase shifts and bound 
states—363 

Pratt, W. W. (see Cochran, R. G.)—852 

Present, R. D. (see Foland, W. D.)—613 

Price, O. R. (see Melkanoff, M. A.)—1303 


Rasmussen, John O. a-decay barrier penetrabilities with 
exponential nuclear potential: even-even nuclei—1593 

Ravenhall, D. G. (see Ehrenberg, Hans F.)—666 

Reed, B., O. A. Weinreich, and H. F. Mataré. Conductivity 
of grain boundaries in grown Ge bicrystals—454 

Regier, R. B., W. H. Burgus, and R. L. Tromp. Ratio of 
asymmetric to symmetric fission of U*** as function of 
neutron energy—1589 

Reid, R. A. (see McCusker, C. B. A.)—712 

Reines, Frederick and Clyde L. Cowan, Jr. Free antineutrino 
absorption cross section. I. Measurement of free anti- 
neutrino absorption cross section by protons—273 

- (see Carter, R. E.)—280 

Reingold, Ida H. (see Berger, Martin J.)—857 

Reiss, Howard. Influence of solutes on self-diffusion in fcc 
lattice—1445 

Richardson, J. Reginald (see Burkig, Jack W.)—290 

Rickayzen, G. (see Bardeen, J.)—982 

Ries, Richard R. (see Benson, Jay L.)—1105 

Rightmire, Robert A., James R. Simanton, and Truman P. 
Kohman. Disintegration scheme of long-lived Al?*—1069 

Roberts, Thomas R. (see Laquer, Henry L.)—417 

Rockmore, Ronald M. Pion-deuteron scattering in impulse 
approximation—1696(E) 

—and John G. Taylor. Internal pairs in capture of x by 

protons—1697(E) 

Romanowski, T. A. and V. H. Voelker. Photoneutron cross 
sections of Li® and Li’—886 

Roof, R. B., Jr. X-ray absorption coefficients of elements with 
Z=1 to 17 for Mo Ka radiation—826 
— X-ray absorption coefficients of Th, U, 
experimental determination and theoretical interpretation 
820 

Rose, A. and M. A. Lampert. Photoconductor-performance, 
space-charge currents and steady-state Fermi level—1227 
— (see Lampert, M. A.)—1236 

Rosenbaum, B. (see Atkins, K. R.)—751 

Rosendorff, S. (see Bierman, E.)—710 

Ross, Marc (see Kotani, Tsuneyuki)—622 

Roy, D. K. (see Das, T. P.)—1696(E) 

Roy, S. K. Ghosh (see Das, T. P.)—1696(E) 

Royden, Herbert N. and Byron T. Wright. Small-angle p-p 
scattering at 20 Mev—294 

Rubin, Allen G. (see Cohen, Bernard L.)—579 


and Pu 


VOLUME 


113 


Safford, George J. and Edward Melkonian. Determination 
of absolute neutron fission cross section of U*** by measure- 
ment of a—1285 

Sakurai, J. J. Symmetry laws and strong interactions—1679 

Salzman, George (see Schnitzer, Howard J.)—1153 

Sands, Matthew (see Bloch, Michel)—305 

Saum, George A. and Eugene B. Hensley. Fundamental 
optical absorption in ITA-VIB compounds—1019 

Sawada, S. and G. C. Danielson. Domain structure of WO; 
single crystals—1005 

~and G. C. Danielson. Electrical conduction in crystals 
and ceramics of WO;—803 

—— and G. C. Danielson. Optical indices of refraction of WO; 
—1008 

Schaeffer, Oliver A. and Josef Ziahringer. High sensitivity 
mass spectrometric measurement of stable He and A 
isotopes produced by high-energy protons in Fe—674 

Schawlow, A. L. and G. E. Devlin. Effect of energy gap on 
penetration depth of superconductors—120 

Schey, H. M. Scattering of neutrons by nonspherical nuclei 

900 

Schlesinger, M. (see Halperin, A.)—762 

Schmitt, R. W. (see Jacobs, I. S.)—459 

Schnitzer, Howard J. and George Salzman. Alternative 
method for comparing pion-proton scattering data with 
dispersion equations—1153 

Schrank, Glen E. (see Burkig, Jack W.)—290 

Schremp, E. J. G-conjugation and group-space of proper 
Lorentz group—936 

Schulz, G. J. Formation of H™ ions by electron impact on He 
—816 

Schupp, Fritz D., Clifford B. Colvin, and Don S. Martin, Jr. 
Photonuclear reactions of Ga and As with 70-Mev brems- 
strahlung—1095 

Scofield, James H. Scattering of polarized electrons by 
polarized nucleons—1599 

Seaton, M. J. Electron impact ionization of Ne, O, and N—814 

Segel, R. E. Neutron-capture y rays in Cl**—844 

—— (see Kienle, Paul) 

Segré, Emilio (see Chamberlain, Owen) 

Seidel, G. (see Keesom, P. H.)—33 

Seki, H. (see Atkins, K. R.)—751 

Sekido, Y., S. Yoshida, and Y. Kamiya. Point source of cosmic 
rays in Orion—1108 

Sellen, J. M., G. Cocconi, V. T. Cocconi, and E. L. Hart. 
Multiple meson production by photons in H—1323 

Sens, J. C. Capture of negative muons by nuclei—679 

Serber, R. (see Pais, A.)—955 

Shapiro, J. and G. Breit. Metastability of 2s states of hydro- 
genic atoms—179 

Shaw, C. H. (see Soules, Jack A.)—470 

Shirley, Virginia S. (see Gallagher, C. J., Jr.)—1298 

Sihvonen, Y. T., D. R. Boyd, and C. D. Woelke. Some prop- 
erties of green and red-green luminescing CdS—965 

—— (see Vuylsteke, A. A.)—40 

Silberberg, Rein (see Chamberlain, Owen)—1615 

Simanton, James R. (see Rightmire, Robert A.)—1069 

Simmons, R. O. Lattice parameter changes in deuteron- 
irradiated Ge—70 

Sirlin, Alberto (see Kinoshita, Toichiro)—1652 

Skjeggestad, O. and S. O. Sérensen. Emission of heavy 
fragments in nuclear disintegrations—1115 

Slattery, J. C. (see Bonner, T. W.)—1088 

Slichter, Charles P. (see Hebel, L. C.)—-1504 
— (see Spokas, John J.)—1462 

Slutsky, L. J. and C. W. Garland. Elastic constants of InSb 
from 4.2°K to 300°K—167 

Smith, R. K. (see Cranberg, L.)—587 

Sobottka, Stanley E. (see Ehrenberg, Hans F.)—666 


1615 





AUTHOR 


Sodha, Mahendra Singh. Electron mobility in partially 
ionized atomic H—1163 

Solmitz, Frank T. (see Crawford, Frank S., Jr.)—1601 

Sorensen, S. O. (see Skjeggestad, O.)—1115 

Sosin, A. (see Meechan, C. J.)—422 

Soules, Jack A. and C. H. Shaw. X-ray K-absorption spectra 
of solid A and Kr—470 

Spencer, H. E. Effect of thickness of thin films of PbS on 
spectral response of photoconductivity—1417 

Spencer, Lewis V. (see Berger, Martin J.)—408 

Spiewak, M. Magnetic field dependence of surface impedance 
of superconducting Sn—1479 

Spitzer, W. G., D. A. Kleinman, and C. J. Frosch. Infrared 
properties of cubic SiC films—133 

,D. Kleinman, and D. Walsh. Infrared properties of 

hexagonal SiC—127 

Spokas, John J. and Charles P. Slichter. Nuclear relaxation 
in Al—1462 

Spruch, Larry and Wallace Gold. Coulomb corrections in 
theory of internal bremsstrahlung—1060 

Stahl-Brada, R. and W. Low. Optical spectrum of Co?+ in 
cubic crystalline field of CaF:—775 

Statz, H. (see Koster, G. F.)—445 

Stehle, P. M. (see Bég, M. A. B.)—1545 

Stehney, Andrew F. (see Perlow, Gilbert J.)—1269 

Stephens, F. S., Frank Asaro, and I. Perlman. Classification 
of energy levels of odd-mass nuclei in heavy-element 
region—212 

Sternheimer, R. M. Effect of electric dipole moment of proton 
on energy levels of H atom—828 

Stevenson, M. Lynn (see Crawford, Frank S., Jr.)—1601 

Storey, J. R. Cosmic-ray latitude survey along 145° east 
longitude using airborne neutron monitor—297 

Latitude dependence of Forbush-type cosmic-ray in- 

tensity decrease observed at aircraft altitude—302 

Stork, D. H. (see Melkanoff, M. A.)—1303 

Sudarshan, E. C. G. (see Bose, S. K.)—1661 

—— (see Okubo, S.)—944 

Sugawara, Masao. Universal weak boson and fermion inter- 
action—1361 

Sydoriak, Stephen G. (see Laquer, Henry L.)—417 

Széke, A. and S. Meiboom. Radiation damping in nuclear 
magnetic resonance—585 


Taft, E., H. Philipp, and L. Apker. Exciton-induced photo- 

emission from BaO near 80°K—156 
(see Philipp, H. R.)—1002 

Tamura, T. and D. C. Choudhury. Inelastic scattering of 
protons by various nuclei—552 

Tanaka, Katsumi. Structure of neutron—714 

Tangherlini, F. R. (see Lazarus, Alan J.)—1330 

Tanikawa, Yasutaka and Satosi Watanabe. Fermi interaction 
caused by intermediary chiral boson—1344 

—— (see Oneda, S.)—1354 

Tannenwald, L. M. Coulomb scattering in very strong 
magnetic field—1396 

Taylor, E. F. and N. Bloembergen. Nuclear spin saturation by 
ultrasonics in NaCl—431 

Taylor, John G., Michael J. Moravcsik, and Jack L. Uretsky. 
Determination of pion-nucleon coupling constant from 
photoproduction angular distribution—689 

(see Oehme, Reinhard)—371 

— (see Rockmore, Ronald M.)—1697(E) 

Taylor, John W. and Paul L. Hartman. Photoelectric effects 
in certain of alkali halides in vacuum uv—1421 

Taylor, R. T. Proton-y angular correlation studies of Be® and 
Ca‘°(d,py) stripping reactions—1293 

Terrell, James. Fission neutron spectrum and nuclear tem- 
peratures—527 

Tewordt, L. (see Bardeen, J.)—982 


INDEX 


Thomas, H. C. (see Brosi, A. R.)—239 

Thomson, Robb (see Huntington, H. B.)—1696(E) 

Thornton, W. A. ac-dc electroluminescence—1187 

Tichelaar, G. W. and D. Lazarus. Effect of pressure on 
anelastic relaxation in Ag-Zn—438 

Ticho, Harold (see Crawford, Frank S., 

~ (see Melkanoff, M. A.)—1303 

Tietz, T. Electron scattering cross section with relativistic 

correction based on Thomas-Fermi theory—1056 
- X-ray incoherent scattering function of atoms based on 

Thomas-Fermi theory—1521 

Toll, John S. (see Lutzky, Morton) 

—— (see Prats, Francisco)—363 

Tomboulian, D. H. (see Bedo, D. E.)—464 

Tonks, Lewi. Trajectory-wise analysis of cylindrical and 
plane plasmas in magnetic field and without collisions—400 

Towle, L. C. and J. A. Lockwood. Cosmic-ray increases 
associated with solar flares—641 

Treiman, S. B. =~ capture reactions in H- 

—— (see Goldberger, M. L.)—1663 

Tromp, R. L. (see Regier, R. B.)—1589 

Tsao, C. H. (see Kalbach, R. N.)—325; 330 

Tuan, San Fu. Unphysical region in heavy-meson nucleon 
dispersion relations—1375 


Jr.)—1601 


1649 


355 


Uberall, H. (see Fronsdal, C.)—654 

Uretsky, Jaci: L. (see Taylor, John G.)—689 

Vandenbosch, R. Decay of Np*4!—259 

Vitale, B. (see Galzenati, E.)— 1635 

Voelker, V. H. (see Romanowski, T. A.)—886 

Volkin, Howard C. Slow-neutron scattering by rotators—866 

Vook, Frederick L. and R. W. Balluffi. Length and resistivity 
changes in Ge upon low-temperature deuteron irradiation 
and annealing—62 

—— and R. W. Balluffi. Structure of deuteron-irradiated Ge— 
72 

Vuylsteke, A. A. and Y. T. Sihvonen. S vacancy mechanism 
in pure CdS—40 

Waddington, C. J. (see Freier, P. S.)—921 

Wagner, J. J. (see Carter, R. E.)—280 

Wallis, R. F. (see Burstein, E.)—15 

Walsh, D. (see Spitzer, W. G.)—127 

Wangsness, Roald K. Effective ferrimagnetic 
parameters with Gilbert-type relation terms—771 

Warburton, E. K. Inhibition of magnetic dipole radiation and 
identification of T =1 states in light, self-conjugate nuclei 
595 

Watanabe, Satosi (see Tanikawa, Yasutaka) 

Watase, Yuzuru (see Fukui, Shuji)—315 

Waterman, P. C. Orientation dependence of elastic waves in 
single crystals—1240 

Waters, John R. Photoproduction of charged + mesons from 
nuclei—1133 

Watkins, George D. Electron spin resonance of Mnt*t in 
alkali chlorides: association with vacancies and impurities— 


79 


resonance 


1344 


Motion of Mn*t+-cation vacancy pairs in NaCl: study 


by electron spin resonance and dielectric loss—91 

Watson, Kenneth M. (see Mittleman, Marvin H.)—198 

Wei, Chau-Chin. Relativistic hydrodynamics for charged 
nonviscous fluid—1414 

Weinreich, O. A. (see Reed, B.)—454 

Weizer, V. G. (see Damask, A. C.)—781 

Wells, D. O. (see Horen, D. J.)—875 

West, Harry I., Jr., Lloyd G. Mann, and Glen M. Iddings. 
Decay of Nb**—881 





1704 


Whittemore, W. L. and A. W. McReynolds. Effects of chemical 

binding on neutron cross section of H—806 
(see Pelah, 1.)—767 

Wiedenbeck, M. L. (see Lide, R. W.)—840 

Wiegand, Donald A. Low-temperature luminescence and 
photoconductivity of AgCl—52 

Wikner, E. G. and T. P. Das. Variational calculations of 
dipole polarizabilities of He-like ions—1696(E) 

Wilkinson, D. H. and D. E. Alburger. 8 decay of Be"—563 

Wilkinson, M. K., J. W. Cable, E. O. Wollan, and W. C. 
Koehler. Neutron diffraction investigations of magnetic 
ordering in FeBre, CoBre, FeCle, and CoCl,—497 

Williams, F. E. and P. D. Johnson. Configuration coordinate 
model for KCI: TI including spin-orbit interaction—97 

Wilson, Richard (see Carpenter, Stuart G.)—650 

Witten, Louis. Invariants of general relativity and classifica- 
tion of spaces—357 

Woelke, C. D. (see Sihvonen, Y. T.)—965 

Wollan, E. O. (see Wilkinson, M. K.)—497 

Woodbury, H. H. (see Ludwig, G. W.)—1014 

Wright, Byron T. (see Royden, Herbert N.)—294 

Wyman, M. E. (see Carter, R. E.)—280 


Yahia, J. and J. A. Marcus. Galvanomagnetic properties of 
Ga at low temperatures—137 


VOLUME 


113 


Yang, C. N. (see Lee, T. D.)—1165; 1406 
Yarnell, J. L., G. P. Arnold, P. J. Bendt, and E. C. Kerr. 
Excitations in liquid He: neutron scattering measurements 
1379 
- (see Bendt, P. J.)—1386 
Yatsiv, Shaul. Multiple quantum 
resonance—1522 
—— Role of double quantum transitions in masers—1538 
Yennie, Donald R. (see Foldy, Leslie L.)—1147 
Yntema, J. L. Elastic scattering of 21.6-Mev deuterons—261 
York, C., R. March, W. Kernan, and J. Fischer. Study of 
neutral pion production in p-p collisions—1339 
Yoshida, S. (see Sekido, Y.)—1108 
Young, Russel D. Theoretical total-energy distribution of 
field-emitted electrons—110 
—— and Erwin W. Miiller. Experimental measurement of 
total-energy distribution of field-emitted electrons—115 


transitions in nuclear 


Zihringer, Josef (see Schaeffer, Oliver A.)—674 
Zdanis, Richard (see Meissner, Hans)—1435 
Ziemba, F. P. (see Jones, P. R.)—182 
Zimmerman, E. J. (see Lorents, Donald C.)—1199 
Zucker, A. (see Fisher, D. E.)—542 





140 leading industrial gst rteog and 
ute to the support of the Insti 


stow W. Sutra, Je, Beiter, 
Massachusetts Avenue, Cai 
Fluids 





Henry A. Barton 
Atsociate Director 
Wallace Waterfall 


: Eagene H, Kone > 
: Director of Public Relations 
Alice Mastropietro - 
Circulation Manager 


Kathryn Setze 
Assistant ; teaameek 
Edward Tober 
Manager, Production ond 
Distribution 


Emily Wolf 
Office Manager 
HE American Institute ‘of 
Physics was founded in 193] 
asa federation of leading societies 
in the field of Physics, It com- 


ag ares 
e veness 0 
YY, who _ inter- 


manner > 
ities and fulfill the responsi- 
of physics as an important 

: peractive human activity. 





